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a b s t r a c t 

The J -integral and stress intensity factor (SIF) are two major parameters in linear elastic fracture mechanics 

(LEFM) for the fracture criterion. In this paper, we focus on the J -integral of the slant crack and the slant rigid- 

line inclusion under the remote anti-plane shear. By employing the degenerate kernel, the path independence of 

J -integral is analytically demonstrated by using the elliptic coordinates. The positive and negative J -integrals are 

also analytically derived and numerically implemented by using the dual BEM for the crack and the rigid-line 

inclusion, respectively. It is interesting to find that the J -integral is not an invariant by using different observer 

systems but is one component of the vector of the first order tensor. Transformation law of the J -integral with 

respect to different observers is analytically proved and numerically demonstrated. Finally, the tensor property 

of order one is examined. 

1

 

b  

a  

(  

F  

D  

b  

i  

l  

s  

i  

t  

s  

t  

i  

[  

t

 

Ⅰ  

o  

a  

o  

s  

t  

s  

n  

i  

n  

t  

c  

a  

U  

v  

e  

b  

c  

h

R

0

. Introduction 

Line segment problems have been widely investigated using the dual
oundary integral equation approach [1] . It has two different bound-
ry conditions in engineering practice in the boundary value problems
BVPs). One is the Dirichlet type and the other is the Neumann type.
or the anti-plane elasticity, a rigid-line inclusion is specified by the
irichlet B.C. to describe the rigid behavior, while a crack is described
y the Neumann B.C. to describe the free traction. For the rigid-line
nclusion problems, England [2] found that the stress field have singu-
arities near the tip of the rigid-line inclusion in linear elasticity as the
ame as crack problems. The rigid-line inclusion problems were widely
nvestigated later by either integral equation formulations or numerical
esting [3-8] . For the interaction between cracks and rigid-line inclu-
ions, Dong [9] proposed an integral equation approach to investigate
he interaction between cracks and rigid-line inclusions embedded in an
nfinite isotropic elastic matrix subject to the remote loading. Xiao et al.
10] revealed interesting electroelastic interaction phenomena of mul-
iple cracks and multiple rigid-line inclusions by numerical examples. 
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Wang et al. [11] have summarized a Table for the SIF of the Modes
 , Ⅱ and III for the crack and the rigid inclusion. To determine the value
f SIF, three approaches can be employed. One is the extrapolation
pproach for the boundary or interior displacement near the tip. An-
ther is the extrapolation approach for the boundary stress or interior
tress near the tip. The other is the J integral [12] enclosing the crack
ip. The J -integral is an efficient way to determine the SIF in energy
ense instead of the asymptotic behavior of the displacement or stress
ear the tip. Whether the J -integral is positive or negative as well as
ts tensor property attracts the attention of mathematicians and engi-
eers. The popular use of path-independent J -integral lies in the fact
hat the information regarding the stress and traction states at a dis-
ontinuity can be calculated from integrals over a path some distance
way from the discontinuity, where singularities are not encountered.
se of contour-integral approach or energy method has the obvious ad-
antage that an accurate modelling of the crack tip behavior is not nec-
ssary and accurate results can be obtained by using coarse mesh of
oundary elements [13-14] . Then, the use of singular element near the
rack tip may not be necessary. Not only for the LEFM, the J -integral
Taiwan Ocean University, Keelung 20224, Taiwan 
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pproach can be employed with some success as a suitable criterion
nd can predict the crack growth in the nonlinear and elasto-plastic
ehavior of cracked bodies. However, the J -integral is not path inde-
endent for elasto-plastic materials and is not equal to the energy re-
ease rate although it is right for the linear elastic material. Path in-
ependence of J -integral is also interesting and can be examined in
ny observer system. Neglecting the body force, Rice [12] introduced
he concept of path-independent J -integral which relates to the energy
eleased per unit of crack translation. In general, there are two com-
onents in the J -integral, their component form in different observer
ystems may not be the same but satisfies the transformation law of
ensor of order one. The invariance of J -integral was discussed in the
ppendix of Hellan book [15] for the single-valued field. Invariance of

he elastodynamic J -integral (J’) was also studied by Nishioka [16] . The
nvariant J -integral in finite element models was also investigated by
krainian [17] . Whether the J -integral in the anti-plane elasticity for
 slant crack and rigid-line inclusion is an invariant or not attracts our
ttention. 

In this paper, we consider an infinite domain with a slant crack or
 slant rigid-line inclusion subject to the remote anti-plane shear case.
herefore, we focus on the SIF of Mode III. Since a crack and a rigid-line

nclusion are the special cases of an ellipse, we employ the degenerate
ernel in terms of the elliptic coordinates to study this degenerate issue.
hanks to the degenerate kernel, the positive or negative J -integrals and
he path independence of J -integral are analytically derived. The numer-
cal experiments by using the dual BEM are also performed. Besides, the
ransformation law for the component form of J -integral is also ana-
ytically and numerically examined. We also proved that results of the
orizontal case in [18] are special cases of the present slant cases. 

. Problem statement and mathematical formulation 

The J -integral of the horizontal crack and rigid-line inclusion under
he anti-plane shear problem have been solved in the [18] . Here, we
ocus on the J -integral of a slant crack under the anti-plane shear ( ̄𝜎∞23 =
 and 𝜎̄∞13 = 0) or a slant rigid-line inclusion under the anti-plane shear
 ̄𝜎∞23 = 0 and 𝜎̄∞13 = 𝑆) as shown in Fig. 1 . The J -integral defined by Rice
12] was given below: 

 𝑥 1 
= ∫Γ

( 

𝑊 𝑛 1 − 𝑇 𝑖 
𝜕 𝑢 𝑖 

𝜕 𝑥 1 

) 

𝑑Γ, (1)

here Γ is the path along which the J -integral is calculated, 𝑊 = 

𝜎𝑖𝑗 𝜀 𝑖𝑗 

2 
s the strain energy density for the linear elastic material, n 1 is the com-
onent of the outward unit normal n in the first direction x 1 , u i is the i th
omponent of the displacement vector and T i = 𝜎ij n j is the traction along
, respectively, and d Γ is the differential arc length. For the anti-plane
roblem, the nonvanishing shear strains are given by 

 13 = 

1 
2 
𝜕 𝑢 3 
𝜕 𝑥 1 

, 𝜀 23 = 

1 
2 
𝜕 𝑢 3 
𝜕 𝑥 2 

, (2)

nd the corresponding stresses follow Hooke’s law as 

13 = 2 𝜇𝜀 13 , 𝜎23 = 2 𝜇𝜀 23 , (3)

here 𝜇 is the shear modulus. Therefore, the strain energy density is
iven by 

 = 𝜎13 𝜀 13 + 𝜎23 𝜀 23 = 

𝜎2 13 + 𝜎2 23 
2 𝜇

. (4)

The traction is 

 3 = 𝜎13 𝑛 1 + 𝜎23 𝑛 2 . (5)

By substituting Eq. (2) into Eq. (3) , we have 

𝜕 𝑢 3 
𝜕 𝑥 

= 

𝜎13 
𝜇

, 
𝜕 𝑢 3 
𝜕 𝑥 

= 

𝜎23 
𝜇

. (6)

1 2 
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For a slant crack or a slant rigid-line inclusion, the J -integral can
e derived by two different observer systems. One is that we can de-
ompose it into the combination of two horizontal cases under the dif-
erent remote anti-plane shear since the observer system is attached on
he crack or rigid-line inclusion as shown in Fig. 1 . The other is using
he observer system subject to the original system coordinates, ( ̄𝑥 1 , 𝑥̄ 2 ) .
ig. 2 shows a slant crack and a slant rigid-line inclusion by using the
 x 1 , x 2 ) observer coordinate system while Fig. 3 shows the ( ̄𝑥 1 , 𝑥̄ 2 ) sys-
em. Here, we focus on the J -integral derived by using the ( x 1 , x 2 ) ob-
erver coordinate system. 

To derive the J -integral, we need to solve the total displacement first.
ence, we introduce the degenerate kernel. By employing the degener-
te kernel, the collocation point can be located on the real boundary
ree of the singular integral. Therefore, the representations of integral
quations and null-field integral equations including the boundary point
or the exterior problem can be written as 

 𝜋𝑢 ( 𝐱) = ∫𝐵 𝑇 
𝑒 ( 𝐬 , 𝐱) 𝑢 ( 𝐬 ) 𝑑𝐵( 𝐬 ) − ∫𝐵 𝑈 

𝑒 ( 𝐬 , 𝐱) 𝑡 ( 𝐬 ) 𝑑𝐵( 𝐬 ) , 𝐱 ∈ 𝐷 ∪ 𝐵, (7)

 𝜋𝑡 ( 𝐱) = ∫𝐵 𝑀 

𝑒 ( 𝐬 , 𝐱) 𝑢 ( 𝐬 ) 𝑑𝐵( 𝐬 )− ∫𝐵 𝐿 

𝑒 ( 𝐬 , 𝐱) 𝑡 ( 𝐬 ) 𝑑𝐵( 𝐬 ) , 𝐱 ∈ 𝐷 ∪ 𝐵, (8)

nd 

 = ∫𝐵 𝑇 
𝑖 ( 𝐬 , 𝐱) 𝑢 ( 𝐬 ) 𝑑𝐵( 𝐬 ) − ∫𝐵 𝑈 

𝑖 ( 𝐬 , 𝐱) 𝑡 ( 𝐬 ) 𝑑𝐵( 𝐬 ) , 𝐱 ∈ 𝐷 

𝑐 ∪ 𝐵, (9)

 = ∫𝐵 𝑀 

𝑖 ( 𝐬 , 𝐱) 𝑢 ( 𝐬 ) 𝑑𝐵( 𝐬 ) − ∫𝐵 𝐿 

𝑖 ( 𝐬 , 𝐱) 𝑡 ( 𝐬 ) 𝑑𝐵( 𝐬 ) , 𝐱 ∈ 𝐷 

𝑐 ∪ 𝐵, (10)

espectively, where D is the domain, D 

c is the complementary domain,
 is the boundary and the degenerate kernel in the dual BIEM will be
laborated on later. Since the anti-plane problem satisfies the Laplace
quation, the closed-form fundamental solution in the BEM/BIEM is U (s,
) = ln |x − s| = ln r , where r is the distance between x and s . By employ-
ng the separable property of the kernel, U (s, x) can be expanded into
he series form by separating the source point and the field point. Since
he crack and the rigid-line inclusion problem is a degenerate case of an
llipse, we express the degenerate kernel in terms of elliptic coordinates
19-21] as shown below: 

( 𝐬 , 𝐱) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ 

𝑈 

𝑖 ( 𝜉𝑠 , 𝜂𝑠 ; 𝜉𝑥 , 𝜂𝑥 ) = 𝜉𝑠 + ln 𝑐 
2 
− 

∞∑
𝑚 =1 

2 
𝑚 
𝑒 − 𝑚 𝜉𝑠 cosh 𝑚 𝜉𝑥 cos 𝑚 𝜂𝑥 cos 𝑚 𝜂𝑠 

− 

∞∑
𝑚 =1 

2 
𝑚 
𝑒 − 𝑚 𝜉𝑠 sinh 𝑚 𝜉𝑥 sin 𝑚 𝜂𝑥 sin 𝑚 𝜂𝑠 , 𝜉𝑠 ≥ 𝜉𝑥 , ( 𝑎 ) 

𝑈 

𝑒 ( 𝜉𝑠 , 𝜂𝑠 ; 𝜉𝑥 , 𝜂𝑥 ) = 𝜉𝑥 + ln 𝑐 
2 
− 

∞∑
𝑚 =1 

2 
𝑚 
𝑒 − 𝑚 𝜉𝑥 cosh 𝑚 𝜉𝑠 cos 𝑚 𝜂𝑥 cos 𝑚 𝜂𝑠 

− 

∞∑
𝑚 =1 

2 
𝑚 
𝑒 − 𝑚 𝜉𝑥 sinh 𝑚 𝜉𝑠 sin 𝑚 𝜂𝑥 sin 𝑚 𝜂𝑠 , 𝜉𝑠 < 𝜉𝑥 , ( 𝑏 ) 

(11) 

here the field point x = ( 𝜉x , 𝜂x ), the source point s = ( 𝜉s , 𝜂s ), and c is the
alf distance between two foci, the superscripts “i ” and “e ” denote the in-
erior ( 𝜉s ≥ 𝜉x ) and exterior ( 𝜉s < 𝜉x ) cases, respectively. The degenerate-
ernel expression for the closed-form fundamental solution of U (s, x) is
hown in Fig. 4 . After taking the normal derivative − 𝜕 / 𝜕 n s with respect
o the source point, T ( s , x ) can be obtained as shown below: 

 ( 𝐬 , 𝐱) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ 

𝑇 𝑖 ( 𝜉𝑠 , 𝜂𝑠 ; 𝜉𝑥 , 𝜂𝑥 ) = 

−1 
𝐽 ( 𝜉𝑠 , 𝜂𝑠 ) 

( 

1 + 2 
∞∑
𝑚 =1 

𝑒 − 𝑚 𝜉𝑠 cosh 𝑚 𝜉𝑥 cos 𝑚 𝜂𝑥 cos 𝑚 𝜂𝑠 

+2 
∞∑
𝑚 =1 

𝑒 − 𝑚 𝜉𝑠 sinh 𝑚 𝜉𝑥 sin 𝑚 𝜂𝑥 sin 𝑚 𝜂𝑠 

) 

, 𝜉𝑠 > 𝜉𝑥 , ( 𝑎 )

𝑇 𝑒 ( 𝜉𝑠 , 𝜂𝑠 ; 𝜉𝑥 , 𝜂𝑥 ) = 

1 
𝐽 ( 𝜉𝑠 , 𝜂𝑠 ) 

( 

2 
∞∑
𝑚 =1 

𝑒 − 𝑚 𝜉𝑥 sinh 𝑚 𝜉𝑠 cos 𝑚 𝜂𝑥 cos 𝑚 𝜂𝑠 

+2 
∞∑
𝑚 =1 

𝑒 − 𝑚 𝜉𝑥 cosh 𝑚 𝜉𝑠 sin 𝑚 𝜂𝑥 sin 𝑚 𝜂𝑠 

) 

, 𝜉𝑠 < 𝜉𝑥 . ( 𝑏 ) 

(12) 

It is noted that a Jacobian term, 𝐽 ( 𝜉𝑠 , 𝜂𝑠 ) = 𝐽 𝑠 =

 

√ 

cosh 2 𝜉𝑠 sin 2 𝜂𝑠 + sinh 2 𝜉𝑠 cos 2 𝜂𝑠 , is in the denominator. 
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Fig. 1. Orientation and decomposition of a slant crack and a slant rigid-line inclusion. 
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. Analytical derivation of the path independence of J -integral 

Now, we consider the slant crack under the anti-plane shear ( ̄𝜎∞23 =
 and 𝜎̄∞13 = 0) as shown in Fig. 1 (a), where 𝛼 is the inclined angle of

he crack. The problem can be decomposed into two horizontal cases
s shown in Fig. 1 (a-1-1) and 1(a-2-1) by employing the superposition
echnique. However, the total displacement in Fig. 1 (a-1-1) can be de-
omposed again as Fig. 1 (a-1-2) and 1(a-1-3) while Fig. 1 (a-2-1) is equal
o Fig. 1 (a-2-2) since a crack is trivial here. Fig. 1 (a-1-2) and 1(a-2-2)
171 
re both due to the remote shear loading u ∞ in an infinite plane. The
isplacement of u M ( x ) is caused by the infinite plane problem with a
rack as shown in Fig. 1 (a-1-3). The boundary condition on the crack is
ree of traction, which yields the Neumann boundary condition. Since
 

∞ is given, the t M ( s ) on the crack surface can be obtained. By apply-
ng the Fourier expansions, the specified boundary data u M ( s ) can be
xpressed. By using Eq. (9) , the unknown boundary density u M ( s ) can
e obtained after comparing coefficients of the basis. By solving the
ig. 1 (a-1-3) using the BIE, the total displacement of the slant crack
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Fig. 2. A slant crack and a slant rigid-line in- 

clusion by using the ( x 1 , x 2 ) observer coordi- 

nate system. (a) A crack case. (b) A rigid-line 

inclusion case. 

Fig. 3. A slant crack and a slant rigid-line in- 

clusion by using the ( ̄𝑥 1 , 𝑥̄ 2 ) observer coordi- 

nate system. (c) A crack case. (d) A rigid-line 

inclusion case. 

Fig. 4. Contour plot of the degenerate kernel for the fundamental solution ( U ( s , x )) in elliptic coordinates, 𝜉s = 𝜉0 . 

y
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(

𝑊
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p  
ields 

 3 ( 𝜉𝑥 , 𝜂𝑥 ) = 

𝑆 

𝜇
𝑐 
(
sin 𝜂𝑥 cosh 𝜉𝑥 cos 𝛼 + cos 𝜂𝑥 cosh 𝜉𝑥 sin 𝛼

)
. (13)

The stress is 

13 = 𝜇

( 

ℎ 1 
𝜕 𝑢 3 
𝜕 𝜉𝑥 

− ℎ 2 
𝜕 𝑢 3 
𝜕 𝜂𝑥 

) 

= 

𝑆 𝑐 2 
(
− sin 𝜂𝑥 cos 𝜂𝑥 cos 𝛼

)
𝐽 2 
𝑥 

+ 𝑆 sin 𝛼, (14)

23 = 𝜇

( 

ℎ 2 
𝜕 𝑢 3 
𝜕 𝜉𝑥 

+ ℎ 1 
𝜕 𝑢 3 
𝜕 𝜂𝑥 

) 

= 

𝑆 𝑐 2 cosh 𝜉𝑥 sinh 𝜉𝑥 cos 𝛼
𝐽 2 

, (15)
𝑥 

172 
here ℎ 1 = 

sinh 𝜉𝑥 cos 𝜂𝑥 
𝑐( ( sinh 𝜉𝑥 cos 𝜂𝑥 ) 2 + ( cosh 𝜉𝑥 sin 𝜂𝑥 ) 2 ) 

, ℎ 2 = 

cosh 𝜉𝑥 sin 𝜂𝑥 
𝑐( ( sinh 𝜉𝑥 cos 𝜂𝑥 ) 2 + ( cosh 𝜉𝑥 sin 𝜂𝑥 ) 2 ) 

nd 𝐽 𝑥 = 𝑐 

√ 

cosh 2 𝜉𝑥 sin 2 𝜂𝑥 + sinh 2 𝜉𝑥 cos 2 𝜂𝑥 . By substituting Eqs. (14) and
 15 ) into Eq (4) , the strain energy density yields 

 = 

𝑆 2 𝑐 2 

2 𝜇

( 

cos 2 𝜂𝑥 + sinh 2 𝜉𝑥 
𝐽 2 
𝑥 

) 

cos 2 𝛼

− 

2 𝑆 2 𝑐 2 
2 𝜇

( 

sin 𝜂𝑥 cos 𝜂𝑥 
𝐽 2 
𝑥 

) 

sin 𝛼 cos 𝛼 + 

𝑆 2 

2 𝜇
sin 2 𝛼 (16) 

ince the total displacement is obtained. The integral path is decom-
osed of three parts, Γ1 , Γ2 and Γ3 in Table 1 . The component of the
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Table 1 

Stress intensity factor of the slant crack under the anti-plane shear. 

Observation point 

Approach Boundary data Interior field Field and boundary 

Displacement 𝐾 𝐼 𝐼 𝐼 = lim 
𝜀 →0 

𝜇
√
𝜋𝑢 3 (0 , 𝜂𝑥 ) √

2 𝜀 
= 𝑆 cos 𝛼

√
𝜋𝑎 𝐾 𝐼 𝐼 𝐼 = lim 

𝜀 →0 

𝜇
√
𝜋𝑢 3 ( 𝜉𝑥 , 0) √

2 𝜀 
= 𝑆 cos 𝛼

√
𝜋𝑎 

Stress 𝐾 𝐼 𝐼 𝐼 𝑥 = lim 
𝜀 →0 

√
2 𝜋𝜀 𝜎(0 , 𝜂) = 𝑆 cos 𝛼

√
𝜋𝑎 𝐾 𝐼 𝐼 𝐼 𝑥 = lim 

𝜀 →0 

√
2 𝜋𝜀 𝜎( 𝜉, 0) = 𝑆 cos 𝛼

√
𝜋𝑎 

J-integral 𝐽 𝑐𝛼
𝑥 1 

= 𝑆 
2 𝜋𝑎 

2 𝜇
cos 2 𝛼 = 𝐾 

2 
𝐼 𝐼 𝐼 

2 𝜇

o

𝑛  

𝑛  

 

w  

E

𝑛  

𝑛  

𝑇  

 

 

i(

 

c

𝑛  

𝑊

𝑇

 

d

f  

Γ(

(

r  

s  

Γ

𝐽  

w

𝐽  
utward unit normal vector n for the elliptic contour Γ2 ( 𝜉x = 𝜉1 ) is 

 1 = 

sinh 𝜉𝑥 cos 𝜂𝑥 √ (
sinh 𝜉𝑥 cos 𝜂𝑥 

)2 + 

(
cosh 𝜉𝑥 sin 𝜂𝑥 

)2 , (17)

 2 = 

cosh 𝜉𝑥 sin 𝜂𝑥 √ (
sinh 𝜉𝑥 cos 𝜂𝑥 

)2 + 

(
cosh 𝜉𝑥 sin 𝜂𝑥 

)2 . (18)

For the elliptic coordinates, we have a = c cosh 𝜉x and b = c sinh 𝜉x ,
here a is the semi-major axis and b is the semi-minor axis of the ellipse.
qs. (17) and ( 18 ) can be written as 

 1 = 

𝑏 cos 𝜂𝑥 
𝐽 𝑥 

, (19)

 2 = 

𝑎 sin 𝜂𝑥 
𝐽 𝑥 

. (20)

By substituting Eqs. (14) , ( 15 ), ( 19 ) and ( 20 ) into Eq. (5) , we have 

 3 = 

𝑆𝑐 sinh 𝜉𝑥 
(
sin 𝜂𝑥 cos 𝛼 + sin 𝛼 cos 𝜂𝑥 

)
𝐽 
𝑥 

. (21)

By substituting Eq. (14) into Eq. (6) , we have 

𝜕 𝑢 3 
𝜕 𝑥 1 

= 

𝑆 𝑐 2 
(
− sin 𝜂𝑥 cos 𝜂𝑥 cos 𝛼

)
𝜇𝐽 2 

𝑥 

+ 

𝑆 sin 𝛼
𝜇

. (22)

By substituting Eqs. (16) , ( 19 ), ( 21 ) and ( 22 ) into Eq. (1) , the J -
ntegral for the contour Γ2 yields 

𝐽 𝑐𝛼
𝑥 1 

)
Γ2 

= ∫Γ2 
( 

𝑆 2 𝑐 2 

2 𝜇
𝑏 cos 𝜂𝑥 cos 2 𝛼

𝐽 3 
𝑥 

+ 

𝑆 2 

2 𝜇
𝑏 cos 𝜂𝑥 
𝐽 
𝑥 

(
cos 2 𝛼 − sin 2 𝛼

)
+ 

𝑆 2 𝑏 sin 𝜂𝑥 cos 𝛼 sin 𝛼
𝜇𝐽 

𝑥 

) 

𝐽 𝑥 𝑑 𝜂𝑥 

= 

𝑆 2 𝑐 cos 2 𝛼
𝜇

( 

tan −1 1 
sinh 𝜉1 

) 

+ 

𝑆 2 

𝜇
𝑏 
(
cos 2 𝛼 − sin 2 𝛼

)
. (23) 

However, the component of the outward unit normal vector n for the
ontour Γ1 (0 < 𝜉x < 𝜉1 ) and Γ3 (0 < 𝜉x < 𝜉1 ) is 

 1 = −1 , 𝑛 2 = 0 . (24)

Therefore, we have 

 𝑛 1 = 

( 

𝑆 2 𝑐 2 

2 𝜇

( 

cos 2 𝜂𝑥 + sinh 2 𝜉𝑥 
𝐽 2 
𝑥 

) 

cos 2 𝛼
173 
− 

2 𝑆 2 𝑐 2 
2 𝜇

( 

sin 𝜂𝑥 cos 𝜂𝑥 
𝐽 2 
𝑥 

) 

sin 𝛼 cos 𝛼 + 

𝑆 2 

2 𝜇
sin 2 𝛼

) 

(−1) 

= − 

𝑆 2 𝑐 2 

2 𝜇
cos 2 𝜂𝑥 
𝐽 2 
𝑥 

cos 2 𝛼 − 

𝑆 2 𝑐 2 

2 𝜇
sinh 2 𝜉𝑥 
𝐽 2 
𝑥 

cos 2 𝛼

+ 

𝑆 2 𝑐 2 

𝜇

sin 𝜂𝑥 cos 𝜂𝑥 
𝐽 2 
𝑥 

sin 𝛼 cos 𝛼 − 

𝑆 2 

2 𝜇
sin 2 𝛼, (25) 

 3 
𝜕 𝑢 3 
𝜕 𝑥 1 

= 

( 

𝑆 𝑐 2 
(
− sin 𝜂𝑥 cos 𝜂𝑥 cos 𝛼

)
𝐽 2 
𝑥 

+ 𝑆 sin 𝛼

) 

( −1 ) 

×

( 

𝑆 𝑐 2 
(
− sin 𝜂𝑥 cos 𝜂𝑥 cos 𝛼

)
𝐽 2 
𝑥 

+ 𝑆 sin 𝛼

) 

1 
𝜇

= − 

1 
𝜇

( 

𝑆 𝑐 2 
(
− sin 𝜂𝑥 cos 𝜂𝑥 cos 𝛼

)
𝐽 2 
𝑥 

+ 𝑆 sin 𝛼

) 2 

. (26) 

By substituting Eqs. (25) and ( 26 ) into Eq. (1) for
 Γ= − c cosh 𝜉x sin 𝜂x d 𝜉x and by substituting 𝜂𝑥 = − 

𝜋

2 and 𝜂𝑥 = 

𝜋

2 
or the contour Γ1 and Γ3 , respectively, the J -integrals for the contours

1 and Γ3 yield 

𝐽 𝑐𝛼
𝑥 1 

)
Γ1 

= ∫Γ1 
( 

− 

𝑆 2 

2 𝜇
sinh 2 𝜉𝑥 
cosh 2 𝜉𝑥 

cos 2 𝛼 + 

𝑆 2 

2 𝜇
sin 2 𝛼

) (
𝑐 cosh 𝜉𝑥 𝑑 𝜉𝑥 

)
= − 

𝑆 2 𝑏 

2 𝜇
cos 2 𝛼 + 

𝑆 2 𝑐 

2 𝜇
cos 2 𝛼

(
tan −1 sinh 𝜉1 

)
+ 

𝑆 2 𝑏 

2 𝜇
sin 2 𝛼, (27) 

𝐽 𝑐𝛼
𝑥 1 

)
Γ3 

= ∫Γ3 
( 

− 

𝑆 2 

2 𝜇
sinh 2 𝜉𝑥 
cosh 2 𝜉𝑥 

cos 2 𝛼 + 

𝑆 2 

2 𝜇
sin 2 𝛼

) (
− 𝑐 cosh 𝜉𝑥 𝑑 𝜉𝑥 

)
= − 

𝑆 2 𝑏 

2 𝜇
cos 2 𝛼 + 

𝑆 2 𝑐 

2 𝜇
cos 2 𝛼

(
tan −1 sinh 𝜉1 

)
+ 

𝑆 2 𝑏 

2 𝜇
sin 2 𝛼, (28) 

espectively. It is interesting to find that Γ1 and Γ3 contribute to the
ame weight for the J -integral. Therefore, the J -integral for the contour
can be obtained as 

 

𝑐𝛼
𝑥 1 

= 

𝑆 2 𝑐𝜋

2 𝜇
cos 2 𝛼, (29)

here c = a in the degenerate case. Eq. (29) can be rewritten as 

 

𝑐𝛼
𝑥 1 

= 

𝑆 2 𝜋𝑎 

2 𝜇
cos 2 𝛼. (30)
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Table 2 

𝐽 
𝑥 1 

and 𝐽 
𝑥 2 

of the crack under the anti-plane shear. 

Observer system ( x 1 , x 2 ) Crack Crack (trivial) Slant crack 

𝐽 𝑥 1 
𝑆 2 𝜋𝑎 

2 𝜇
0 𝑆 2 𝜋𝑎 

2 𝜇
cos 2 𝛼

𝐽 𝑥 2 0 0 − 𝑆 2 𝑎 
𝜇

sin 2 𝛼

Table 3 

𝐽 𝑥 1 and 𝐽 𝑥 2 of the rigid-line inclusion under the anti-plane shear. 

Observer system ( x 1 , x 2 ) Crack Crack (trivial) Slant crack 

𝐽 𝑥 1 − 𝑆 
2 𝜋𝑎 

2 𝜇
0 − 𝑆 

2 𝜋𝑎 

2 𝜇
cos 2 𝛼

𝐽 𝑥 2 0 0 𝑆 2 𝑎 

𝜇
sin 2 𝛼

 

i  

a  

a  

[  

c  

fi

𝐾  

 

w

𝐽  

 

i
 

H  

n

𝐽  

(

f(

(

r

𝐽  

f

𝐽  

𝐽  

f  

t  

a  

d  

S  

E  

i  

w  

r  

a  

c  

c  

T  

p  

t  
However, the SIF can be derived from three ways. One is the J -
ntegral, another is the asymptotic behavior on the interior or bound-
ry stress near the crack tip and the other is displacement fields of the
symptotic behavior on the interior or boundary near the crack tip of
22] . Following the similar procedure in [18] , the SIF of the slant crack
an be derived from the asymptotic behavior. Here, we only show the
nal result in Table 1 . The SIF yields 

 ш 

= 𝑆 
√
𝜋𝑎 cos 𝛼. (31)

Eq. (31) also yields the same result in [23] . Hence, Eq. (30) can be
ritten as 

 

𝑐𝛼
𝑥 1 

= 

𝐾 

2 
ш 

2 𝜇
. (32)

Eq. (32) yields the same result as mentioned in [ 18 , 24-26 ]. The path
ndependence of J -integral is also proved. 

According to the definition of J -integral, it is a tensor of order one.
ere, we find that the J -integral defined by Rice is only the x 1 compo-
ent while the x 2 component is given by 

 𝑥 2 
= ∫Γ

( 

𝑊 𝑛 2 − 𝑇 𝑖 
𝜕 𝑢 𝑖 

𝜕 𝑥 2 

) 

𝑑Γ. (33)

Therefore, we have 

𝐽 𝑐𝛼
𝑥 2 

)
Γ2 

= ∫Γ2 
( 

𝑆 2 𝑐 2 

2 𝜇
𝑎 sin 𝜂𝑥 
𝐽 3 
𝑥 

cos 2 𝛼 + 

𝑆 2 

2 𝜇
𝑎 sin 𝜂𝑥 
𝐽 
𝑥 

(
sin 2 𝛼 − cos 2 𝛼

)
− 

𝑆 2 

𝜇

𝑎 cos 𝜂𝑥 sin 𝛼 cos 𝛼
𝐽 
𝑥 

) 

𝐽 𝑥 𝑑 𝜂𝑥 

= − 

2 𝑆 2 
𝜇

𝑐 sin 𝛼 cos 𝛼 cosh 𝜉1 , (34) 

or the contour Γ2 . For the contours Γ1 and Γ3 , we have 

𝐽 𝑐𝛼
𝑥 2 

)
Γ1 

= ∫Γ1 
( 

𝑆 2 𝑐 2 cosh 𝜉𝑥 sinh 𝜉𝑥 sin 𝛼 cos 𝛼
𝜇𝐽 2 

𝑥 

) (
𝑐 cosh 𝜉𝑥 𝑑 𝜉𝑥 

)

174 
= 

𝑆 2 𝑐 

𝜇
sin 𝛼 cos 𝛼 cosh 𝜉1 − 

𝑆 2 𝑐 

𝜇
sin 𝛼 cos 𝛼, (35) 

𝐽 𝑐𝛼
𝑥 2 

)
Γ3 

= ∫Γ3 
( 

𝑆 2 𝑐 2 cosh 𝜉𝑥 sinh 𝜉𝑥 sin 𝛼 cos 𝛼
𝜇𝐽 2 

𝑥 

) (
− 𝑐 cosh 𝜉𝑥 𝑑 𝜉𝑥 

)
= 

𝑆 2 𝑐 

𝜇
sin 𝛼 cos 𝛼 cosh 𝜉1 − 

𝑆 2 𝑐 

𝜇
sin 𝛼 cos 𝛼, (36) 

espectively. After combining the integrals for Γ1 , Γ2 and Γ3 , we have 

 

𝑐𝛼
𝑥 2 

= 

− 𝑆 2 𝑎 

𝜇
sin 2 𝛼. (37)

or the slant crack. Similarly, we have 

 

𝑖𝛼
𝑥 1 

= 

− 𝑆 2 𝜋𝑎 

2 𝜇
cos 2 𝛼 = − 

𝐾 

2 
𝐼 𝐼 𝐼 

2 𝜇
, (38)

 

𝑖𝛼
𝑥 2 

= 

𝑆 2 𝑎 

𝜇
sin 2 𝛼, (39)

or the slant rigid-line inclusion. Eq. (38) can be also obtained by using
he Eq. (32) since the reciprocal relation for the SIF between a crack
nd a rigid-line inclusion with respect to the opposite loading was ad-
ressed in [18] , which is an extension of the reciprocal relation for the
CF between a hole and a rigid inclusion [13 , 27-28] . After comparing
qs. (30) and ( 35 ) with Eqs. (38) and ( 39 ) for the crack and rigid-line
nclusion, their results are different by a sign. From Eqs. (37) and ( 39 ),
e also find that 𝐽 𝑥 2 is also path independent no matter what 𝜉0 is. The

esults of 𝐽 𝑥 2 for the horizontal crack and horizontal rigid-line inclusion
re both derived by setting 𝛼 = 0 although 𝐽 𝑥 1 was obtained in [18] . Ac-
ording to the definition, we summarize the result of 𝐽 𝑥 1 and 𝐽 𝑥 2 for the
rack in Table 2 while the result of the rigid-line inclusion is shown in
able 3 . It also indicates that the result in [18] is the special case of the
resent paper by setting 𝛼 = 0 , 𝜋

2 , 𝜋and 
3 𝜋
2 . It is found that 𝐽 𝑥 1 are posi-

ive and negative for the crack and the rigid-line inclusion, respectively,
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Table 4 

First order tensor of J -integral in the ( x 1 , x 2 ) and ( ̄𝑥 1 , ̄𝑥 2 ) observer system for the rigid-line inclusion. 

n  

n  

t  

i  

o  

t  

i

4

 

s  

o  

n  

(  

(  

a  

(

𝐧  

𝑊  
ot only for the horizontal but also for the slant case. However, 𝐽 𝑥 2 are
egative and positive for the crack and the rigid-line inclusion, respec-
ively. It is interesting to find that 𝐽 𝑥 2 = 0 when 𝛼 = 0 , 𝜋

2 , 𝜋and 
3 𝜋
2 . This

ndicates that 𝐽 𝑥 2 only makes a contribution in the slant case. Although
nly the anti-plane shear loading case is considered, the extension work
o the in-plane loading is straightforward and related works can be found
n [29-30] . 

. On the tensor property of J -integral 

Since the J -integral is a tensor of order one, we examine the ten-
or property of the J -integral for the slant rigid-line inclusion here. Two
bserver systems are used. Not only the analytical solutions but also
175 
umerical evidences are done here. The observer coordinates system
 x 1 , x 2 ) is counter colockwisely rotated by 𝛼 angle with respect to the
 ̄𝑥 1 , 𝑥̄ 2 ) system as shown in Table 4 . We choose a circular path to ex-
mine the tensor property, the normal vector of the integral-path in the
 x 1 , x 2 ) system as shown in Table 4 (a) is 

 = ( cos 𝛽, sin 𝛽) . (40)

The strain energy density and the traction along Γ are 

 = 

𝜎13 
2 + 𝜎23 

2 

2 𝜇
= 

𝜇

2 

( ( 

𝜕 𝑢 3 
𝜕 𝑥 1 

) 2 
+ 

( 

𝜕 𝑢 3 
𝜕 𝑥 2 

) 2 
) 

, (41)
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Table 5 

J -integral for a slant crack using ( x 1 , x 2 ) and ( ̄𝑥 1 , ̄𝑥 2 ) observer systems. 

𝑇  

r

𝐽  

𝐽  

 

v

𝐧  

𝑊  

𝑇  

r

𝐽

𝐽

 3 = 𝜎13 𝑛 1 + 𝜎23 𝑛 2 = 𝜇

( 

𝜕 𝑢 3 
𝜕 𝑥 1 

cos 𝛽 + 

𝜕 𝑢 3 
𝜕 𝑥 2 

sin 𝛽
) 

, (42)

espectively. Therefore, we have 

 

𝑖𝛼
𝑥 1 

= ∫Γ
𝜇

2 

( 

− 

( 

𝜕 𝑢 3 
𝜕 𝑥 1 

) 2 
cos 𝛽 + 

( 

𝜕 𝑢 3 
𝜕 𝑥 2 

) 2 
cos 𝛽 − 2 

𝜕 𝑢 3 
𝜕 𝑥 1 

𝜕 𝑢 3 
𝜕 𝑥 2 

sin 𝛽

) 

𝑑Γ, (43)

 

𝑖𝛼
𝑥 2 

= ∫Γ
𝜇

2 

( ( 

𝜕 𝑢 3 
𝜕 𝑥 1 

) 2 
sin 𝛽 − 

( 

𝜕 𝑢 3 
𝜕 𝑥 2 

) 2 
sin 𝛽 − 2 

𝜕 𝑢 3 
𝜕 𝑥 1 

𝜕 𝑢 3 
𝜕 𝑥 2 

cos 𝛽

) 

𝑑Γ. (44)

For the ( ̄𝑥 1 , 𝑥̄ 2 ) observer system as shown in Table 4 (b), the normal
ector of integral-path is 

̄
 = ( cos ( 𝛼 + 𝛽) , sin ( 𝛼 + 𝛽)) . (45)
176 
The strain energy density and the traction along Γ are 

̄
 = 

𝜎̄2 13 + 𝜎̄2 23 
2 𝜇

= 

𝜇

2 

( ( 

𝜕 ̄𝑢 3 
𝜕 ̄𝑥 1 

) 2 
+ 

( 

𝜕 ̄𝑢 3 
𝜕 ̄𝑥 2 

) 2 
) 

, (46)

̄
 3 = 𝜎̄13 ̄𝑛 1 + 𝜎̄23 ̄𝑛 2 = 𝜇

( 

𝜕 𝑢 3 
𝜕 𝑥 1 

cos 𝛽 + 

𝜕 𝑢 3 
𝜕 𝑥 2 

sin 𝛽
) 

, (47)

espectively. The J -integral yields 

 

𝑖𝛼
𝑥̄ 1 

= ∫Γ

𝜇

2 

( 

− 
( 

𝜕 𝑢 3 

𝜕 𝑥 1 

) 2 

cos ( 𝛽 − 𝛼) + 
( 

𝜕 𝑢 3 

𝜕 𝑥 2 

) 2 

cos ( 𝛽 − 𝛼) − 2 
𝜕 𝑢 3 

𝜕 𝑥 1 

𝜕 𝑢 3 

𝜕 𝑥 2 
sin ( 𝛽 − 𝛼) 

) 

𝑑Γ, 

(48) 

 

𝑖𝛼
𝑥̄ 2 

= ∫Γ

𝜇

2 

( ( 

𝜕 𝑢 3 

𝜕 𝑥 1 

) 2 

sin ( 𝛽 − 𝛼) − 
( 

𝜕 𝑢 3 

𝜕 𝑥 2 

) 2 

sin ( 𝛽 − 𝛼) − 2 
𝜕 𝑢 3 

𝜕 𝑥 1 

𝜕 𝑢 3 

𝜕 𝑥 2 
cos ( 𝛽 − 𝛼) 

) 

𝑑Γ. 

(49) 
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Table 6 

J -integral for a slant rigid-line inclusion using ( x 1 , x 2 ) and ( ̄𝑥 1 , ̄𝑥 2 ) observer systems. 

where S = 1, 𝜇= 1, a = 0.2, 𝐽 𝑐𝛼
𝑥 1 

= ∫Γ 𝑊 𝑛 1 − 𝑇 3 
𝜕 𝑢 3 
𝜕 𝑥 1 

𝑑Γ, 𝐽 𝑐𝛼
𝑥 2 

= ∫Γ 𝑊 𝑛 2 − 𝑇 3 
𝜕 𝑢 3 
𝜕 𝑥 2 

𝑑Γ, 𝐽 𝑐𝛼
𝑥̄ 1 

= ∫Γ 𝑊̄ ̄𝑛 1 − 𝑇̄ 3 
𝜕 ̄𝑢 3 
𝜕 ̄𝑥 1 

𝑑Γ, 𝐽 𝑐𝛼
𝑥̄ 2 

= ∫Γ 𝑊̄ ̄𝑛 2 − 𝑇̄ 3 
𝜕 ̄𝑢 3 
𝜕 ̄𝑥 2 

𝑑Γ. 

 

c  

𝑢  

𝑇  

u⎡⎢⎢⎣  

[
 

[
 

[
 

 

b  

t(
 

 

i  

s  

g  

u  

s  

n  

B
d  

(  
The transformation law between the two observer systems is
onstructed in Table 4 . We also find that the total displacement,
 3 ( 𝑥 1 , 𝑥 2 ) , 𝑢̄ 3 ( ̄𝑥 1 , ̄𝑥 2 ) , strain energy density, 𝑊 , 𝑊̄ , and the traction,
 3 , 𝑇̄ 3 , are invariants no matter that which plane observer system is
sed. Table 4 gives 

 

 

 

 

𝜕 ̄𝑢 3 
𝜕 ̄𝑥 1 
𝜕 ̄𝑢 3 
𝜕 ̄𝑥 2 

⎤ ⎥ ⎥ ⎦ = 

[ 
cos 𝛼 − sin 𝛼
sin 𝛼 cos 𝛼

] ⎡ ⎢ ⎢ ⎣ 
𝜕 𝑢 3 
𝜕 𝑥 1 
𝜕 𝑢 3 
𝜕 𝑥 2 

⎤ ⎥ ⎥ ⎦ , (50)

 

𝜎̄13 
𝜎̄23 

] 
= 

[ 
cos 𝛼 − sin 𝛼
sin 𝛼 cos 𝛼

] [ 
𝜎13 
𝜎23 

] 
, (51)

 

𝑛̄ 1 
𝑛̄ 2 

] 
= 

[ 
cos 𝛼 − sin 𝛼
sin 𝛼 cos 𝛼

] [ 
𝑛 1 
𝑛 2 

] 
, (52)

 

𝐽 𝑖𝛼
𝑥̄ 1 

𝐽 𝑖𝛼
𝑥̄ 2 

] 

= 

[ 
cos 𝛼 − sin 𝛼
sin 𝛼 cos 𝛼

] [ 

𝐽 𝑖𝛼
𝑥 1 

𝐽 𝑖𝛼
𝑥 2 

] 

. (53)
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From Eq. (53) , we realize that the relation of the J-integral derived
y different observer systems is a rotation matrix. Finally, the length of
he vector is an invariant as shown below: 

𝐽 𝑖𝛼
𝑥 1 

)2 
+ 

(
𝐽 𝑖𝛼
𝑥 2 

)2 
= 

(
𝐽 𝑖𝛼
𝑥̄ 1 

)2 
+ 

(
𝐽 𝑖𝛼
𝑥̄ 2 

)2 
. (54)

It indicates that the J -integral defined by Rice is not invariant and
s only one component of a vector. To demonstrate the first order ten-
or of J -integral, two cases, one crack and one rigid-line inclusion, are
iven. The comparison of the exact solution and numerical results by
sing the dual BEM are shown in Tables 5 and 6 for a slant crack and a
lant rigid-line inclusion, respectively. It is found that the two compo-
ents of the vector obey the transformation law in the results of the dual
EM. Table 5 also shows that ( 𝐽 𝑐𝛼

𝑥 1 
) 2 + ( 𝐽 𝑐𝛼

𝑥 2 
) 2 , ( 𝐽 𝑐𝛼

𝑥̄ 1 
) 2 + ( 𝐽 𝑐𝛼

𝑥̄ 2 
) 2 , 𝐽 𝑐𝛼

𝑥 1 
and 𝐽 𝑐𝛼

𝑥 2 
ecrease when the inclined angle 𝛼 increases. Table 6 also shows that
 𝐽 𝑖𝛼
𝑥̄ 1 
) 2 + ( 𝐽 𝑖𝛼

𝑥̄ 2 
) 2 decrease and 𝐽 𝑐𝛼

𝑥 1 
and 𝐽 𝑖𝛼

𝑥̄ 1 
increase when the inclined an-
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Fig. 5. Three proceedings for the seminar on the boundary element method in Taiwan by Prof. Rizzo. 

Fig. 6. Group photos of Taiwan BEM/Meshless meetings since 2010. The 11 th BEM meetings was held on Oct. 17, National Taiwan Ocean University, 2020. 
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Fig. 7. The history of Taiwan BEM workshop since 1986. 

g  

w

5

 

r  

k  

i  

s  

T  

B  

a  

p  

m  

o  

6

 

R  

U  

R  

a  

t  

o  

h  

H  

l  

t  

c  

t  

s  

1  

s  

o  

p

D

A

 

o  

E

R

 

 

 

 

le 𝛼 increases. Both results indicate that the SIF reaches its maximum
hen 𝛼 = 0 and 𝛼 = 𝜋. 

. Conclusions 

In this paper, we derived the J -integral for the slant crack and slant
igid-line inclusion under the anti-plane shear. Thanks to the degenerate
ernel, the path independence of the J -integral was analytically exam-
ned. The positive and negative J -integrals for the slant crack and the
lant rigid-line inclusion, respectively, were also theoretically derived.
he numerical evidences were numerically calculated by using the dual
EM. Besides, we found that J -integral was not an invariant and was
 component of the first direction of a vector although it is path inde-
endent. The first order tensor of J-integral was theoretically and nu-
erically verified to satisfy the transformation law for the slant crack

r slant rigid-line inclusion subjected to two different observer systems.

. Remarks for the Rizzo special issue 

In 1986, Prof. Y H Pao, a teacher of the first author, invited Prof.
izzo to give a BEM workshop in Institute of Applied Mechanics, Taiwan
niversity. During that week, June 23 to 28, the first author was Prof.
izzo’s TA to prepare the execution files of his Fortran files. Prof. Shippy
nd Mukherjee also accompanied with Prof. Rizzo to have lectures. Now,
hree proceedings for the seminar on boundary element method are still
n the desk of the first author as shown in Fig. 5 . Prof. Rizzo said that
e enjoyed a good time like a king in Taiwan. At the same time, Prof.
179 
-K Hong and the first author developed the dual BIEM/BEM for prob-
ems containing degenerate boundaries using the hypersingular equa-
ion. This article is also an extension work of the dual BEM. We appre-
iated very much that Prof. Rizzo stimulated the BEM research at that
ime in Taiwan. Since 1986, many researchers paid attention to BEM
tudy in Taiwan. A series domestic meeting was open since 2010, the
1th annual BEM meeting was held in National Taiwan Ocean Univer-
ity, Keelung, 2020. The group photo is shown in Fig. 6 . Besides, the
rganizer and plenary lecturer are also given in Fig. 7 . Now the BEM
ower of Taiwan is Top 5 country in the world. 
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