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The simplest Trefftz method
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Trefftz method
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The simplest MFS
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Method of Fundamental Solution (MFS)
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Alex Cheng’s comments

D. L. Young and K. H. Chen

Solution equivalence

Base equivalence

Error analysis

Effective condition number

MFS to the real boundary
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Trefftz method and MFS
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The simplest image method
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Optimal source location

MFS (special case)Image method

Conventional MFS Alves CJS & Antunes PRS
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Illustrative examples

Case 1 Fixed-free annular problem 

a

b

Governing equation : 

ζ

),( θζR
Ω∈−=∇ xxxG ),(),(2 ζδζ

Boundary condition : 

Fixed-free boundary 

u2=0
t1=0
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Illustrative examples

a

b

ζ

),( θζR
u2=0

Governing equation : 

Ω∈−=∇ xxxG ),(),(2 ζδζ

Boundary condition : 

Fixed-fixed boundary 

u1=0

Case 2 Fixed-fixed annular problem
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Illustrative examples

),( θζR

Governing equation : 

Ω∈−=∇ xxxG ),(),(2 ζδζ

Dirichlet boundary condition : 
ζ ( , ) 0,G x x Bζ = ∈

Case 3 Half-plane problem 

u1=0

u2=0
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Illustrative examples

Case 4 Eccentric problem

b
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e

ζ

ζR

Governing equation : 

Ω∈−=∇ xxxG ),(),(2 ζδζ

Dirichlet boundary condition : 

( , ) 0,G x x Bζ = ∈

u1=0

u2=0
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Illustrative examples

0.4a =

1b =

(0,0.75)ξ

Case 5 Eccentric problem

Governing equation : 

Ω∈−=∇ xxxG ),(),(2 ζδζ

Dirichlet boundary condition : 

( , ) 0,G x x Bζ = ∈

u1=0
u2=0
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Image location: case 1
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Addition theorem & degenerate kernel
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3-D degenerate kernel
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2-D Degenerate kernal
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Conventional method to determine 
the image location
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b

a

Chen and Wu-新觀點 (2006)
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MFS-Image group
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Analytical derivation 
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Numerical solution
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Numerical and analytic ways to 
determine c(N) and e(N)
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Case 2: analytical derivation the annular case    
subject to Dirichlet BCs
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Numerical and analytic ways to determine c(N) 
and e(N)

Values of c(N) and e(N) for the fixed-fixed case.
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Trefftz Method: case 1
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Boundary value problem
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Mathematical equivalence of solutions derived by 
using the Trefftz method and MFS for annular case
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MFS(Image method)
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Trefftz method series expansion
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Without loss of generality
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Image method series expansion

Trefftz series expansion
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Image method series expansion
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Image method series expansion
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Mathematical equivalence of solutions derived by 
using the Trefftz method and MFS

Trefftz method MFS
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Equivalence

addition theorem
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Image method of interior, exterior and annular problems
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Mathematical equivalence for the solution
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工程數學裡一個簡單的問題:

Equivalence
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解
的
數
學
等
效
性

Trefftz &   MFS
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Semi-analytical solution: case 3
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MFS-Image group a
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Frozen image location
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Analytical derivation of location
for the two frozen points
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Series of images

The final two frozen images

a

b ζ

1ζ

4ζ
2ζ

3ζ

6ζ

5ζ4 1iζ −

4iζ

lim

4 3

lim

4 2

, ln

, ln

N

N

i c

i d

i N x

i N x

ζ ζ

ζ ζ

→∞

→∞

−

−

∈ ⇒ −

∈ ⇒ −
(0, 5.828)dζ = −

frozen

frozen

(0, 0.171)cζ = −



February, 26, 2009  p.46

Rigid body term
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Numerical approach to determine 
c(N), d(N) and e(N)

( ) 0-157.9713 10 e N× ⇒ ≅

( )c N -0.26448≅

( )d N -0.73551≅
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Semi-analytical solution: case 4
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MFS-Image group
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Analytical derivation of location
for the two frozen points
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Numerical approach to determine 
c(N), d(N) and e(N)

0 10 20 30 40 50
N

-1.2

-0.8

-0.4

0

0.4

c(
N

), 
d(

N
) a

nd
 e

(N
)

c(N)
d(N)
e(N)

83.445 10 ( ) 0e N−− × ⇒ ≅

c(N)=-0.8624

d(N)=-0.1375
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Numerical results: case 1
Fixed-free boundary for the annular case

(a) Trefftz method (b) Image method

Contour plot for the analytical solution (m=N).

m=20 N=20
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Numerical results: case 2

Contour plot for the analytical solution (m=N).

(a) Trefftz method (b) Image methodm=20 N=20

Fixed-fixed boundary for the annular case
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Numerical results: convergence

Pointwise convergence test for the potential  
by using various approaches.
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Numerical results: convergence rate

Image method Trefftz method
Conventional MFS

Best
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Numerical results: case 3
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Image method
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Null-field BIE approach (addition theorem 
and superposition technique) (M=50) 

Dirichlet boundary for the half-plane case
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Numerical results: case 4
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Numerical results: case 5

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Image method (50+2 point) Null-field BIE approach (addition theorem 
and superposition technique) (M=50) 

Dirichlet boundary for the eccentric case



February, 26, 2009  p.60

Conclusions

The analytical solutions derived by the Trefftz
method and MFS were proved to be mathematically 
equivalent for the annular Green’s functions. 
We can find final two frozen image points (one at 
origin and one at infinity). Their singularity strength 
can be determined numerically and analytically in a 
consistent manner. 
The image method can be seen as a special case for 
method of fundamental solution with optimal 
locations of sources.
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Image method versus MFS

[ ]N N

Ku p

K

N
×

=

→ large

[ ]3 3

Ku p

K

optimal
×

=All the strength need to be determined.

Only three coefficients are required 
to be determined.
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Optimal location of MFS

Depends on loading

Depends on geometry

Case 4 Case 5

Case 5Case 4
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心得－三個故事

馬哲儒與虞兆中校長的一則故事

莒光日案例

帶學生做研究的辛酸與喜樂
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Homework (小試身手-海大能，台大一定能!)

a
b

h

ξ

t1=0
t2=0

R

Please use the image method to solve the 2-D Laplace problem.

a=0.4

b=1.0

h=2.1

R=3.85

有做出來的同學歡迎寄到我的信箱或MSN 

( jtchen@mail.ntou.edu.tw & jt-chen@hotmail.com)

我會義務幫你們核對答案，並為楊老師義務幫你們改作業
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NTOU/MSV Lab’s web- http://msvlab.hre.ntou.edu.tw/
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Thanks for your kind attentions

You can get more information from our website

http://msvlab.hre.ntou.edu.tw/


