33

34

35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52

7N

MRC 2246 No. of Pages 13, Model 3G
30 October 2008 Disk Used

Mechanics Research Communications xxx (2008) XXX—XXX

Contents lists available at ScienceDirect
Mechanics Research Communications

journal homepage: www.elsevier.com/locate/mechrescom

Derivation of Green’s function using addition theorem
J.T. Chen®>*, K.H. Chou?, S.K. Kao?

2 Department of Harbor and River Engineering, National Taiwan Ocean University, Keelung 20224, Taiwan
b Department of Mechanical and Mechanical Engineering, National Taiwan Ocean University, P.O. Box 7-59, Keelung 20224, Taiwan

ARTICLE INFO ABSTRACT
Arl fiC{e history: Following the success of null-field integral equation to solve the BVP of the Laplace equa-
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Green’s function of Laplace problems with circular boundaries. The Green’s function is
decomposed into two parts, one is the fundamental solution and the other is an infinite
plane of circular boundaries subject to the specified boundary conditions derived from
the addition theorem. After superimposing the two solutions, the governing equation
and boundary condition are both satisfied. Some examples are demonstrated to see the
validity of the present method.
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1. Introduction

Mathematicians as well as engineers have studied Green'’s functions in many fields (Jaswon and Symm, 1977; Melnikov,
1977). Green’s functions are useful building blocks for attacking more realistic problems. But only a few simple regions allow
a closed-form Green'’s function for the Laplace equation. For example, one aperture or circular sector in the half-plane, infi-
nite strip, semi-strip or infinite wedge are mapped by elementary analytic functions, thereby enabling ;\losed—form expres-
sions for their Green’s functions. A closed-form Green’s function for the Laplace equation can be obtained by conformal
mapping in this manner only in some simple cases. Numerical computation of Green’s function has received attention from
BEM researchers by Telles et al(1995); Guimaraes and/T\elles (2000); Ang and Telles (2004)). Melnikov(1982, 1995); Melnikov
and/lylelnikov (2001) utilized the method of modified potentials (MMP) to solve boundary value problems from various areas
of computational mechanics. Later, /l\\/[elnikov and Melnikov, 2006 studied computing Green’s functions and matrices of
Green’s type for mixed boundary value problems (BVP) posed on 2-D regions of irregular configuration. For the image meth-
od, Thompson (Thomson, 1848) proposed the concept of reciprocal radii to find the image source to satisfy the homogeneous
Dirichlet boundary condition. Chen and Wu (2006a,b) proposed another way to find the location of image using the degen-
erate kernel. Chen and Ke (2008) have constructed the Green’s function of multiply-connected domains by using the null-
field integral equation derived from Green'’s third identity.

In this paper, the Green'’s function is decomposed into two parts, one is the fundamental solution and the other is an infi-
nite plane of circular boundaries subject to the specified boundary conditions, derived from the addition theorem. After
superimposing the two solutions, the governing equation and boundary conditions are both satisfied. The main difference
between the present paper and Chen and Ke 5\2008) is that we do not directly employ Green'’s third identity to derive the
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53 Green’s function. Following the success of null-field integral equation approach for a typical boundary value problem (BVP)
54 with Fourier boundary densities as shown in Fig. 1, it can be easily extended to derive the Green’s function by introducing the
55 superposition technique and addition theorem in the present paper. The present approach offers a few attractive features.

Fig. 1a. Green's function for the Laplace problem with Fourier boundary densities of the Dirichlet, Neumann and Robin types.

Fig. 1b. The fundamental solution for the Green’s function.

Fig. 1c. An infinite plane with circular boundary subject to the specified boundary conditions.
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Fig. 2a. Green’s function for the annular ring.
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Fig. 2b. Potential contour by using the BIE approach (M = 50).

No. of Pages 13, Model 3G

First, the integrals involved are made simple by avoiding the senses of Cauchy and Hadamard principal values. Secondly,
boundary-layer effect disappears since we introduce the addition theorem for the interior and exterior regions, respectively.
Finally, this method can be seen as one kind of meshless method for circular boundary since no boundary element discret-
ization is required. Finally, some illustrative examples, annular, eccentric and half-plane cases are demonstrated to see the

validity of the present method.

2. Present approach for constructing the Green'’s function

Considering the problem with N randomly distributed circular cavities and/or inclusions bounded in the domain D and
enclosed with the boundaries, B; (i=0,1,2,...,N) as shown in Fig. /1\a, we define

-

I
o

B=| |B;

(1)

mun. (2008), doi:10.1016/j.mechrescom.2008.10.001
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Fig. 2c. Potential contour by using the present method (M = 50.)

on, :
f \ £(1.25,0)
s X

a~ 1.0

=3(x- §)

Fig. 3a. Green'’s function for an infinite plane with an aperture.

In mathematical physics, Green’s function problems subjected to the boundary conditions and concentrated source
satisfies

V3G(x, &) =d(x—¢), xeD 2)

where G(x, ¢) is the Green’s function and can be seen as the potential, V2 indicates the Laplacian operator. The boundary con-
ditions of the problem are shown in Fig. la Instead of using the Green'’s third identity in Chen and Ke (2008), the problem is
decomposed into two parts. One is the findamental solution and the other is an infinite plane of citcular boundaries subject
to the specified boundary conditions, which are shown in Flgs 1b and 1c, respectively. For simplicity, we use the Dirichlet
boundary condition (G(6) = 0) to demonstrate our formulation. The fundamental solution is governed by

V3G (x,8) = 6(x — &), 3)

where G!(x,¢) is the fundamental solution for the Laplace problem and the superscript 1 denotes the first-part solution.
Based on the addition theorem, the fundamental solution can be separated into the series form in /C\hen and §\hen (2007)./\
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Fig. 3c. Potential contour by using the present method (M = 50).

To fully use the objectivity of the frame indifference, the origin of the observer system can be adaptively located on each
center of the corresponding cycle.
The boundary condition along the j{h circular boundary is expressed as

InR; — i %(%)mcos m(0; — ¢),Ri = p;,
Gl (x,&) = e . xeB (4)
Inp,— > 1L (%) cosm(0; — ), p; > R,

m=1

where the superscript 1 of G(x, ¢) denotes the first-part BC on B; boundary due to the fundamental solution, R; and 0; are the
distance and the polar angle between the source point and the /i{h center of the corresponding circle, }‘\espectively, and p; is
the radius of the /i\th cycle and B; is the /i\th circular boundary. In order to satisfy the boundary condition, the /s\econd—part isa

Please cite this article in press as: Chen, J.T. et al, Derivation of Green’s function using addition theorem, Mech. Res. Com-
mun. (2008), doi:10.1016/j.mechrescom.2008.10.001
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Fig. 3d. Stress distribution along the circular hole (a =1.0 and ¢ = (1.25,0)).
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Fig. 3e. Stress distribution along the interface (a = 1.0 and ¢ =(150,0)).

typical problem subject to the specified boundary condition E\Glz (x,&) = —G! (x,¢)) which can be expressed in terms of Fourier
series after using the addition theorem.
The governing equation is shown below:

VG (x,&) =0, xeD (5)

where the superscript 2 denotes the second-part solution. This part can be seen as a typical BVP with circular boundaries and
can be easily solved by using the null-field formulation (Chen and Shen, 2007) as shown in Fig. 1c. After superimposing the
two solutions, the boundary condition automatically satisfies the Dirichlet boundary condition. Tﬁ\us, the boundary condition
in the/s\econd—part problem is shown below:

~InR+ Y %(‘;—;)mcosm(Oi - ¢),Ri = p;,
Gi(x,¢&) = =Gl (x,&) = i xeB; (6)
—Ilnp;+ > %(F*i) cosm(6; — ¢), p; > Ri,

Please cite this article in press as: Chen, J.T. et al, Derivation of Green’s function using addition theorem, Mech. Res. Com-
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Fig. 4a. Green'’s function for the eccentric ring.

=

Fig. 4b. Potential contour by using the Melnikov's method (Melnikov and Melnikov, 2001).

where the superscript 2 of G(x,¢) denotes the second- partEC By using the present approach, the problem can be solved in
two stages. One is the fundamental solution (Fig. 1b) and the other is the typical BVP (Fig. 1c) After superimposing the two
solutions, the Green’s function can be obtained ea511y

3. Numerical examples

Casel: An annular case (analytical solution)

Fig. 2a depicts the Green’s function of the annular ring. The source point is located at ¢ = £\7 5,0). The two radii of inner and
outer Circles are a=4.0 and b = 10.0. The center of the inner and outer circles is £\0 0). The analytical solution is obtained as

Please cite this article in press as: Chen, J.T. et al, Derivation of Green’s function using addition theorem, Mech. Res. Com-
mun. (2008), doi:10.1016/j.mechrescom.2008.10.001
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Fig. 4c. Potential contour by using the present method (M = 50).
G LInR — L 3 1(£)" cosm(o
(*,8) = 2z InR: — 57 21 E(F) cosm(0 — ¢)
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o0 m
£ %(;%) cosm(0 — ¢) — aln pay
m=1 °
+1 Z 1 “;;1 (am cOSMp + by sinme) — 2 Inb
m=1
o0 m
+LA > L (’;’i) cosm(6 — ¢) — binbp,
m=1
+1 Y L E (P COSMO + G,y Sin M), Re=p=>a
=1
= " o )
G(x,&)=5Inp—5L ] %(7) cosm(0 — ¢)
e
o0 m
£ %(Z—%) cosm(0 — ¢) — aln pay
m=1
+1 S 1 ”,”;;‘ (am cOSMp + by sinme) — - Inb
m=1
o0 R: m
+£ > %(%) cosm(0 — ¢) — blnbp,
m=1
+1 5 L% (p, cosm0 + q,, sinmo), R.<p<b
108 = m b

109 where the symbol R: denotes the distance between the source point and the origin and the Fourier coefficients are shown
110 below:

InR;-Inb
ao 2na(Ina-Inb)
am’lR:Tm(az'"erzm —2R?"')
A b = _Wcosme , m=1,2,3,...
by, am-1R;™ (a2 p?™ _2R2M) .
- —W sinmé 3
Inb—InR: ( )
P) 2nb(Ina—Inb)
0 b”"”Rgm(fzazmb2m+(a2'"+b2’")R%’")
Pm ¢ = T 2n(—amb) cosmo » m=123,...
q bR (=202 P (M +b*)REM)
112 " ) — sinmo
113 Figs./%b,Zc show the potential distribution by using the BIE approach and the present method, respectively.
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Fig. 5a. Green’s function for the half-plane with the Dirichlet boundary condition.

Fig. 5b. Potential contour by using the Melnikov’s method (Melnikov and Melnikov, 2001).

114 Case 2: An infinite plane with an aperture (analytical solution)
115
116 Fig./3\a depicts the Green'’s function for an infinite plane with an aperture. The source point is located at ¢ = (1.25,0). The

117 center and radius of the aperture are;\0,0) and a = 1.0, respectively. By /c\ausing the present formulation, the analytical solu-
118 tion is shown below:

G'(x,&) =L InR: — L ) 1 (,%)mcosm(ef )

m=1
_a s 1 (a\" 0— R>p>
2n 2 m \ pR: cos m( ?), ez p=a
GO =1 | " ©)
£y _ 1 1 1 (R
Cx ) =k Inp =3 3 4 (%)" cosm(o - )
RN l(i)mcosm(b—(ﬁ) R:<p<oo
120 2n 24 m \pR; , £
121 Figs. 3b and 3c show the potential distribution by using the image method and the present method, respectively. Good

122 agreeméﬁt is made. The stress distribution is shown in Figs. /3\(1 and 3e.
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Fig. 5¢. Potential contour by using the present method (M = 50).
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Fig. 6a. Green’s function for the half-plane with the Robin boundary condition.

Fig. 6b. Potential contour by using the Melnikov’s approach (Melnikov and Melnikov, 2006).
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Fig. 7a. Greens function for the infinite plane with a circular inclusion.

After comparing with the two figures, we obtain the stress concentration factor of 2. When the location of the source
point moving to far away, the problem can be seen as a remote shear problem with a circular hole where the concentration
factor is also 2 (Chen and Wu, 2006a,b). The local maximums occur at the angles of Z and 3%

Case 3: An eccentric ring (semi-analytical solution)

Fig. 4a depicts the Green’s function of the eccentric ring. The source point is located at ¢ = (0,0.75). The two radii of inner
and outer circles are a = 0.4 and b = 1.0. The two centers of the inner and outer circles are (=0.4,0) and (0,0), respectively.
Figs. 4b and 4c show the potential distribution by using the Melnikov’s approach (Melnikov and Melnikov, 2001) and the
present method, respectively. We can also obtain the consistent data by using our method as well as the Green’s function

G(x,¢) obtained by MMP method.

Case 4: A/}\lalf—plane with an aperture (semi-analytical solution)

Fig. 5a depicts the Green’s function for the/llalf—plane with a hole. The source point is located at & =(2,1). The center and
radius of the aperture are (0,3) and a = 1.0. Figs. 5b and 5c show the potential distribution by using the Melnikov’s approach
and the present method, respectively. Good agreement is made.

Please cite this article in press as: Chen, J.T. et al, Derivation of Green’s function using addition theorem, Mech. Res. Com-
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Fig. 7c. Parseval’s sum for G™ with a=1.0 and ¢ =(1.1,0).

Case 5: A half-plane problem with a circular boundary subject to the Robin boundary condition (semi-analytical solution)

A half-plane problem with an aperture is considered. The governing equation and boundary condition are shown in
Fig. 6a. The center and radius of the aperture are 5\2,2) and a = 1.0, respectively. The concentrated source is located at

/(\0,3./3). The Robin boundary condition 2%9 — _2G(x; ¢) is imposed on the aperture. f\ig. 6b and 6¢ show the potential distri-

Ny
bution by using the Melnikov’s approach and the present method, respectively. Good agreement is 9\btained.

Case 6: An /i\nﬁnite plane problem with a circular inclusion (analytical solution)

An infinite plane problem with a circular inclusion is considered. The governing equation and boundary condition are
shown in Fig. 7a. The center and radius of the inclusion are (0,0) and a = 1.0, respectively. The concentrated source is located
at (1.1,0). Fig./\7b shows the stress distribution along the interface. After comparing the result of the present approach with
that of the Wa/ﬁg and Sudak j\2007), good agreement is obtained. After using the Parseval’s theorem to test the convergence
rate, Figs.Zc and 7d are obtained.
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an

4. Conclusions

For the Green’s function with circular boundaries, we have proposed an indirect approach to construct the Green'’s func-
tion by using the addition theorem and superposition technique. Several examples, including three analytical solutions (an
annular case, an infinite plane with an aperture and an infinite plane with a circular inclusion) and three semi-analytical solu-
tions (an eccentric ring, a half-plane with an aperture and a half-plane problem with a circular boundary subject to the Robin
boundary condition) were demonstrated to check the validity of the present formulation. The present method has more phys-
ical sense (taking free body) to solve the Green’s function for the Laplace problems with circular boundaries. Our advantages
are five folds: (1) mesh-free generation (2) well-posed model (3) principal-value free (4) elimination of boundary-layer effect
(5) exponential convergence.

5. Uncited reference
Chen and Ke (in press).
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