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ABSTRACT

In this paper, four different methods, the complex-valued BEM. the real-part BEM, the imaginary-part
BEM and the multiple reciprocity method (MRM), are emploved to solve the eigenproblem with the
mixed-type boundary conditions and the FEM is implemented for comparisons. No spurious eignvalnes
are found by using the complex-valued BEM, while there are spurious eignvalues by using the real-part
BEM. the imaginary-part BEM and the MRM. It is shown that the occurrence of spurious eignvalues
depend on the adopted method {direct method: singular or hypersingular; indirect method: single layer

or double layer] no matter what the given types of boundary conditions for the problem are.

Key words: mixed-type boundary conditions, boundary element method, singular equation,

hypersingular equation

INTRODUCTION

Eigenproblems are often encountered not only in vibration but also in acoustics. By using the complex-valued
BEM, the eigenvalues and eigenmodes can be determined [1] without any diffieulty. Nevertheless, complex-valued
computation is time consuming and not simple. A simplified method using only the real-part or imaginary-part
kernel was presented by De Mey [2]. This novel method, using only the real-part BEM [3], was found to be
equivalent to the multiple reciprocity method (MRM) if the zeroth-order fundamental solution is properly chosen
{4]. The relations among the MRM, the real-part BEM and the complex-valued BEM were discussed i the
keynote lecture by Chen [4]. In the reference of [5], Chen and Wong found that the real-part BEM and MRM
result in spurious eigensolutions for one-dimensional examples. Kang ef al. [7] employed the Nondimensional
Dynamic InAuence Funetion method [NDIF) to solve the eigenproblem and also suffered the problem of spurious
eigensolutions. Chen ef al. 8] commented that the NDIF method is a lumped case of the imaginary-part BEM.

Kang and Lee [9] filtered out the spurious eigenvalues by using the net approach. The reason why spurious
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eipenvalues oceur in the real-part BEM. the imaginary-part BEM or the MEM is the loss of the constraints, which
was investigated by Yeih et al. [6]. The spurious eigensolutions arise from an improper approximation of the null
space of operator [10]. Numerical experiments using the real-part kernels were performed for two-dimensional
cases [11]. Tt is obvious that one advantage of using only the real-part kernels is that real-valued computation
is employed mstead of complex-valued computation in the complex-valued BEM. Another gain is that lengthy
derivation as required for the MRM can be avoided. The main drawback of the real-part formulation has been
found to be the occurrence of spurious eigenvalues [5, 11]. To deal with this problem, the framework of the
real-part dual BEM [12] and dual MRM [13] were constructed to filter out spurious eigenvalues for the Dirichlet
and Neumann probelm, Based on the circulant properties and degenerate kernels, the reason why the spurious
eigensolutions oceur can be easily understood analyvtically and numerically by demonstrating a cireular case for
the Dirichlet and Newmann problems [14]. The SVD updating documents in conjunction with the Fredholm's
alternative theorem were employed to filter out spurious eigenvalues by assembling the dual equations [13, 12, 15].
The SVD updating terms were utilized to extract out the true eigenvalues for two-dimensional cavities, respectively.
The same techniques will be chosen to sort ont the true and spurious eigenvalues for the 2-D acoustics with the

mixed-type boundary conditions in this paper.

The eigenproblems with either the Dirichlet or the Neumann boundary condition have been diseussed by analyt-
ical and numerical methods, but only a few papers focused on the mixed-type boundary conditions to the authors’
best knowledge. The real-part BEM, the imaginary-part BEM and the MBAL result in spurions eigenvalues for the
Dirichlet and the Newmann eigenprobelms if the singular (U'T' method) or hypersingular (LM method) integral
equation is used alone, while the complex-valued BEM is free of spurious eigenvalues. It is interesting to extend
the above conclusion to the problem with mixed-type boundary conditions. A cireular eavity will be discussed by

using four different BEMz and will be compared with that of FEM.

THEORETICAL ANALYSIS

The governing equation for the eigenproblem is the Helmholtz equation as follows:
Viu(x) + k%u(x) =0, x&D. (1)

where I is the domain of interest, x is the domain point, £ is the wave number and u(x) is the acoustic potential,
respectively. On the basis of the dual formulation, the null-field integral formulation for the Helmholtz equation
can be written as

i]:f'f'[s,x}u[s]dﬂ[s] - j Ufs.x)t(s)dB(s), x& D (2)
i i

0= j M(s, x)u(s)dB(s) — f L(s, x)t(s)dB(s), x & D’ (3)
IE] n

where D' is the complementary domain of [, x is a field point, 8 is a source point, u(s) and t(s) is the potential

and its normal derivative on the boundary respectively, U(s, x) is the kermel funtion, which is difined in the second

A7 (8.x) sy
P, L(s,x) = Tl

row of Table 1 for the different methods, Other kernel functions are defined as T(s, x) =
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3 ¥ Y R b i F
and M(s, x) = % After moving the field point, x € D, to the boundary B, we can obtain the singilar

integral equations [4].
By discretizing the boundary B into boundary elements in Eq.(2) and Eq.(3), we obtain the dual algebraic
system as follows [16]:
[UHt} = [T{u}, (4)
(LI{t} = [M}{u) )

For the problem with mixed-type boundary conditions, Eq.(4) can be decomposed into

i ; il :
[["L EUI{]P R =[TL :I'R]_ . : (6)
Nal t NxN i
Nxl Nxl

where u and { are the unknown boundary potential and flux . @ and { are the known boundary potential and
flux, the subseripts L and £ denote the left and right submatrices, respectively, and the symbol N iz the number

of boundary elements. By collecting the known amd unknown sets, we rearrage the influences matrices into

t il
T LR e o v T . ?
[h‘ b o=iR NxN | g [ iy & =kR Lm‘ i \0)
M xl Nxl
Therefore, Eq.(7) can be simplified to
[Alwun v = Blyaw {ah v« (8)
where
[A] = [ UL _TH ] 1 [BJ = [ TJ, —Un J ! [‘};I
t f
=1 " b wd =0 1. (10
i il
Similarly, Eq.(5] yields
[Clasw (Phvs = [Plyuw {0y - (11)

For the eigenproblem with homogeneous boundary condition of {g} = {0}, Eq.(8) and Eq.(11) reduce to

[‘q].‘-’x-\' {P]f.‘n’::l = {[]'}‘ “2}
and
[Clyun {P}_ﬂ;x[ = {0}, (13)

where [4], [B]. [C] and [D] are obtained from the four influence matrices after considering the mixed-type boundary

conditions.
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Detection of spurious eigensolutions by using SVD updating decuments and Fredholm’s alternative

theorem

The linear algebraic equation [K]{u} = {b} has & unique solution if and only if the only solution to the

homogeneons egquation,

[K]{u} = {0}, (14)

i= {u} = {0}. Alternatively, the homogeneous equation has at least one solution if the homogeneons adjoint

equation,
(K" {4} = {0}, (15)

has a nontrivial vector, {¢}, where [K]" is the transpose matrix of [K] and {b} must satisfy the constraint

[6}7{5} = 0. By emploving the singular formulation {UT method) of Eq.(8), we have
[AK)] {p} = [B(k)] {q} = {b}- (16)

According to the Fredholim's alternative theorem, Exq.(16) has at least one solution for {p} if the homogeneous
adjoint equation,

[Ak)]" {6} = {0}, (17)
has & nontrivial veetor, {¢UT}, of spurious boundary eigensolution, in which the constraint, FJ}T{.:_.',]UT# =1,
must be satisfied, where &, denotes the spurious eigenvalues. Substituting {b} = [B(k)|{q} in Eq.(16} into
{6}7{0"T} = 0, we obtain

{a} [Bk:)]" (0"} =0, (18)
Since {q} is an arbitrary vector, we have

[B(k)]" {87} = {0}, (19)

Combining Eq.(17) and Eq.(19) together. we have

[A(k)])"

Bk {6"T} = {0} or {"T}T [A(k,)] [B(k,)] | = {0} (20)

Equation (20) indicates that the two matrices have the same spurious mode {¢"7} corresponding to the same
gero singular value for the spurious eigenvalue By, The former one in Eq.(20) is a form of updating term and
the latter one is a form of updating document. In the hypersingular formulation (LM method), the spurious

eigenvalue satisfies
T
Eiﬂ (7} = (0) o (6" | fek) DGR | =0} ()

Four approaches, the complex-valued BEM, the real-part BEM, the imaginaryv-part BEM and the MRM are
utilized to construet the [A], [B], [C] and [D] matrices in Tables 2(a)-(d). respectively.
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Extraction of true eigensolutions by using SVD updating terms
Since the true eigenvalue, ky, must satisfy Eq.(12) and Eq.(13) at the same time, we assemble

[Alke]]
[C(ke]]

{4} = {0}, (22)

where {1»4“} is the true boundary eigensolution for the original problem.

Similarly, we have

Bk
{D[-‘-f:;]] thl?m}} itk 2
't
where {1/#P} is the true eigenvalue for the complementary problem.

RESULTS AND DISCUSSIONS

A circular cavity with a radius 1 m is considered. The boundary conditions and the number of boundary
elements are shown in the Tables 2(a)-2(d). Four approaches, the complex-valued BEM, the real-part BEM, the
imaginary-part BEM and the MRM were utilized to solve the eigenproblem. The Fredholm's alternative theorem
and the SVD updating documents were applied to filter out the spurious eigenvalues in the numerical experiments,
The true eigenvalues were sorted out by using the SVD updating terms. Then the minimum singular values versus
wave numbers for detecting the true and spurious eigenvalues were plotted in Tables 2(a)-2(d). Although the
complex-valued BEM is free of spurious eigenvalues, the real-part BEM, the imaginary-part BEM and the MRM
by using the singular formulation (T method) result in the spurious eigenvalues at the zeros of Y,(k), J,(k)
and Yy (k) functions, respectively. For the hypersingular formulation (LM method), the spurious eigenvalues
locate at the zeros of Y, (k), J. (k) and ]-’T:{Fr] funetions for the real-part, the imaginary-part BEMs and the MRM,
respectively, The spurious eigenvalues oceur at the same positions for each method even though they are employed
to deal with either the Dirichlet or the Neumann problem [14]. There is no doubt that the diagrams plotted for
the original problem are the same with those for the complementary problem due to symmetry, Based on the
cual integral equations, the former five eigenmodes of the acoustic cavities were plotted in Table 1. To verify the
accuracy, the FEM results are also shown for comparizons, It indicates that spurious eigenvalues depend on the

formulation while true eigenvalues depend on the problem, The results show that good agreement is made.

CONCLUDING REMARKS

The study has successfully detected the spurious and the true eigensolutions for acoustic cavities with the
mixed-type boundary conditions by using the complex-valued BEM, the real-part BEM. the imaginary-part BEM
and the MEM. By using the Fredholm's alternative theorem and SVD updating documents in conjunction with
the dual formulations, the spurious eigenvalues were sorted out successfully. 1t is mumerically verified that the
spurious eignvalues depend on the representation (singular or hypersingular; single laver or double laver) no matter

what the given types of boundary conditions for the problem are.
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Complex—valued Real-part Imaginary-part

BEM BEM BEM MRM FEM

Table 1. The comparison for the former five eigenvalues and eigenmodes by using different
methods, the complex-valued BEM, the real-part BEM, the imaginary-part BEM, the

MRM and the FEM, where ¢ ()=, (ir)- §§n§+g§10(kr) , 9=05772.

8
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SVD updating termsfor the true eigensolutions
are not required

Boundary element mesh Original problem Complementary problem
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Table 2(a). Detection of true eigenvalues by using the complex-valued BEM.
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Boundary element mesh

N=30

SVD updating termsfor the true eigensolutions

Original problem

Complementary problem
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Table 2(b). Detection of true and spurious eigenvalues by using the SVD

updating documents for the real-part BEM.

10

updating terms and
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SVD updating termsfor the true eigensolutions

Boundary element mesh Original problem | Complementary problem
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Table 2(c). Detection of true and spurious eigenvalues by using the SVD updating terms and
updating documents for the imaginary-part BEM.
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SVD updating termsfor thetrue eigensolutions

Boundary element mesh Original problem | Complementary problem
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Table 2(d). Detection of true and spurious eigenvalues by using the SVD updating terms and
updating documents for the MRM.



