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ABSTRACT

This paper describes a numerical procedure for solving half-plane Laplace problems with a
circular hole by using the null-field integral equation and degenerate kernels. The unknown
boundary potential and flux are approximated by the truncated Fourier series. Degenerate kernels
are utilized in the null-field integral equation. A linear algebraic system is obtained without
boundary discretization. To avoid the integration along the infinite boundary of half-plane
problem, image method is utilized. The present method is verified through two examples with
the analytical solutions derived by Lebedev. In addition, the results of BEM and meshless
method as well as exact solutions are also compared to show the accuracy and efficiency. This
approach can be extended to problems with multiple circular holes without any difficulties.

Keywords: half-plane problem, image method, Laplace problem, Fourier series, degenerate
kernel

INTRODUCTION

A number of problems in engineering involving infinite and half-plane domains, e.g. the soil-structure
interaction, tunnel and concrete pipe design, have been studied by using finite element method (FEM),
boundary element method (BEM), method of fundamental solution (MFS) and Trefftz method. As we
know, FEM is a very efficient method in solving finite-domain problems, but it is not convenient to deal
with infinite-domain problems. In this aspect, BEM is an efficient alternative which has been extensively
used for solving infinite and half-plane problems [2-4].

To tackle the exterior problems containing circular holes by using FEM, special treatment should be
addressed for truncating the unbounded domain. Due to this reason, BEM is a more efficient method to
solve an infinite or half-plane problem. BEM with truncated boundary has been utilized to solve the
half-plane problem [5-7]. To avoid the error due to truncated boundary, BEM in conjunction with the
image concept has been employed.

In this paper, the BIEM by using image concept is utilized to solve half-plane problems with a circular
hole. The unknown boundary potential and flux are approximated by using the truncated Fourier series [8,
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9]. The Fourier coefficients can be determined by substituting the degenerate kernels in the null-field
integral equation. Numerical results including Dirichlet and mixed-type cases are successfully given to
illustrate the validity of the present approach. The accuracy and efficiency for the present method are also
examined.

BOUNDARY INTEGRAL FORMULATION AND PROBLEM STATEMENT
Based on the boundary integral formulation for potential problems [1], we have
27u(X) = _[BT (s, x)u(s)dB(s) —JBU (s,x)t(s)dB(s), xe D, (1)
where s and X are the source and field points, respectively, D is the domain of interest, u(s) and
t(s) denote the potential and its normal flux on the source point s, respectively, and U(s,x)=Inr is

the fundamental solution which satisfies

VU (s,X) = 5(x—5), (2)
in which, &(x—s) denotes the Dirac-delta function. T(s, x) is defined by
oU (s, x)
T(s,X)=———=,
(5= ®

S

where n, denotes the outward normal vector at the source point S .
By collocating X outside the domain, we can obtain the null-field integral equation as shown below
0= jBT (s, X)u(s)dB(s) —jBu (s, X)t(s)dB(s), x e D°. )
The first half-plane problem with a circular hole is considered as shown in Fig. 1. The potential u(X)

satisfies the Laplace equation

Vu(x)=0,xeD, (5)
subject to boundary conditions
u=0 on B, (6)
u=1 on B,. (7)
For the second problem of mixed-type, the boundary conditions are
u=0 on B, 8)
t=1 on B,. 9)
In order to avoid the boundary integral along B, in Eq. (4), the Green’s function using the image point is
obtained
U (s;x,X') =In|x—s|=In|x' -5, (10)
such that
U(s;%X) | =0- (11)
Then, Egs. (1) and (4) are reduced to
27u(X) = IBT(S; X, X)u(s)dB(s) —J'BU (s;x,x)t(s)dB(s), xe D, (12)
0= IBT(S; X, Xu(s)dB(s) —IBU (s; x, x")t(s)dB(s), x € D° (13)

where U (s;X,X) denotes the Green’s function.
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EXPANSION OF KERNELS AND BOUNDARY DENSITIES
Based on the separable properties, the U kernel function can be expanded into degenerate form as

shown below

U'(s,x)=In R—ii(g)m cosm(d—g¢), R> p,

m=1

u@s,x)=Inr= (14)

UB(s,x) = Inp—i%(g)m cosm(@—¢), p >R,

m=1
where the superscripts | and E denote the interior and exterior cases, respectively, X=(p,®)
and s=(R,0) are the polar coordinates. Based on the Fig. 3, we employ the image concept and

obtain

© 1 !
U'(s,x)=InR _ZE(%)m cosm(@—¢'), R> p’,
m=1

U(s,x)=Inr'= (15)
E ’ ' N 1 R m ' '
UE(s,x)=Inp' =) =(—)"cosm(@-¢), p' >R,

m=1 m ,0
where X'=(p',¢") is the image point outside the half-plane domain. The degenerate kernels for the
Green’s function are

U'(s;x,x)=Inr—Inr’

0 0 16
=InR—Zi(ﬁ)mcosm(0—¢)—lnp’+zl(3,)mcosm(6’—¢’),p<R<p’ (16)
mm R mat M p
US(s;x,x)=Inr—=Inr’
17)

=In,o—Z£(E)m cosm(49—¢5)—In,o’+zl(3)m cosm(@—-¢),R<p<p’
mt M p mmop

After taking the normal derivative with respect to Eq. (14) and Eq. (15), the T(x;s,s’) kernel can be

derived as
| . ’ | . r
T (sixx) = 2 ExX) U (Sixx)
on, OR
l © m © Rm—l (18)
—— =Y (L ycosm(@-¢) - () cosm@—¢), p <R < pf
R m=1 R m=1 P
E . ’ E . ’
TE(S;X,X’):aU (S,X,X):_au (S,X,X)
on, OR
m-1 Rm—l (19)

:i(im )cosm(@—qﬁ)—i( P Jcosm(@—-¢'),R< p< p'

The boundary densities can be expressed in Fourier series form as shown below

u(s) = f(0)=a,+ > (a,cosnd+b,sinnd), s B, (20)
n=1

t(s)=g(0) = pO+Z(pn cosné+q,sinnd), s B, (21)
n=1

where the coefficients a,, a, and b, are specified once f(6) is given in the case 1, p,, p, and
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g, are the undetermined coefficients for the Dirichlet problem. In the case 2, g(6) is given and the
coefficients a,, a, and b, need to be determined.

LINEAR ALGEBRAIC EQUATION

By substituting Eqgs. (16) and (18) into Eq. (13) for the kernels and substituting Eqgs. (20) and (21) for

the boundary data, we can obtain a linear algebraic system as follows
[Al{x) =[B]{y] (22)

where [A] and [B] are influence matrices, {x} and {y} denote the unknown and specified
coefficient matrices, respectively.
By substituting Eqgs. (17) and (19) and the determined Fourier coefficients into Eq. (12), we can obtain the
potential in the domain of half-plane.

NUMERICAL EXAMPLES

In this section, we consider two exterior problems with a circular hole [10] as shown in Fig.1 and Fig.
2.

Case 1: The circle with radius a=1 lies below the ground at depth h =5, subject to the Dirichlet
boundary conditions u=0 on B, and u=1 on B,.

Case 2: The circle with radius a=1 lies below the ground at depth h =5, subject to the mixed-type
boundary conditions u=0 on B, and t=1 on B,.

To solve the problems, four approaches [11] including (a) single-layer MFS approach, (b) double-layer
MFS approach, (c) BEM with truncated boundary, and (d) BEM with image concept as well as (f)
Lebedev exact solution are given for comparison with the (e) present solutions. The node and mesh for
the different methods are shown in Fig. 5. Boundary flux was obtained to converge well to the exact
solution for five and ten terms of Fourier series as shown in Fig. 4. All numerical results are illustrated in
Fig. 6 and Fig. 7. Good agreement is made.

CONCLUSIONS
A new method by using degenerate kernels, null-field integral equation and Fourier series is proposed
to solve half-plane problems with a circular hole. Two cases, Dirichlet and mixed-type boundary
conditions are considered. Numerical results agree well with those of single-layer MFS approach,
double-layer MFS approach, BEM with truncated boundary and BEM with image concept as well as the
Lebedev exact solution. Not only mesh and boundary elements are not required in the present formulation
but also the convergence rate of the present method is faster than the four numerical approaches.
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Analytical solution Analytical solution
22 242 2 2 a «© _1 n e’””a
Lo y) 1 n \/(X C+y) +4cy W, ) = Q i, (-1) sinh nercos 4]
In[(h+c)/a] (x=c) +V° kzsinhe, 2 . n coshne,

c=+/h’—a’ cosha, =h/a

Fig. 1 Half-plane problem-Dirichlet type Fig. 2 Half-plane problem-Mixed type
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Fig. 3 Considered problem and auxiliary Fig. 4 The normal flux along the circular

system boundary

Fig. 5 Nodes and meshes

(c) BEM with truncated boundary (d) BEM using image method
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Fig. 6

Numerical results by using several methods (Dirichlet problem)
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Fig 7 Numerical results by using several
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