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VI

Spurious eignesolutions in BEM

|
@]

/

Simply-connected problem w (Membrane and plate)

Real/MRM | Imaginary | Complex
Saving CPU time Yes Yes No
Avoid singular integral No Yes No
Spurious eigenvalues Appear Appear No

Multiply-connected problem w (Membrane and plate)

Complex
Spurious eigenvalues Appear
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M What happens in MES ?

@ Source point

\5———’

® Observation point
Interior problem Exterior problem

Field representation: u(x)=> ¢, w(s;,%)
j

w (s %) = (r), 1 =s; -]
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Governing equation
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Governing equation

Membrane vibration

(V2 +k?u(x)=0

Plate vibration

(V=2 )u(x)=0
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¥ Fundamental solution

)
Ay

= d

Membrane vibration

U (s, x) =1J,(kr) =Y, (kr)

Plate vibration

U (s, X) =§{[Yo(zr)—iJo(zr>]+§[Ko<zr)—ilo(zr)]}
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Y Simply-connected problem

real boundary
................. fictitious boundary
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v Multiply-connected problem
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v Two MFES for membrane problem

Single-layer potential approach Double-layer potential approach
06 =2V (5. %) 06) =T %)v
t(X) ZL(SJ’ i t(X) ZM(SJ’ |)'7”J

0
on
U (s, X) - T (S, X)
0 0 ASME, App. Mech. Rev.
on, B, on,

(Chen and Hong, 1999)

L(s,x) === M (s, X)
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v Kernel functions of plate vibration

|
@]

U (s, X) = Fundamental solution
Slope operator

(s, X) =‘<u (5. %)) = 6“;:’ X)

Moment operator

M (s, X) =@u (s, X))

2
= WU (s, X)+(1-Vv) oV (82’ X)
on
Shear operator S
V(s,x) K, JU (s, x))
VU (s, X 0 ,0°U (s, X
- VX ) O (26N,
on, ot,  on.ot,
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v Plate problem

|
@]

Selected two from four (U, ®, M and V) (C, options)

Displacement %
U(X)=Z_:P(S,-,X)¢(S,—)+ZQ(S,-,X)W(S,-)
slope B(X) = K, , (U(X))
Moment M(X) = K, (U(X))
shear V(X) = K , (U(X))
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VI

Matrix form

|
@]

/

Membrane

{U} — [U ]{¢} Dirichlet problem
| {t} — [L]{¢} Neumann problem
Plate

—ui=[PHa}+IQHy} —
_>{H} — [ PH ]{¢} + [QH]{W} Simply-supported
—{m}=[R, Ho}+[Q, Kw}
— }=[R Ho+[Q Ky}
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¥ Degenerate kernel

'X(p1¢)

(0,0)

(0,0) X1
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¥ Circulant

Uniform discritization into 2N nodes on the circular boundary

d, Y A, - Ay Ay
dyn g dy dyn_3  Aon2
ro I A,y 4 a Aon d,n
[U]= 2|?| 2 2|:\|1 .o 2|§|4 2|>|3
a, A3 a, - Gy a
B q a, d; - Ayng d, |

[Ul=a,l +a,C,, +a,(C,y )2+ -+, (C,y )™
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¥ Circulant

Copy=|t ¢ & - 1
O 0 --- 01
1 00 --- 0O

L Jd2Nx2N

o —ei% —cos(%)jtisin(%) : eigenvalue of C
f 2N N’ o 2N

Membrane: 2, =2NJ,(ka)[iJ,(ka")-Y,(ka")]

Plate: 4! = %{Jm (4p)[Y, (AR) —1J,, (AR)] +§(—1)m L (AP)[(-D" K, (AR) —il , (AR)]}
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¥ Singular Value Decomposition

)
A

= d

U]=oz,o"

A0 0 - 0 0 0 |
o A o0 ... 0 0 0
o o A" - 0 0 0

=@| i i : : D"

0 0 0 - AT 0 0
o o0 0 - 0 M, o

0 0 - 0 0 ;t[ltlJ]_ZNsz

H is transpose and conjugate
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Methods of extracting true and
spurious eigenvalues

VI

|
@]

/

SVD updating C1=lU_IT Extraction
document (Cel=ValTe] true

Burton & [[UR]+ i[TR]] {gp}:{O} Extraction

Miller method true
SVD updating P.]= Ug Extraction
term L spurious
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Log[det[U]]

S: Spurious eigenvalue

-28
\ \ \ \ \

1 2 3 4 5 6
wave number k

Single-layer potential approach

&

7

Log[det[T]]

Clamped-clamped problem (membrane)

_ free
40 — (double)

<4.610>
J3(0.4K)=0

S: Spurious eigenvalue

36
\ \ \ \ \

1 2 3 4 5 6
wave number k

Double-layer potential approach
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Log[det[C]]

Clamped-clamped problem (membrane)

52

100 —

90 —

Log[det[[SM,]+I[SM,]]]

si s ]
<4.610> <6.010> S
80 04070 3 (0.4k)=0 407 o <6.010>
oi . <4610 J(0.4k)=0
i isappear . | 3:(0.4K)=0
i Disappear

S: Spurious eigenvalue S: Spurious eigenvalue
36
\ \ \ \ \ \

70
\ \ \ \

1 2 3 4 5 6 7 1 2 3 4 5 6 7
wave number k wave number k

Single-layer potential approach Single-layer potential approach

+ SVD updating document + Burton & Miller method

&
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Clamped-clamped problem (membrane)

120

110 —

s
<6.010>
3,(0.4K)=0

100 —

Log[det[D]]

90 —

S: Spurious eigenvalue
% | | | | | |

0 1 2 3 4 5 6 7
wave number k

Single-layer potential approach

+ SVD updating term
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v Clamped-clamped plate (U- & formulation)

- =
b
-320 — h
i .
1
i
T |
-360 — <9.450>1 |
_ (9.447)1 |
— I
% T |
= <9.500>|
S ! (9.499)
= T
D -400 — [ !
o | <9.660>
| (9.660) |
| TI
S <9.940>
<7.990> (9.945)
-440 —
< >:present approach T: True eigenequaiton
( ):BEM S: Spurious eigenequaiton
-480 | | |
6 7 8 9 10

frequency parameter A
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Burton & Miller method

160

120 —

S
£,
H —
& <9.650> |
- (9.660) |
Tl
<9.920>
(9.945)
40 — Disappear
< >:present approach
0 ( ):BEM T: True eigenequaiton
| | |
6 7 8 9 10

frequency parameter A
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1.

¥ Conclusions

We have verified that the true eigenequation depends on the boundary
condition while spurious eigenequation is embedded in each formulation.

The spurious eigenvalues occurring in the multiply-connected eigenproblem
for membrane and plate are the true eigenvalues of the associated problem
bounded by the inner fictitious boundary where the sources are distributed.

Three remedies, the SVD updating document, the SVVD updating term and the
Burton & Miller method,were successfully employed to suppress the
appearance of the spurious eigenvalues

&
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The End

Thanks for your kind attention

http://ind.ntou.edu.tw/~msvlab/
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Log[Det[U]]

VI

-10 —

212 —

14 —

-16 —

-18 —

T
<5.520>
T
<6.380>
T
<5.135>
T T
<3.830>
<2.405>

T: True eigenvalue

\ \ \ \ \

1 2 3 4 5 6

wave number k

Single-layer potential approach

&
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Log[Det[T]]

22

20 —

18 —

&
|

14 —

12 —

10

Dirichlet problem (Complex-valued MFES)

T
<6.380>

<5.520>

<2.405> T
<3.830>

T: True eigenvalue

1 2 3 4 5 6 7
wave number k

Double-layer potential approach




1 Dirichlet problem (Imaginary-part MFS)

10

<3.830>

S E‘ T <3.055> <5.330> !
g g o :
3 2 Y
- - <6.830>
_20 J—
T: True eigenvalue
T: True eigenvalue S: Spurious eigenvalue
0 | | | | | 0 | | | | |
1 2 3 4 5 6 7 1 2 3 4 5 6 7
wave number k wave number k
Single-layer potential approach Double-layer potential approach
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v Dirichlet problem (Real-part MFS)

|
(2

19
az — 7 N 18 —
N
14 —] \\ // 17 —
-15 — 16 —
15 —
_16 —
— S 14 —
= 17 <3.300> i
= ' Eo1s
ﬁ -18 — T %
(o] E 12 —]
= R T 530 | 1<6.960
660> — . <6.960>
— S '<5.135> rs % s . Sl <2.405> T[1<5.520> 1
20 T <5.135>; <6.750> <1.835> ! S
S <3.775> | T.! 10 — : <5.135> <6.225>
21 — <1.830> S <3.830>|| | <5.520> I '
<2.820> ! S 9 — <4170> 52155
22 — 1S 5.625 <3.070> '
: S|<4.705> <°-02°> 8 — T
o3 | <4.525> <3.830> )
T: True eigenvalue 7 T: True eigenvalue
ot S: Spurious eigenvalue S: Spurious eigenvalue
’ \ \ \ \ \ 6 \ \ \ \ \
1 2 3 4 5 6 7 1 2 3 4 5 6 7
Single-layer potential approach Double-layer potential approach
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Log[det[CL]

VI

)
(\ )
<5520> T
28 —| <6.380>
27 —|
26 —|
25 —|
24 —|
23 —| T
by | <2.405> <5.135>
21 —|
20 —|
19 — T
18 — <3.830>
17 —
16 — T: True eigenvalue
o | | | | |
1 2 3 4 5 6

wave number k

Single-layer potential approach
+SVD updating document

&
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Log[det[[Ug]+i[Tg]l]

19

Dirichlet problem (Real-part MFS)

18 —

17 —

16 —

15 —

14 —

13 —

12 —

11 —

10 —

<5.520>
<6.380>

T: True eigenvalue

2 3 4 5 6
wave number k

Single-layer potential approach
+Burton & Miller method
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v Dirichlet problem (Real-part MFS)

40
39 —
38 —
37 —
36 —
35 —
34 —
33 —
32 —
31 —
30 —
29 —
28 —
27 —
26 —
25 —
24 —
23 — S

22 — <1.830>

217 S: Spurious eigenvalue
20 | | | | |

Log[det[P.]]

<6.750>

1 2 3 4 5 6 7
wave number k

Single-layer potential approach
+SVD updating term
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1Y/ Mode 1 (k1:2045)

0.80+

0.60+

0.40+

0.20+

0.00

-0.20+

-0.40+

-0.60+

-0.80+

T T T T T T T T
1 -0.80 -0.60 -0.40 -0.20 0.00 0.20 0.40 0.60 0.80

Present method Analytical solution
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|
(2

Mode 2 (k,=3.083)

0.81

0.6

0.4

0.24

-0.2

-0.4

-0.64

-0.8

1 l T i T T T T T T T 1 1 T T T T
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 -0.80 -0.60 -0.40 -0.20 0.00 0.20 0.40 0.60 0.80

Present method Analytical solution

&
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VI

Mode 3 (k;=5.135)

T T T
0.40 0.60 0.80

Present method Analytical solution

&
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Present method FEM BEM
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Present method FEM BEM

ECCOMAS Thematic Conference on Meshless Methods 2005 ~ 39
Department of Harbor and River Engineering, Nation Taiwan Ocean University




Present method FEM BEM
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v Clamped plate

-200

-300 — TI
: <7.800>

-400 —

det[SM]

-500 —

T: True eigenvalue

-600

1 2 3 4 5 6 7 8
frequency parameter 0

Complex-valued MFS
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VI

det[SM]

-520 —

540 —

Clamped plate

7<1.190> <2 190>1

Sl |
c60 | <2.640>S|,
| <3.150>1<3.870>1S
| <4.085> I
I
| | !
| |
| |
580 — |
I
| TI
il | <4.610>
TI
<3.195> m
-600 — :
T: True eigenvalue <7-145>T|
S: Spurious eigenvalue <7.80b>
\ \ \ \ \ \
1 2 3 4 5 6 7

frequency parameter ¢

Real-part MFS

Department of Harbor and River Engineering, Nation Taiwan Ocean University

det[SM]

frequency parameter ¢

Imaginary-part MFS
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TI
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-400
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VI

det[SM]

Clamped plate

PR N
Ay
i ( |
\ /
~ Ve
-100 —
I
-105 — |
I
I
B I
I
I
-110 — | !
I | TI
[ | 1<6.300> |
N I
! | | T
I
TI TI I
<3.205> <4.615> Ti <7.140>
e <5.905>
| T
<7.790>
T: True eigenvalue
-120
1 2 3 4 5 6 7 8

frequency parameter ¢

Real-part MFS +SVD
updating document

&

det[SM]

VAN
» Ay
[ I
J
~ v

-80 —

(N S

Sl <2.680>:
<2.200> Si
90 — | <3.085>
1S
<1.220> S'<4.020>
B <3.860>
-100 —
S: Spurious eigenvalue

-110
\ \ \ \ \

1 2 3 4 5 6 7
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Real-part MFS
+SVD updating term
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v Multiply-connected plate

-200
-100 —|
-300 —|
LT
:<10.940> — -200 —
= 10.940 S
S ; ) % {
I(-l,j)‘ IT = |
3 <10.370> R I
= )| | (10.370) 'S |
| | o |
g -400 9 | I
I'<9.940> | <9.180>
I, (9.945) | IT (9.180)
LT -300 — 1, <8270>
1<9.660> M1 |7 (8269
T, (9.660) TI: :<7.480>
| 7.480
<9.500> <6.330>1 IT( )
-500 — (9.499) (6.325) 1<6.860> _ _
T1 (6.861) T: True eigenequaiton
< >:present approach <6.460> < >:present approach
( ):BEM T: True eigenequaiton 200 (6.463) ( ):BEM
\ \ \ \ \ )
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frequency parameter ¢

frequency parameter ¢

Clamped-clamped Simply-supported-simply-supported
boundary boundary
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v Method of solution

)
Ay

= ad

Membrane
For the Dirichlet problem (u=0) (Single-layer)

{0}=[U; {9;} —> dEt[Uij]:O

Plate
For the clamped boundary condition (u=0, #=0) (U -0)

{0}=[U {o}+ 6w} [ o (Y © [¢}
{0}=U,{2}+[6,{v} {0} {Ue ®J
det[SM =0
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Y Degenerate kernels

Membrane

U'(R6: p.8) = 33, ()3, (KR) Y, (KR)]cos(¢(0— 4)), R>p,
U (s, X) =4 (=

U*(R.G;p.) = 3,(R)II, (kp) -, (ko) rcos(t(0— 4)), R<p,

{=—c0

Plate
U'(R,8; p,¢) = i 8—}{Jm(/1p)[Ym (AR) —iJm(ﬂuR)]+%(—1)m |, (AP)(-D)" K, (AR) =il ,(AR)]}cos(m(6 - ¢)), R> p,
U*(R.6; p.¢) = 2 é{Jm(ﬂR)[Ymup)—iJm(ﬂp)h%(—l)mIm(zR)[(—l)'"Km(zp)—ilm(zp)]}cos(mw—qs», R<p,
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