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The simplest Trefftz method

Solve y'(x)=0

subjectto  y(0)=a, y(1)=5>b

= (1) =2y, (%)

Wl(x) =1

}:> Trefftz base
v, (x) =X
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Trefftz method

M
u(x)=>c®,
j=1

@ . is the j T-complete function

/ -\

= NTOU Febr\@ﬁ_ 2009 /p/ 4

Mational Taiwan Ocean University




The simplest MFS

1DRod |, u()=U(xs)B+Uxs,)P
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Method of Fundamental Solution (MFS)

u(x) = iv: wU(x,s,)
J=1 exterior problem

Interior problem
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MFS: Theoretical Result

Alex Cheng’s comments
] E———

» Bogomolny Error analysis

» Schaback Base equivalence
» Jeng-Tzong Chen Solution equivalence

» Zi-Cai Li, etal.  Effective condition number
» D. L. Young and K. H. Chen MFS to the real boundary




Trefftz method and MFS

Method Trefftz method MFS
Definition u(x) = Aich)j u(x) = Z_inU(x,Sj)
=i /=
Figure
caption
Base ® ., (T-complete function) U(x,s)=Inr, r=|x-s|
G. E. Vzu(x):0 Vzu(x)zo
Match B. C. Determine ¢ Determine w;
M is the number of complete functions _
N Is the number of source points in the MFS y o \
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The simplest image method

1-DString  ¥=0

" fixed end

p f— N
PON X—O x=/ PON
i \ - \
..... (@ = =° @ @ O = - .....
” -
\ , N ,
\ 7 A 7
N N
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Optimal source location

--C]_.'€3l CS' £7.--

<lves CJS & Antunes PRS

Image method ————= MFS (special case)
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Illustrative examples

Case 1 Fixed-free annular problem

Governing equation :

"=0 V2G(x,0) = S(x—C), x e Q

Boundary condition :

Fixed-free boundary

R
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Illustrative examples

Case 2 Fixed-fixed annular problem

Governing equation :
VG(x,0)=0(x-¢), xeQ

Boundary condition :

Fixed-fixed boundary

s e e
TR T T s
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Illustrative examples

Case 3 Half-plane problem

e ————

—— ~

— ~
-

Governing equation :

" \ VG, ) =8(x—C), x e

i ®.0) | N
i 2 | Dirichlet boundary condition :
S G(x,()=0,x€B
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Illustrative examples

Case 4 Eccentric problem

Governing equation :
VG(x,0)=6(x-¢), xeQ
Dirichlet boundary condition :

G(x,()=0,xeB

s e e
TR T T s
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Illustrative examples

Case 5 Eccentric problem

Governing equation :

VG(x,0)=6(x-¢), xeQ

Dirichlet boundary condition :

G(x,()=0,xeB

\\F‘:___‘:é’;/ }‘---.,'/
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Image location: case 1

inside ou;éide
O, (R,.0) ®¢,(R,,0)
O¢,(R,,0) OL,(R,,0)
®¢,(R,,0) OL,(R,,0)

®¢, (R, 0) ®¢,(R;,0) ® O b

0Ly s(Ry0) | Oy (R, 1,0) oG C5 C7

OLy (R n0) '\ Oy s(Rys,0) |
O, (R 0) Oy a(Ry 5i0)
®¢,(R,,,0) ©¢y1(Ry1,6)
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Addition theorem & degenerate kernel

Addition theorem

Subtraction theorem

ex+s :ex .eS
& coS(x + s) =C0SxCOSs —SIinxsins
& Sin(x +s) =SIN xCOSs + COSxSIN s

® ¢ =¢/¢
®C0S(x —s) =C0SxCOSs +SINxsins
@ sin(x —s) =sinxC0Ss —CoSxsins

Degenerate kernel for Laplace problem

X—S,if x>s
1-D r :{ : o % >
S—Xx,0if x<s X s
ink- Zlm L Py cosm(©—¢), R> p x(o8)
2-D Inr = 4 RS -
Inp-> = ( ) cosm(@—¢@),R<p "
k m=11m £ R R ~J
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HHHHHHH Febru rym26 éOO; pff?

/




3-D degenerate kernel

o0

’ il
PRCESS)

n=1 m=0

\Uez_;l—z_;mz;) EZ ;cos(m(¢ $) )P (cos@) P

cos(m(¢ 8P (cos@)Pm(cose) p -, R>p

{x:(p’¢,6’) X
s=(R.¢.0) ws’de
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2-D Degenerate kernal

Re{ln(z, —z,)} =Inr

InR=>"=(£)" cosm(0- ), R>p'
Inp=dp---ot™ % . |

np— Zm(—)’”COSm(H ), R<pI LLA S(R, 6)

' m=1 //

- y // :__il k.l

A l 2 |
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Conventional method to determine

the Image location

RP

a+OR a—-OR

»
»

Lord Kelvin(1824~1907)
(1949, 4p = 4 A3)

RP
Greenberg (1971, B~77

a+OR'" OR-a
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Chen and Wu-z7g2E (2006)

|np—§%(%)"1cosm(e—¢)

U(x, &)=+

InR, - 52 (L) cosm(6 )
Rs/

m=117
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G, (x,0) = {Infr—¢|+ im[3=(infe— ¢,

|n|x_ CBi—4|

—In |x — Csl,_3| +1In |x — C8i_2| +1n |x - C8i—1|

—Infx — Cg 6| —INfx — G, 6| =

+1In |x - C8i|)]}
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Analytical derivation

Ay -
Frozen point
o0
S¥ oo &> X
C Cl C3 CS C? Ce
\
\\\
\\
\
|
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G(xC)—Z—{In|x C|+llm[2(ln|x Gorz|— Infx — Cgl TA1n|x Cors| = INx —Coi| 7

—|n|x Gy, 3|—|—|n|x CBZ S|+ In|x =G|+ In|x— C81|)+C(N)|n:0‘|‘e(N)]}/ ~
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Numerical solution =0

p=a=G(x,,()=0
p=b=G(x,,()=0 b

1 N
G(X’C)|x:xa jg{lnh_CHA;quo[-zjl(ln|x_C8i_7|_ In|x_C8i—6|_ |n|x—C8i—5|— |n|x—C8i—4|
—In|x—§'8i_3|—|—|n|x—C8i_2|—|—|n|x—C8i_1|—|—|n|x—C8i|)—|—c(N)|nx—|—e(N)]}|x:x =

G (x, 1 0 —
COf S L il fim [5G e o]~ G I Gy

Ox

xX=x, 2m Ox X=X

—In|x — Cgi_g| + In|x — Cgi_o| + In|x — Ggi| + In|x — (8i) + c(NV) In x+e(N)]}|x:x =

!

infe =5 35— g+l o ), 1
= | = {c(N)} {0}
i(ln x) —(1) e(N) 0

0
{&c In|x—s|— l_l(ln|x Caiog| - Infx — C&Dm Ox s, / \\
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Numerical and analytic ways to
determine c(N) and e(N)

-0.08
© Ina—InR
_ e(N) — 5 4
e(N)=-0.1 "
-0.12
S
)}
o
= i
3 (N)=-0.159 1
0.16 . . c(N) = —
(V) >
analytic e(V)
| & <O O numerical e(N)
————— analytic c()
A A A numerical ¢(N)
-0.2 | | T | \ \ ! \
0 10 20 30 40 50 / o \
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Case 2: analytical derivation the annular case
subject to Dirichlet BCs

Analytical solution

G(x,q) =%{|”|X—§|—M]O[Z(mh—@i_sﬁ |n|x_§4i—2|

R? Ina—InR
—Injx=¢,,|-Injx=¢,[) - (NIn—=-+1Inb ‘ >
a Ina—Inb

Inb— InR ¢
“(Inb-Ina) p}}
Reviewer comment of EABE :

The N in Eq. to tend to infinity , but in Eq. NV is
still present as a finite number. Really, what is 2Nln(—§)

when N —x?

Reply : Euler constant

Iim(> ——InN)=y - -

N—)oo(mzl m ) // \:\}\
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Numerical and analytic ways to determine c(N)
and e(N)

Inb—InR,
_ Inb—Ina
— 4 —
=,
<
= |
<,
T R
. e(N)=—(2NIn—=+Inb
; a Ina—Inb
analytic e(V)
45 & < numerical e( )
analytic o(V)
A A A pumencal o(V)
2 | | | | | | |
0 10 20 30 40 50
N ""\
Values of ¢(N) and e(N) for the fixed-fixed case. / -
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Trefftz Method: case 1

PART 1

Beme” S /
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Boundary value problem

Hh=—t

NT
Gr(x,s)=> cjgbj,
j=1

interior > 1, p" cosme, p" sinm¢
exterior > In p, p™" cosme, p™" Sinm¢

ll

PART 2 G(x.Q)=po+Bolnp+ iiil[(pmp’" + B " )COSME + (40" + T " JSIN M| = —u(x)

s @ \m . : my @ \m m
COSm@[a (Rg) - R, } sin mﬁ{a (Rg) -R, }
{EO}:i{ma InR, }{1_9 }:< 2mm (b* +a™) >{gm}:< 2mz (b*" +a™") >
po) 2zl =L P e cos mﬁ{b’” Ly +a’"(R§)’"} T @ sinmﬁ{b’" ()" +a” (Rg)’”}
R. b R, b__
| 2mz (b*" +a*") ) \ 2mzr (b +a™" ™
MSVLAR R
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PART 1 + PART 2:

G(x,)=u+u
1 < 1(p]
—IInR — >> —|—| cosm(0—¢)|, R >
o | MR 2 Rg] (0=0)|, Re=p
u(x)=1
00 R "
iInp—zi[—C] cosm(0—g)|, R. <p
21 m=am| p

u(x) = {po+polnp+ Z[(pmp + Pup " )COSMP + (4,0 + G )Slnmcb]}

U

G(x,()=— {lnlx C|+po+po|np+2[(pp +p,p " )cosme+(q,p" +q,p° )Slnm¢]}

HRE,HTOU

MSY LAR

Mational Taiwan Ocean University



Mathematical equivalence of solutions derived by
using the Trefftz method and MFS for annular case
MFS(Image method)

G(x, C)—z {ln‘x—(‘+11mz ln‘x Caio

N—>o© i

— In ‘x - Cgi_ﬁ‘ — In ‘x — Cyios

—ln‘x—C&._4
+Ina — In R —lnp},aSpr

— In ‘x — Cgi_g‘ + In ‘x — Csz'—z‘ + In ‘x — C&—l‘ + In ‘x — (gl

N

The same
!

Trefftz method {po}: 1 |lna—InR |
2, 27‘(’_ —1 J
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Trefftz method series expansion

m a m "
cosmb|a [RC —R sinmbl a” [16; _R”
{pm}: 2mm(b" +a”) {qm} 2mm (b +a™)
pm m R m _ prm— . ;
a'b" cosm|b" || +a"|=E 9. I .| a R
R b a"b" sinmf|\b"|—| +a"|—
¢ R b
2m7T<bm-|—Clm> Zmﬂ_(bzm _|_a2m>
Without loss of generality
a b’a’
()" p" (—)"p™
R R mpm R aZmR mp—m
= ¢ ¢ ¢ ¢
9 O |::> me + a2m - b2m +a2m + me + a2m T b2m +a2m COS(m¢)
D
MSVLAR S

1 =
\ N

P 7 ,_) !

uuuuuuu R
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Image method series expansion

® O O®
G G GG
¢ \m
R R, (=)
®Ly =~ () + (L) 4 :_[ Preyn 4 (p_2“_4)m } b’
R’ 'R b b? b 1 (%
b
R ‘oR. 4 4
0Ly, = (2" +(£)" + (“p )+ () e = —b
L R, R, b b 1_(2)4m
PR, ., (a pRé, . . 2
QL+ OCy 3 =— b + - ,20 42( 2 . Z = ;0 42
1 (Lymn 1_(7)4," G- +a) | (B +a™)
b*a’
Trefftz series expansion (R—g) P R"p" ( R, )'p 'R p" |
~ + S(m
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® O 068..
G ¢ ¢ G
R R1 a2 2
Ol s = (FD)" + ()" 4+ = ()" + (— —4)’”
p p R.p Rpb
I . at |, a’ . _bRp
®Ly, = [( —) +( )"+ }— {( —)" +( —4) =
2 4 ZbZ aZbZ
S R e K (e (i T Y Gt
Of +®C. = R.p B b°R.p _ R.p _ R.p
8- 82 1_ (€)4m 1_ (g)4m (me - a2m)(b2m + azm) (me + azm)
b b
a2 2a2
()" p" (—)"p™” )
Trefftz series expansion| R, R R .\ a”R."p™" Sond)™
‘ MSV LAB b2m +a2m me +a2m b2m +a2m b2m +a2m :\?\\r;‘:}\l
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Image method series expansion

R O O X...
4 Cl C3 Cs C?
0= 2y + (L) o= (BLy 4 (AL Ly o
R, R, b’R . b’R b 1— (b)
9 4
®§8i—l |:( )m+(_)m :|_ |:( a4,0)m X _4)m :|
7 1315 b Rg R b l ( )4m
a’p., ,a'p., ap., o _ om
Ly APy (Pyet ey (P
®§8i75+®é¢8i71: —— — — 2m - 2m\( 1.2m 2my | fp.2m - 2m
1_(g)4m 1_(%)4m (b —dad )(b +a ) (b +a )
b
(4 2,42
()" p" w o )P
Trefftz series expansion| R, __ R R .\ a”R."p Sond)™
‘ M S\ LAB b2 1 g pEm oy g h2m 1 g2m h2m 1 g2m [, /;\\:
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Image method series expansion

X O OK...
Cl CS CS C‘7
®§8i—4 — (&)m + (&)m Foee= (Clz—Rg)m + (—a zRg a—4)m +
Y Y b'p b’p b
D
®¢, = —[(ﬁ)’" b By +} _ {(—“ Ry @Ry,
P P b'p b'o b
L 2R 4R 2R 2 2 2R
oo o yre-any (R
Oy 4 +®Ly, = L___ P _ 2mp P — = 2mp -
1_(ﬁ)4m 1_(ﬁ)4m (b*" —a®™)(b*" +a’) (b +a”")
b b
a’ 2,2
1 . (—)mpm m _m ( )mp_m m m _—m
Trefftz series expansion| R R"p R a"R"p" | - -
B el 2 )R
IMSVILAR b +a™ b +a’™ BT +a™ BT +a™ [
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Mathematical equivalence of solutions derived by
using the Trefftz method and MFS

&)
Trefftz method MES
0" COSme, p” Sin ma Equivalence
Inp,p~ COSm(p o Slnmqb |n‘x—sj v J >
m=0123--00  /J N
addition theorem // _\:\_‘\
MSVLAR
“ nrEenTel 2 NTOU Febru rykzzs 200?3 pé?
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Image method of interior, exterior and annular problems

Exterior Neumann problem Anmiler problem
o
.
[
. =0
H“lf-zp,m
04343 2 (i~
Solution of WINENE I R R FIPNLE W - +lim Tllajr=@ _|-lak=¢. |
imagn parts i) =JI,[kll" Fl-talr-21 i) zllhll | T2 |elled .
oot i
=2 _ |+lapx= .Il}.l-cp-db
Extra tarms of { q q
complamantery 3oldaa-aR-1] selead) D] sollea-12R1+(-1) ad
sobtlos | 0~ 1 = & N
=
MSVYLAR
nrEenTes 2 NTOU Febru m‘zzs:?oog s
r:::.:l Taiwan Ocean University © rusry\ _/9
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Mathematical equivalence for the solution
1 AR HE AT - B H R A

Solve "(x) — y(x) =0

X)=ce +ce
— {y( ) ' ; ] Equivalence
y(x) =b,cosh x + b, sinh x«—
™
s~ e -

2672009 9,3(9
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Methods

Problems Trefftz method Special MFS (image method)
. .. 1 1 1
Interior Dirichlet case G(x,-fJ=]n|;ﬂ"g| MG+Z[R’“mm‘9 sw+R;n;:mﬁsmnﬁ] Glr.ch=——llnfx—¢]-lInfx- & -Ina+InF]
’ 5 » 1
= g —lna —Ina
S+ 27T 2T
;
= R g CnsmgcnsmgHR a m}mé‘smm?ﬁ R a Cnsmgcusm;ﬂwR a mr}mé‘smm;ﬂ
.2 —_{ Imaar Imga —_{ Imaa dmga
Y
73!
. Injx- & it i 1 |
Exterior Neumann case | Gir, 8 =28 z"El—Z[a T cosimp) o cos(mgl] | G(x, &)= —[Infx— &+ Infr - &~ 1n,g]
ey = dmrR o dmr R o i
I=
7 B
a5 Constant=0 Constant=0
[
(4]
- - Tm e _ 1 Im
P E E—a cusm&cosmp‘_a mnmesinm;ﬁ E—a cuschosmﬁ_a smmlgsinm;ﬁ
oo 3 2maR @ ImaR" @ 31 2maR @ ImaR" @
Infi—£|, lna-InR-Ing -
Blnd)=— =t ——2 Gox, &) = [l - ¢]+1im\7‘[1n|x - |
EE ey Ge D e ik
+Eb +a & +a +._?;| +a +-5- +a cosm{#=¢) —Infr— é ’ |+lﬂ ? '

soce pomnt @

itnage point

@ @

+Infr - §|I+1na lnR In =}
E
_ 1 1
E g p.+F 1np=ﬂ(]na—]nR—]np} E(ha—hﬂ—hp}
o
[
o a R B a a R
] 1282y == = 22y == ==
2 LRA) EBp s 2 _ LRa) Za A
E [Es +a & +a * & +a * & o+a Cos(me Jrosing) & +a & +a * ata * & o4a cos(ms)osts)
w ba a R ba ak
w apn il il an e il
4 =5 (=1 (== =5 (—1 (=]
E F L&a Ea 2 : . F CEa) Ro A . .
C.i"']) +[E: +a B +a +E: +a +E: +a ]sm(m&jm(m;ﬁj +[Es +a b o+a +EJ +a +-5' +a ]sm(m‘,?)m(mwj

Trefftz & MFS
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Semi-analytical solution: case 3

//
V4
/
1
1
1
'," Y
|
|
1
1
1
\
\
\
\
\
Vv
S
ul—O

/ "f'i.\_g_\

/
R ’ )
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MFS-Image group

InR mzlm( —)"cosm(f — ), a <R,
®C — 1
Inp— Z_lz( —)"cosm(0 — ?), p <R
|na—§:1;(%)m008m(91—¢),a>1?1
OC, — 1 R
Inp— ;m()%mmw $). p> R,
R_a_ p_a&
aRijlRRg
Ina—f_j—(—3)’”c03m(02—</§),a>R3
®C3_>< " ;3
Inp— mzlm< )" cosm(b, — ), p> R,
&:in?’:a_z
a R, R,
MSVILAR
|

HRE,HTOU

®C2 1

0, =tan"

2 NTOU

‘ Mational Taiwan Ocean

Univesrsity

InR, — 52— ()" cosm(d, — 6), a < R,

m1m R,
In, - S Ly cosm(, —6), p< R
i m R2
,2b—R sing, R_cos6,
R, cos, ~ cosb),

InR Z (—)’"COSm(Q —¢@),a <R,

m=1 N 4

InR, gt (—)’"COSm(Q — @), p<R,

m=1 N 4
4 2b—Rls|n01 _ R coso,
R cos0, oS0,

/\

\ '-\r"l vl
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. (0,-0.171)
(frozen)

2 —
4 — +
(0,-5.828) . @
(frozen) © | | |
0 2 4 6 ""\
MSYV LAR Successive images (20 points) / - f\

, —\‘-

‘ HRE,HTOU \..-‘ﬂ ‘\_
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Analytical derivation of location
for the two frozen points

¢, — In|x—gd|: InR, —ii(i)’” cosm(y, — @), a <R,
m=1m R,

1
Z\:
il Wil ey - “—-——-Px
C

: ~ 1 R
b . ¢, —Injx—¢|=Ma—->=(=)"cosm(y, —¢),a>R.

. m=1m

| Y

| 2

, R_a _ p_a

? gd - a d Rd

P

! ° 2b—-R

— R*-6R +1=0

: TS

: — R =3+2y2 (0.171 &5.828) VA
MSVLAR
‘ o

W M
N

|
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Serles of Images

frozen £ =(0,-0.171)

&
TI777777777 BREE
I I I l“| “‘ \‘\\

The final two frozen images R
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Rigid body term
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/ + % Matching BCs to determine
| ,-' three coefficient

|\\ xz x3 ":

\‘//////////// ® ® .

In|x1 _é/| _!\jmo[i(lnhl _é/4i—3| + In|x1 _§4i—2| o In|x1 _§4i—l| a In|x1 _§4i|)+c(N)|n|x1 _é/c| +d(N)|n|x1 _§d| +€(N)j| =0
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|:§:(In|x3 _é/4i—3|+ In|x3 _é,4i72|_ In|x3 _§4i—1|_ In|x3 _§4i|)+C(N)In|x3 _§c|+d(N)|n|x3 _C:d|+e(N):| =0
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Numerical approach to determine
c(N), d(N) and e(N)

X—>—X c(N)
_ S——=>% d(N)
*—Kk % e(N)
0 3 —Hh —F Kk Kk kKK
7.9713x10"” = e(N)=0
z
T 02 —
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Zz 7 c(N)=-0.26448
Z 04—
0.6 —
v SN d(N)=-0.73551
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Semi-analytical solution: case 4
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MFES-Image group
®¢ (R, +h,0)

U(¢,x)=Inb 2%(13 jmcos(m(eg—(;sl)) —

U(,x)=InR i%[ a Jcos(m(eg—gzﬁz)) p

m=1 R§+h
Os,(R,6) ¢, (R,,6,) ”
m R,
U(c, X)=|nR1—i% % cos(m(6, - 4)) «— Ul x)=Inb- Z (?j cos(m(®, ~¢,))
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UG =Nk =5 2 | cos(m(@ ) 2l a ) )

,/




Analytical derivation of location

for the two

frozen points
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Numerical approach to determine
c(N), d(N) and e(N)

¢(N), d(N) and e(N)
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Numerical results: case 1

Fixed-free boundary for the annular case

m=20  (a) Trefftz method N=20 (b) Image method
Contour plot for the analytical solution (m=N). // \:\\
IMSVLAR N~
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Numerical results: case 2

Fixed-fixed boundary for the annular case

m=20  (a) Trefftz method N=20 (b) Image method
Contour plot for the analytical solution (m=N). // :\\
MSYLAR N
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Numerical results: convergence

>4 Ye—#— Image method
(G—-—=F©) Trefftz method
i /x——2—2A\ Conventional MFS
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u@,m/3) 0 —
2 —— A— A 2
-0.01 —
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0 2 4 6 8 10
Pointwise convergence test for the potential / B \
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Numerical results: convergence rate

Best

Image method Trefftz method
Conventional MFS
L
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Numerical results: case 3

Dirichlet boundary for the half-plane case

-3 T T T T T T T T T T T T T T T © T T T T T T T 1
-2 -1.5 -1 -0.5 0 0.5 1 15 2 25 3 35 4 -2 -1.5 -1 -0.5 0 0.5 1 15 2 25 3 3.5 4

Image method Null-field BIE approach (addition theorem

40+2 points and superposition technique) (M/is/)
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Numerical results: case 4

Dirichlet boundary for the eccentric case

image method analytical solution

(bi-polar coordinate )
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Numerical results: case 5

Dirichlet boundary for the eccentric case

1
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Image method (50+2 point) Null-field BIE approach (addition theorem
and superposition technique) (M/isﬁ) ™
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Conclusions

® The analytical solutions derived by the Trefftz
method and MFS were proved to be mathematically
equivalent for the annular Green’s functions.

= We can find final two frozen image points (one at
origin and one at infinity). Their singularity strength
can be determined numerically and analytically in a
consistent manner.

m The image method can be seen as a special case for
method of fundamental solution with optimal
locations of sources.
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Image method versus MFS
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All the strength need to be determined. Ku=p | | ®
[K]3><3 $®0
Ku=p . |
~ optimal
K - :
(K], Only three coefficients are required
N —  large to be determined.
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Optimal location of MFS

Depends on loading
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Homework (-] i & + -

4 4 i

o= E_ap!)

Please use the image method to solve the 2-D Laplace problem.
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