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Motivation

Numerical methods for engineering problems
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Engineering problem
with arbitrary geometries

Straight boundary

(Legendre polynomial)

____________

Circular boundary

Efﬁ'ptic boundary

(Fourier series)

(Mathieu function)
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Null-field integral approach to
construct the Green’s function

Original Problem

()

¢
O ® Boundary condition: Subjected to given B. C.

9o

Governing equation: V?G(x,£) =6(x—¢&),xeD

Green’s third identity BIE for Green'’s function
f [ UIVAV() —v()VUIID) 210G (x,€) = f@‘“(s X) 6(s,£)dB(s)

Auxiliary system _f[( (x) — V(X )8“(X)]dB( X) _fU( ,x)%B(S)—FU(&X)
pron \\\ B )
/ ,\/“\) l\\ Governing equation: v (X,8) = 275(X—5S)
! Vau N_~ \
I \ _ ]
LT 2 v(x) =U(s,x) Fundamental solution
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L\ 4 u(x) =G(x,)
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Boundary integral equation
| and null-field integral equation

Interior case Exterior case

~0U(s,x)
T(s,X)= on.
2acS(sg) """"""" S
7G(X, €) f T (s, X)G(5,)dB(s) f U(sx) dB(s) +U (£, ), x€ DUB
76(1,6) = C.PV k. dnedibsiéipBeidin | U 6.0 = dBe) +U (¢ ), x< B

0= [T T(s X6 (s, )d8(6) - [\ (U(s X),ae(s &) dB(s) + U (¢,%), x€D°UB
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Expansions of fundamental solution (2D)

Ue
Laplace problem-- U (s,x) = In|x—s|=Inr -~
'Ui(R,Q;p,qb):h’l i%% )" cosm(f—¢), R>p
U(s,X) = o: L R
U®(R,8;p,¢)=Inp— ZH ;) cosm(d —¢), p>R 0O U

Helmholtz problem-- U (s,x) = —irH{" (kr)/2

[ —7T &

U'(R,0: =— J (kp)H D (kR — R >

oy |V EEB =G T NSO DR 20 emann et
’ =

- 1 m=0
Ue(R,e;p,gzﬁ)=%'ngHr‘n”(kp)Jm(kR)cos(m(0—¢)), p>R e, :{2 2:1 5.
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\ 4

U(s,x) I 8(23 T(s,X) I
2 2

an an

v v

L(s,X) I ais | M(s,X) I

Laplace problem--

T‘(R,e;p,¢)=%+i(RpmH)cosm(9—¢)’ R>»p
T(s,X) =1 N m_F:m_l
Te(R,Q;p,¢)=—Z( o ycosm(0—¢), p>R

Helmholtz problem--

TR 0:pf) =20 Y 6,3, (), (R)cos(m(@ - )R >

T(s,x)=

TR0 0,8) = 203 5,3, (RHD (k) cos(m(@-4),p >R
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Boundary density discretization

Fourier series expansions - boundary density

u(s)=a,+ » (a,cosnd+b,sinnd), scB

n=1

t(s) = p,+ Y (p,cosnd+q,sinnd), s€B
n=1

i
VAV A

Fourier series EX . constant element
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Adaptive observer system
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Vector decomposition technique

for potential gradient

True normal direction
t\._.. n...,.-’ o 8G(X £)

Non-concentric case:

f M (s,X)G(s)dB(s) — f L,(5,) aG
S~e o 8G(X 3 = [ M, (5:06(5)dBE) - [ L,(5:% aG

(3) dB(s)+ L, (£,)

(S) dB(s) + L, (£,%)

N RCIVICR powwre N LI CE OO
A L L, (s,x) = 95 cos(G — &)+ > 00 CoS(5 = ¢ +€)
_IT(s,X) —, 107X 7
M, (s,x) = o cos(¢ §)+p 99 cos(2 C+¢)
* Rl Concentric case (special case): ¢ =¢
O Collocation point
L (5,%) = oU (s, X) M( X) = 0T (s, X)
dp
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Linear algebraic equation

0= fBT(s,x)G(s,g)dB(s)— fBu (s, X) a%(;”f) dB(s) +U (&,%)

UJ{t) = [T){u} + (b} |

t b, |
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1 1
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,' Take free body

N

Take free body [ )
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Image technique for solving half-
plane problems

Neumann boundary condjtion =4 Mirror
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Flowchart of present method

m]dB(S) +U (£ x)

on,

Fourier series
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Numerical examples

Laplace problems
Eccentric ring

A half-plane with an aperture
él) Dirichlet boundary condition
2) Robin boundary condition

A half-plane problem with a circular hole and a half-
circular inclusion
Helmholtz problems

An infinite matrix containing a circular inclusion with a
concentrated force in the matrix or inclusion

Special cases and parameter study

An infinite matrix containing two circular inclusions with
a concentrated force in the matrix
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Present study for Laplace equation
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,! Eccentric ring
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Eccentric ring

I

_ afzmﬁh.a-;‘ﬁ.a 08
| /|

Potential contour using the Melnikov’'s method Potential contour using the present

method (M=50)
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A half plane with an aperture subjected to
Dirichlet boundary condition
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Result of a half-plane prob

Potential contour using the Melnikov’'s method

National Taiwan Ocean University

lem with an aperture

subjected to Dirichlet boundary condition
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Potential contour using the present
method (M=50)
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A half plane with an aperture subjected to
Robin boundary condition
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Result of a half-plane problem with an aperture
subjected to Robin boundary condition

Potential contour using the Melnikov's method Potential contour using the present
method (M=50)
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A half-plane problem with a circular hole
and a half-circular inclusion

ircular hole
r|=
Mate
n's function
u=0
Half -plane
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Result of a half-plane problem with a
circular hole and a half-circular inclusion

Contour plot by using the Contour plot by using the null-field
Melikov's approach (2006) integral equation approach
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! Present study for Helmholtz equation

Perfect interface boundary ‘ Imperfect interface boundary

SH-Wave

)

SH-Wave

SH-wave problem (Chen P. Y.) Green’s function problem (Ke J. N.)
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Numerical examples
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A half-plane with an aperture
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An infinite matrix containing a circular inclusion with
! a concentrated force at & in the matrix

Interface condition

fh =4py € =2Cy

M :_itl
Ky [ is the shear modulus
p
t' =ﬂ—(UM -u') C s the wave speed
|

ﬁ is the imperfect
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! Take free body

ul,tl
[
tM :—it' /uucl
Hy
tl :ﬁ(uM _ul)
H
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[E=1 5

Distribution of o, for the quasi-static (k,,a=0.01)

solution along the circular boundary

*

. | M
O-zr =a er O-zr / p

Ip=a

C---analytical result
. eRcosé — R? |
o =

T omluy +u,,) et + RY = 2¢eRcosd

U

] 1 1 1 1 1 i
a0 L] 1] a0 250 00 0

8(Deg)

Wang and Sudak’s solution

o =ao. | p=aoc /p

e}
25

—— k,,a=0.01 (quasi-static) ‘&
= k,a=0

(static)

% 4, eacosd—a’

O =
T x(u, +u,) € +a*—2eacosd

0.5

0 50 100 150 200 250 300 350

0 (Deg)

The present solution
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Parameter study of A=ag/u,, for the

stress response

*

O-ZI’ :a'

Department of Harbor

I
g,

Bonding
behavior

Ip=alol|lp

r

Ideal bonding

Ky &

The present solution
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The distribution of displacement u, along
the circular boundary for the case (x,a=1234,5)

. Dynamic
U =ty ‘ul /'p effect

: e |
o 50 100 150 200 250 300 350

6 (Deg) 6(Deg)

Wang and Sudak’s solution The present solution
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Test of convergence for the Fourier series with
a concentrated force in the inclusion

8
fFourierseri

Terms of FOUFIEF Beries (M) Terms of FOUTier Series (M)
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o ©
=< ] )
3 uuuuuuuuuu ] >
S 1 § = |
2 uf% g Es
T o X
Qs v : ©
= £ = Parseval’'s sum ]
e U 5 27 9
£ * : gh LHWf
n 5 =2ma,” +7Y (a,” +b,’)
_\U) | | U) n=1
Tg =
3 S
2 )
! N
© b
o ©
o

real part imaginary part
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An infinite matrix containing a circular inclusion with
a concentrated force at £in the inclusion

3

e=0.9a
=4y, C =2Cy

[ is the shear modulus

C is the wave speed

ﬁ is the imperfect

interface parameter
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Distribution of o, for the quasi-static (k,a=0.02)

solution along the circular boundary (e =0.9a)

*

_ . . | M
—— k,,a=0.01 (quasi-static) o, =alo, / p=alo, / P
2 r 457 analytical result
*
O, o m a’ —eacosd 1t — iy 1
o, = +— I M
15 - m(uy, + ) € +a’ —2eacosf’  2x  ul + i 1 O-zir% :aO'zr/ p:aO'zr / p

(0] 50 100 150 200 250 300 350

6 (Deg)
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Parameter study of A=ag/py, for the stress

response (e=0.9a)

*

o, =ada

r g

r

50

40 -
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The distribution of displacement u; along the

| circular boundary for the case of x=1 (e=0.9a)

Dynamic
effect

6(Deg)
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Numerical examples

Laplace problems
Eccentric ring

A half-plane with an aperture
gl) Dirichlet boundary condition
2) Robin boundary condition

A half-plane problem with a circular hole and a half-
ircular inclusion

Helmholtz problems
An infinite matrix containing a circular inclusion with a
concentrated force in the matrix or inclusion
Special cases and parameter study

An infinite matrix containing two circular inclusions with
a concentrated force in the matrix
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Special case of an ideally bonded

# case (f =)

M __ M
Hy
tl =ﬁ(uM _ul)
H
Imperfect bonding
(B—0)
4 Ideal bonding
My = Ty
C|:20M tM :_ll'll t|
H
is the sh dul
[ is the shear modulus uM =y

C is the wave speed

ﬁ is the imperfect
interface parameter
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The absolute amplitude of
displacement by the present method

ul -

B = (ideal bonding interface) B =10%
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JI Special case of cavity (5=0)

tM A
H
tl =£(UM _ul)
H
Imperfect bonding
Cavity
=4y
c, = 2¢,, t¥ =0
u" =

M is shear modulus

C is wave speed

(3 is the imperfect
interface parameter
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The absolute amplitude of
displacement by the present method

S =0 (cavity)
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Parameter study (k =0)for ideal
bonding

U (s, x) = —imH P (kr)/2

lkzo

U(s,x)=In|x—s|=Inr

= 4pay,

M is the shear modulus

(3 s the imperfect
National Taiwan Ocean University interface parameter
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Stress contours of o,, and o, for the static
solutions (a concentrated force in the matrix)

o, =0, C0Sp—0,,SINg o, =0,Sing+0,,COSP

y

Zy o

k =0, ideal bonding k =0, ideal bonding
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Stress contours of o, and o, for the dynamic
solutions (a concentrated force in the matrix)

o, =0, C0Sp—a,,Sing O, =0,SINQ+0,C080

5 |
I
|
=]
1. % ‘ =
1.54
| _——o01 |
BT | ;
B N
C o,
0 o Q r
b 03 0.5+
< &
3
=
’P

g 1. - 05 0 05 1 .
kj =1 ky =2, 3=10% (ideal bonding) kj =1, ky =2, 3=10% (ideal bonding)
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Stress contours of o,, and o, for the static
solutions (a concentrated force in the inclusion)

o, =0, C0Sp—0,,SINg o, =0,SiNg+0,,COSO

y

ZyG

k =0, ideal bonding k =0, ideal bonding
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Stress contours of o, and o,, for the dynamic
solutions (a concentrated force in the inclusion)

o, =0, C0Sp—0,,SINg o, =0, SIiN¢$+0, COSP

y

q

kj =1 ky =2, 3=10% (ideal bonding) kj =1 ky =2, 3=10% (ideal bonding)
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Series-form & closed-form solutions for
the static case (ideally bonded interface)

o =ao. Ip=aot/p Concentrated force in the inclusion
5 sF ‘ ‘ ‘(,,__‘_\\‘,
? — k,,a=0 (static) C’Ti’l """""""""""""
wy O x(u, ) €t +a’ —2eacosd
0.5
% 50 100 150 200 250 300 350 ° s a0 as0 200
0 (Deg) 0 (Deg)
oo M eacosd—a’ ol ot a’ —eacosd
Closed-form T a(uy + 1) €% +a? —2eacosd Ty +u,) e*+a’—2eacosd
solution : : 1 42—
Fourier series (easy) L (it
; . 270 phy + H
(Poisson integral formula)
irec- » a not eas © @
SelreS fOrm O.Zir? — H Z (_)m cosmé ( y)o'z% = H + H Z (_)m cosmé
solution (1 + oy ) m1 € 2mpty - 7wy + ) m1 @
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Numerical examples

Laplace problems
Eccentric ring

A half-plane with an aperture
gl) Dirichlet boundary condition
2) Robin boundary condition

A half-plane problem with a circular hole and a half-
ircular inclusion

Helmholtz problems

An infinite matrix containing a circular inclusion with a
concentrated force in the matrix or inclusion

Special cases and parameter study
An infinite matrix containing two circular inclusions with

a concentrated torce in The matrix
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An infinite matrix containing two circular
inclusions with a concentrated force at ¢
* In the matrix

th =44y C =20

M _itl

H M is the shear modulus
VP am
t= u (u™ —u’) C is the wave speed

[ is the imperfect
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Distribution of o,, of the matrix at the position of
- d various (a,, m)

025 ‘ : ‘

0.24

0.23

C(VEK)G(X, ) =~ 5(x-&)

M

> a4 e q s 10 12 13
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The contour of the displacement for an infinite
matrix containing two inclusions with a concentrated
force at ¢ in the matrix for ideal bonding

N

Potential contour using the present
method (M=30)
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Conclusions

After introducing the degenerate kernel, the BIE is
nothing more than the linear algebra.

We derived the analytic Green's function for one
inclusion problem by using the null-field integral
equation. Also, the present approach can be utilized to
construct semi-analytic Green's functions for several
circular inclusions.
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Conclusions

Several examples, Laplace and Helmholtz
problems were demonstrated to check the
validity of the present formulation and the
results match well with available solutions in the
literature.

A general-purpose program for deriving the
Green's function of Laplace or Helmholtz
problems with arbitrary number of circular
apertures and/or inclusions of arbitrary radii
and various positions involving Dirichlet or
Neumann or mixed boundary condition was
developed.
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Further studies

The imperfect circular interface is

homogeneous nonhomogeneous.
5 — B(0)

According to our successful experiences for
half-plane problems, it is straightforward to
quarter-plane problems.
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The end

Thanks for your attentions.

You can get more information on our website.
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