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Structural Scale Continuum Scale Meso Scale Molecular Scale Quantum Scale

Are We Solving the Right Equations?
Are We Solving the Equations Right?

Challenges in Multiscale Computation:

* Regularity requirement: smoothness, roughness
* Multiple length scales, scale coupling

* Multiple physics, interactions

« Geometry complexity, topological changes
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Numerical Solution of PDEs

Approximation Discretization Methods
* Local Polynomials « Galerkin Weak Form * FEM
* Moving Least Squares/  Gauss Integration * SPH
Reproducing Kernel * Point Collocation $e-oP
« Laplace Interpolant ) . * EFG/RKPM
| | | Noclllal Ir?tegratlon W. . S-EFG/RKPM
- Radial Basis Functions Stabilization
» Petrov Galerkin * PUFEM/GFEM
. * HP- Clouds
* Gauss Integration
« XFEM

* Smooth Kernel e Strong Form MLPG
 Local Polynomials with . Point Collocation . NEM
Enrichment

. . * S-NEM
 MLS/RK with Enrichment Lagrangian-Euler Form « MPM
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i Outline

= Galerkin Meshfree Method
= MLS/RK Approximation
= Spatial & Temporal Stability
= Semi-Lagrangian Discretization
= Applications

s Radial Basis Collocation Method

= Weighted RBCM
= Localized RBF
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Moving Least Squares/Reproducing Kernel

Approximation
Correction function (L, 1995, Chen 1996)
C(x;x—x,) | Completeness
= Z (x,— xu)i (x,— le)j (x;— x31)k bijk (x) Consistency
i+j+k=0

/ .

u'(x) = f b(x"x _xI)?a (x _xI)Jd] = Z ¥, (x)d,

7

Kernel function @,(x—x,)

Smoothness
/\ Locality

Box Function Hat Function Quadratic B-spline Cubic B-spline
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Discrete Reproducing Kernel Approximation

Reproducing Conditions
DWW (x)x, x)x;, =xx)x; i+ j+k=0,-,n
=1

— b(x;x—x,)=M "' (x)H(x-x,)

NP 07
M(x)=Y H(x—x,)H (x-x,)@,(x—x,) *
=1 %DA i
HT(x—x[):[I,xl_xw...’(x3_x3])"] D'z B ’
o i ,’-‘}‘;"}"#:’:’:’:‘:‘:'{o“\\\‘ i
D g %‘%&%&m&& i
Reproducing Kernel Approximation : .
A NP Y .
u'(x)=2 ¥, (x)d,
I=1
¥ (x)=H (OM '(x)H(x-x,)@ (x—x,) Meshfree Shape Function
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Domain Discretization
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Subdomain (,

Domain Discretization
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Galerkin Approximation

Strong Form of linear elasticity
(Cttyss) ). +b,=0 in Q2

y
u =g, on I'*
_ h
(C..,du(k),)nj—hi on I’

ij

Weak Form

[ou,, Cottyy,, d2+ [ SA(u,— g )dl + | Supdl = [ Supd2+ | Suhdr
Q re re Q r

Vu e H',2. e H’

Galerkin Approximation

”zh =ZT1diI , /Iih =ZN1/11'1

= { KT G}{d} :{f} K, =|B/CB,dQ,
G 0|4 q 2
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Convergence Properties of Meshfree Methods
Effect of Basis Functions (Poisson Problem)
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Convergence Properties of Meshfree Methods
Effect of Support Size

log([lu-u"|))
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Rank Instability in Direct Nodal Integration

Direct Nodal Integration: 4 zero eigenvalues

3 zero eigenvalues: Rigid Body Modes 4th Ze1o eigenvalue: ;
spurious zero energy mode
)\ PRI 2o S

vkl T

?K - 17
2 % T
NV ADdEA

\_> o

p—y
L=

— Exact

—¢— Direct Nodal Int. 9 Nodes |
—&— Direct Nodal Int. 17 Nodes|

u, =10x

u()y=u(l)=10

uand u”
- N ® s B0 N ®
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Stabilized Conforming Nodal Integration (SCNI)

Linear Patch Test Requirements

Linear Consistency > 4,(x)=1, D é(x)x, =x,
1 I

Integration Constraints jV¢,(x)dQ = I ¢, (x)ndl’
Q oQ

Stabilized Conforming Nodal Integration (SCNI)

Gradient Smoothing

NP
Vu" (XL):LJ‘Q Vuha’in_“aQ uhndF:Z§¢1(xL)ul,
UL L I=1

w w,

Vg (x,)= : LQL ¢, ndl :jﬁ;ﬁ,(x)dQ:fW,(xL)wL = j ¢,(x)ndT’

wp

(Linear Patch Test)
Nodal Integration ;* " u"), = v, 0. = Kd=f

NP . o= N
K, =Y V'¢(x, )Vg,(x, )w, (Chen, Wu, Yoon, 2001) (g 85
L=1

UCLA



Eigenvalue Analysis

Direct Nodal Integration: 4 zero eigenvalues

3 zero eigenvalues: Rigid Body Modes

g(\/)i\

X
i
\/

atil
=

SCNI: 3 zero eigenvalues

4th zero eigenvalue:
spurious zero energy mode
yBaw.
7
A

g

N
ADER

3 zero eigenvalues: Rigid Body Modes

g(x@

Y
N AL
\/

atil
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4th smallest eigenvalue:
deformation modes
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u =X

XX

u(0)=u(l)=0

UCLA

— Direct Nodal Int.
— 5pt Gauss Int.
— SC Nodal Int.

Exact

du/dx and du"dx

Nodal Location

1

e

)
:

1
-y
T

Log(llu-u",)

|

N

)
:

1
L]

-3.5
-2

T—— Direclt Nodal Int.
—— 5pt Gauss Int.
—— SC Nodal Int.

Log(||du/dx-du hf’dxl |2)

30 T :

]
(=]

-
o

1
]
[=]

]
5]
=

T— ExactI

— Direct Nodal Int.
— 5pt Gauss Int.
— SC Nodal Int.

) Nodal Location ||

0 © 0.2 0.4 0.6 0.8 1
1.5 T . : .
—— Direct Nodal Int.
—— 5pt Gauss Int.
1tk —— SC Nodal Int.
0.5f 0.02
0
-0.5¢ 1
=17 1.41 1
-1.5 1 1 1 1
-2 -1.8 -1.6 -1.4 -1.2
log(h)




Stability of RKPM with SCNI and DNI

Stable

Material

Material

Instability

(softening)
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Stability Analysis of Full Discrete Equation

1

) AL <=
Nodal Integration ST (12h)sind (2kh) + P (+h)sin® (kh)
4T (+h)¥  (+2h)sin’ (kh)cos(kh)
Stabilized Conforming A ! _
Nodal Integration n i
p2 (2 hjsin2 (kh)
3N . L (kh
+2§? Eh sin’ (zj[l+cos(3kh)]
2
+4¥ lh v (3hjsin2 (khj cos (2kh)
] 2 2 2 )| +cos(kh) .
AL a’

Stabilized non-Conforming — <= — -
Nodal Integration h ¥?((2-0.5)h)sin’ (2kh)
+¥2((1-0.5a) h)sin® (kh)

| +4¥ ((2 - O.Sa)h)‘{f ((1 - 0.5a)h)sin2 (kh)cos(kh)_

( )
O O S O O o
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Challenging Problems for FEM

Large Deformation Damage & Failure  Microstructural  Singularity
=== Evolution




Earth Excavation
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Animation




Coupled RKPM-FEM Earth Moving Simulation
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3D Adaptive Penetration Simulation (30°)

Animation
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Penetration of Steel Plate
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Numerical

Experimental

Exit velocity 2440 ft/sec

2437 ft/sec

0.0z

.04

UCLA

0.04

0.2

0

0.08

0.06

0.04 0.02 1} -0.02 -0.04 -0.08

Numerical result : 2.1 cm =0.82 inch

Experimental result : 0.82 inch




Multi-scale Materials Modeling

UCLA
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Multi-scale Asymptotic Expansion

> Macro & meso coordinates relations:

/yl\ Cx)

1
Y=\ )V |, XTI X, _)yi:_l

\V3 )/ \ X3/

Continuum I 4

QGrain Structure




Basic Equations in Stressed Grain Growth

= Variational Formulation of Grain Growth Dynamics

® Energy dissipation

- _ Vo
S, :Lbfcesvndrgb :Irb;”Svnngb

® Grain boundary tension
- . v, 05V,
SW, = Irg,, yO& ds = Lgb P+ 2)ds

® Strain energy effect
oW, = | Ligt s o : & )ov,dl+ [ 68 : C - 6d02
ng 2 0

® \/ariational Equation

' 7(agvs + 5;" Jds+ [ =-57,ds
s S Ly n Meso-Macro scale Macro scale

g

Meso-scale

+jrgb5\7n§(a+ R :s‘)df+£5é .-c.-g'd_o—U 5v-hdr+£5v-bdr
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Scale Decomposition of Virtual Power

Grain deformation velocity v, =, (X,y) = Vi[o] (X,y) + /1\/1[1] (X,y) + O(ﬂ,z )

Grain boundary velocity V.=V, (X,y) =y’ (x,y) + ZVZ.[I] (X,y) + 0(12 )

» Strain rate decomposition

eE=V’y
é,.,.=§(é;.01)+(g,5.01+g[ )+ A0+l 27 (9 1 ) -

=27+ 2%y aelh y A7el

» Stress decomposition

[] -[]

Oy =Ciuu

o, = /1_10'1.[1._1] + /100'5.0] + lal.[j]] + /120'5.2] + .-

y

UCLA



Scale Decomposition of Virtual Power

Resultant asymptotic expansion of virtual power
STI(w" + ! 5+ 25y = 272 (st + 27 (s110) + A° (51119 ) + O(1H)=0
1. Leading order equation for coarse scale solution O(X‘Z ):

155( ol ) do=0 my |—I—=0| m |v[(x,y)=V"\(x)

Q

2. Leading order equation for coupling functiono(k‘] ) :

0] ool ool ,
gJ;Z (y ‘715 +‘9 )dQ 0 = ;j + ;}:. = 0| =) V,E]]=akmn(J’)g[0](x)

J

3. Leading order equation for fine scale O(1.") :

| _
(1) jzé(ggl. oy +& ol + ) ol ) da+ [ v -hdr+ [y b dr =0
(56.%] ool - - 5
b + Y% 4+ph=0in 2 i=123 — 1 1( O, a;
i 2 <> C S C ] = imn + Jmn dQ
~< axj ay] - ijmn S('!y ljkl[ klmn+2[ ay] ayl )J
\G[O]-n:h on I',

UCLA



Grain Boundary Velocity Decomposition

@) 51,05 = [ (o72; =075 o, d“f 7

Ly
Scale Decomposition:

65\/ oV

Coarse scale |V ( [O])

oo 0 gl 0
[ 4002 - ;19 w0 + | y[aé;s Pl | it <o
S

y
Q r,

Fine scale (Vn[l]):

[1]
Il[g[]a[] b a0 - g, oo | s+ I5v Sil4r = 0
2 y g

Qy 1’*)’ lLl
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Approximation of Coarse and Fine Scale Solutions

Multi-scale Variables:
1. Coarse-fine scale coupling function
2. Grain boundary velocity
3. Material velocity

0 Grain interior point

® Grain boundary point

® Grain boundary migration velocity U Coarse-fine coupling function
Vi(S’t)=ZN1(S)5il(t) aijk(x’t)=zwl(x)azjkl(t)

N, (s) : finite element shape function ¥, (x) : Meshfree shape function

UCLA




Grain Boundary Interface Conditions

UCLA

NP NS |
Qi (x) = Z Yi(x ) + Z (X )
=1 =1

W ;(x) :interface enrichment function

¥, (x) = p(r)g, ()

6_(oec_,
or

¥ (x) : Smooth shape function
W (x)=H"(x-x, )b(x)D,(x-x,)
H (x—x,)=[1x,—x,,,x,—x,,]
Coupling: Z[Y/,(x)+_‘ﬁ1(x)]x;'1x§1 = xix}J i+j=0,1
7

¥, (x)= H' (x —x,)M " (x)[H(0) ~ F(x)]®,(x ~ x,)

F(x)= 3%, (0 H(x-x,)




Modeling of Microstructural Evolution

T

0 Grain interior point

® Grain boundary point

Interface Enrichment Function

o(r) b(s) o Tr=e(r)xd(s) 0

15 5

w1 A g

gl 0 iy

0.5 ot " e 1 }j |

X it it PR

T g - sl it

i e == f

A P ! -5 il
= - -, e --2

- 1 -
y 00 1
¥ oo x
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i Level Set Simulation of Grain Growth




DNA: Segment of Double Strands DNA

Backbone

Phosphate-—
Sugar —




First-level Multi-scale Homogenization

Coarse-Grained
DNA Model

Molecule ‘Multi-scale wavelet projection of potential function

v

UCLA



Wavelet Based Multi-scale Homogenization

.V, ,cV,cV,c---c L*(R) (Sequence of nested subspaces)

UV, =E(R)
W, = {0}

JEZ

V,=V,_ W, (Mutually orthogonal spaces)

Scaling function: | ¢ (x) € V, < ¢ (2x) e Vi JEZ

(Scaling law)

Wavelet: v (x) e W, < v (2x) e W, JEL

¢*(x) € VJ- e ¢*(x—n) S Vj, forall neZ

(Translation law)

v (x)e W, < v (x—n)e W., forallneZ




Homogenization & Localization

Scaling function

. ‘ ﬁn—l ﬁn—Z ﬁn—S
¢ (x)
1 ] Qn/ Qn—l/ Qn—Z/
g B T TR G y AL Ry L N
S P| |P.,| |P,
B
5 0 5 0, Uj.lﬂ
X ijj+1: P Uj+1: I
J Uj+1
Wavelet
2
W (x) . Z’Zn—3 ﬁn—Z l’:ln—l
1
. w,., \ wi, \wi \
=0 "‘\] V’“‘ —n-3

-5 0 5
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Coarse Graining of Basic Building Blocks

UCLA




Coarse Graining of DNA Molecule

Collect atomistic distributions

0.04

00351
003
0025

= nmf

[=H

0oiaf

001

0.005

il L L L L L L L L L
4 405 41 415 42 426 43 435 44 445 45

|

Distance

U(d) =—k,TIn P(d)

»
>

Fine-scale Distance Distribution (probability)

UCLA




Coarse Graining of DNA Molecule

75

7k

B4r

BF

881

sk

Effective Potential

45+

s

35+
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Characterize the Coarse-
grained Parameters for

Potential

2
Ubond = kb (’/;] _ req)
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DNA Stretching by Coarse Grained Model

DNA Stretching: Molecular model

i3

CPU= 1000:1

25[' T T T T T T T T T

200 -

180 -

100 -

ForcelpM)

— Atomistic simulation
=== Coarse grained Simulation

1 1 1 1 1
0o 1 1.1 1.2 1.3 1.4 1.4 1.6 1.7 1.8 1.8
Relative Distance




i Second-level Multi-scale Homogenization

~n—1 ~n=2 ~n—
Mn l/ln Mn 3
Qn/ Qn—]/ Qn—Z/
T TR N y L NG y L SN
P, P, P, .
Potential
, equivalence
W U |:Q]:|U |:U]+1} >
j j+l P j+l Ul
J J+ Coarse-scale

discretization

-1 -1 -1
wn-Z \ wn-] \ wn \

U U su" —>u”
Level-1 Level-2 Continuum
Coarse-Grained Coarse-Grained MOdQJ, ......
Model _ Multi-scale wavelet projection Model

UCLA of potential function
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Second Level Homogenization of DNA Molecule

Bond energy gyt = 3 k(. —r: )

bonds

7.
i — /NeCeN =+1+2NeEeN

Tiio

k
Bond energy U, = > k,(0-6")
angles
N© cos @’ =NV e N?
J
N(l) o N(2)
NO cosf =
; JND e CoNDYN? e CoeN?
bond
The 2"d PK stress Sb g = ou
on
OE
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Validation

Under small deformation assumption

G=8.75E+08
E=515E+08

E-2G
2G

V= =—0.702

Experimental Poisson's ratio
v =-0.7 Gerald S. Manning, Phys. Rev. A, 1986

O0>v>-04 C.G. Baumann, PNAS, 1997
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DNA Translocation through Nanopore

UCLA

20nm pore ina 70 pm x 70 pm
Si/Si0, membrane

340 nm thick Si
400 nm thick SiO,

525 pm thick Si Wafer

©

lAdd 11.5 kb ds-DNA

W
ova|

10 sec

snpA|
2ms

FIG. 4. Measured ionic current versus time. After addition of
DNA to the cis side of the pore we clearly observe downward dips
in the current. In the bottom panel, two individual events are shown
at an increased time resolution.

A.J. Storm et al. PRE,2005




Numerical Simulation:
DNA Translocation through Nanopore

UCLA
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Numerical Simulation:
DNA Translocation through Nanopore

UCLA
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DNA Length Translocation Time | Averaged Velocity
Case 1 1088 nm 58.5us 18.6mm/s
Case 2 10880 nm 1250.5 s 8.7mm/s




Hydrodynamics Model

R=- —( — x)D 1%
D
2 2
2
BP BP ol dx
— D D
fdrag 672’77 (L x) V 67[77 (L x)
dt
2
D 2 2
_37”73 Ib — C b — C o
f drag f drag f drag
t~L"
Theoretical Estimation Experimental Results(Storm) Numerical Simulation
104 1.274 1.27+0.03 1.33
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Quantum Mechanics

= Governing equation

= Schrodinger equation (SE) ol

AL

Hy (x,,15,...,1 ) = Ep (1,1,,...,1, ) &
= Density functional theory (DFT)

5{E(p(r))—,u“p(r)dr—N]} =0

= AB initio Calculation (Molecular system)
= Hartree-Fock molecular orbital approximation (SE)

= Kohn and Sham Method (DFT)
HVZ +Vs (p(r))}‘/’KS (p(r))=ey™ (p(r))

UCLA
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@ nucleus




AB initio

m Basis set calculation
V= ch¢k
k=1

2

» Gaussian-type orbital (GTO) with the radial form ,-o~

3/4
g (Ol,r) = (2—aj e

T
1284°) . 1285, 128°)" .
() B e g a2 e g B e

= Slater-type orbital (STO) with the radial form e
= Plane wave (PW)

UCLA



Intrinsic Enrichment of Orbital Function

Intrinsic Enrichment

4,(X)=p,(0)| a,(0)+e " a,(r) |, 7 =|r,|

Reproducing Conditions:

YR y | a] T
;o :{Z%(r)L%}[l eér[]Hal(l’)}L&}

N
Z¢1 (r)e—érz — e
L 7=1

A(r)a(r)=b(r)
A(r) = i% (rb(r)b" (r;) b'(r)= [1 e—gr] a' (r)= [ao (r) q (l‘)]

¢,(r)=b" (r)A" (1)b(r)p, (r)

e > ,'; "u‘\‘-.

T e

uc Chen, Hu. Puso, CMAME, 2007 (/= 8¢}
I n RiP ‘i‘ ::-.'a




i Combined Intrinsic-Extrinsic Enrichment

W(r>=2¢,<r>{ie<r-ma§}

¢1 (r) = b (r[ )A_l (r)b(r)(ﬁl (r)

bT(r):[l e‘ﬂ .Intrinsic basis function

P(r-r,) : Extrinsic basis function

UCLA



Hydrogen Atom
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Hydrogen Molecule

a . ® 1104 DOF:
— ZA0DOF:

Electron Dernsity
@ @

?}: L ;'.. “::,'r g, O electron
| L4l
- _ r & nucleus 008
Electron density
No. of Error of the
Numerical Methods nodes DOFs first level
energy
Gaussian-FEM 12,167 12,167 0.355%
OHPC
h' = [ 1 ee] 729 1,104 0.29%
|: Xp=Xp Xy =Xy X _X3[:| ‘x‘ <3au
h;" = ¢ GG 1331 2,360 0.16%
[7], |x|>3au.




Multiscale Modeling of Large-scale QDs

= Hierarchical Structure of QDA Laser Generator

Laser structure
—— Electrical -
contact layer
=" Stacked quantum
dnt layers

Claddmg layer

Thinned Wafer Gua ntum dot

150 pm Wauegmde

Gahs wafer

substrate
Eladdlng layer

GaAs wafer

Self-organized
quantum dot island

- R

Barrier layer
Conduction layer
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Multiscale Problem

Multiscale Coordinate System

X,
= i=1,2,3
Vi P

Total Eigen Value Problem

H,0" =£'0" in Q

®* =0 on T
L00' .00 /T—'y ? st
m ~ =m n on F guantum-dot isiand
on On y BNV
1 / s/ A TA7AZ

/_Y’

2
where H, :_h_v 1 \V/ +V(x,y) VA T Jh A 7 Jh 2 r 4
2 (x’y) Barrier layer

. . Conduction layer
Homogeinzed Eigen Value Problem y

H,0" =0 in O

=0 on I
[0] [0]
LA m!" —85)_ =m!o —a§)+ on I H, = —h—;V ( [10]* V) + 1
UC n n




Auxiliary Problem

UCLA

Strong Form

Hw' =9 in Q
A

w' =0 on I

. oW’ e ow’

=m
on~ on’

on I

m

As 1—0, w > e

Weak Form
a, (Wﬂ,v) =g’ ((E*)[O],v)

w'=0 on T

. oW’ . OW'
=m

on~ on’

on I

m




Scale Coupling

Bridging Between Coarse Scale and Fine Scale

o0 (x
W[l](x’y):aj (y]) 8x( )+ﬂ(y)®[0](X)
J
oo
H. w* = el N O| A~ ax(x)]r H_z“j(yj)=—L_zy,~
4 T j
o0(2'e"(x)):  H.p(y)=-T
| . Oa, ., Oa,
*_M *+M on F n 8,1— =m 8n+
m —=m .
an_ 8n+ m*_%:m*+ 5ﬂ
on” on'

UCLA



Homogenized Material Constants

Homogenized Effective Mass and Confinement Potential

a, (wl,v) =gl (@[Oj,v) —>

[0] [0] [0] [0]
J- j o 0 ¥ O |15 (009 0a 00" Of )
ox, Oy, Ox, 0y, m (x,y) "\ ox, ay Ox, (3)/].

1

Q

Q,
T j 2V (%, )"0 dydQ = 4, £ j CRLe:
Q

v
Q Q

8yj Gyj

%D'—O
S*
—_
k k.
=
N—"

H,a; (yj) =L,y

H B(y)=-7" L wo, } ]
Q_m( ») v, o, BV (x,y) |dy=0

y

[0] [0]
8(;/ [0]1( ) aa(a dQ) + j V[O] (x)V[O]G)[O]dQ — AQ 8[0]-[(@[0]‘}[0] )dQ
X. m. | X X . v

1 1 a(ai+yi) 2 1 [0] 1 >
m _AQ”.![ o }m*(x,y)dy’ Vv (x) 1 j,BV(x,y)dy




Numerical Examples

= A Series of QDA in One Dimension

= Each QDA: randomly oscillating effective mass and confinement potential
= Fullmodel as reference s o5

o
c
©
Q
-
)
=
3
o
D
D,
»
*
c
=
Q
=
@)
5
%
o
()]
‘1_3
=
>

553 nodes

= Multiscale model
Linear basis function
Coarse scale domain:
31 nodes ~, 0.06

o
N
T

|

Confinement potential
o
(V)

o

o

100 200 300 400 500 600
X (nm)

- . E o
Three fine scale unit cell:f<E 0.05 (]
93 nodes in each cell @ 0047
g 0.03+
GZ) 0.02+
ul.gﬁ L L L N I I 1
0.010 100 200 300 400 500 600

LI

Unit Cell Unit Cell

Effective mass m

Confinement potential V

&
S



Reference Solution
~Multiscale Solution
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Radial Basis Function Approximation

Radial Basis Functions:
= Multiquadrics (MQ): g

(x)
= Gaussian: g,(x):exp(—rf/cz)
= Thin plate splines g (x)=r"Inr, "
= Logarithmic g (x)=r"Inr,

= RBF Approximation:

= E

UCLA

= Asetof N sourcepoints: S=[x,,x,,--x, ] QuUQ
= The approximation v(x)for a smooth function u(x):

Ny

v(x) = Zg, (x)al =®'a

I=1

xponential convergence rate (Madych, Nelson, 1992)

‘u(x)—v(x)‘ ~ 0(77”'“)




Direct Collocation Method (DCM)

Strong Form A Set of Collocation Points
Lu=f in Q P=[p1,p2,---pr]gQ
Bhu:h on th Q:[ql’qzj...qu]gth

- g
Bll—g on 0Q R=[r1>1'za"'rN,]§an

Residuals are forced to be zero at collocation points: | Aa=Db

1 L(CT)T (p1)) B’ ((i')T (ql)) B¢ ((i)T (rl))
A= [iz} . Al = L((’IV)T.(pz )) , A% = B’ (d)T (qz )) , A = B* (d)T (l‘2 ))
Al : : :
L(®"(p,, )) B' (0" (q,, )) B (&' (r, )
B! f(pl) h(‘h) g(rl)
[ } o f(e) | [ h(a) | | g(n)
b=b*|: b'=| [ b= | b=
i o)) (n(a))  le()




Radial Basis Function Approximation

= Disadvantages

UCLA

= Unbalanced error between domain and boundary
* Propose weighted RBF collocation method

= Global approximation

= ILL-Conditioning

= Difficult to perform local refinement and special function enrichment
* Propose local radial basis function approximation

= No reproducibility of constant and linear functions in finite domain
with finite number of source points

* Introduce reproducing kernel as localized function for RBF, which po
ssesses polynomial reproducibility




Direct Collocation Method (DCM)

m Over-determinant Problem

11 =

1

E(Aa—b)T(Aa—b)

N,+N, +N >N,

81"[
8a

- A" (Aa-b)=0 —— ATAa=Ab

Least-Squares Functional

min E

UCLA

j (Lv—f) (Lv-£)dQ+— j (B"v—h)" (B"v— h)dF+— j (B¢v—g)" (B*v—g)dl’

th an

Large solution error near boundaries!

The residuals of domain and boundary terms are minimized with the same
weight

Relatively small number of boundary collocation points results in large error
on the boundaries




Weighted Direct Collocation Method (W-DCM)

E(v)= l (Lv—f)" (Lo —£)dQ+ <k 2 8EL (B'v—h) (B'"v—h)dT +—£ - GL (Bv—g)" (B%v—g)dl

= Poisson Problem
= Define o], = (Lol +[ol}, + o B

1

ot [BE| )
0,0Q 0,008

s Error estimation:

N N P R [

= For Balance of Error : \/yzO(]), \/OfigzO(Ns)

= Linear Elasticity
= Error estimation: X~ max{/I, ,u}

Hu_“M HB < (C;KNS + C;KNS\/J‘F C;\/a_g)Hul _UIHI,Q
+(C;KNS+C;KNS\/J+C;\/a_g)Hu2_U2H],Q

For Balance of Error :
] Ja" ~0(1), Ja* ~0(xN,)
UCLA Hu, Chen, Hu, IJNME, 2007 “3 4




Numerical Examples

= Poisson Problem
Au(x,y):<x2+y2)exy Q:(O,I)X(O_,Zl)

_ W
u(x’y)_e of -2.5¢
3|
= MQ-RBF o35
1 =
"o
&1 (X) T2 . e | e
I, +cC = 45 e —— DCM
—= W-DCM 10
5 o A —— W-DCM 10*
where ¢ =16 | - —a— W-DCM 10°
) 55¢ -%-- W-DCM 108
= Source points: ~~ W-DCM 10"
6x6.8%x8.10x10 © 095 09 085 08 075 07 -065 -06
b b

Iog1oh

s Collocation points: 13x13

UCLA



Numerical Examples

Problem

iIsson

s PO

10N €rror.

Solut

W-DCM
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Local Radial Basis Function (L-RBF)

UCLA

Local RBF with Monomial Reproducibility
N, _
u" (x) =] 4,(x)(af +g,(x)a;) | = D'a

=1

1

where ¢[(x) . RK shape functions

gl(x) : RBF
« Locality is controlled by ¢, (x)

= Partition of Unity and monomial reproducibility: 2[¢,(X)af]

I1=1

N,
= Exponential convergence: Z[gﬁ,(x)g,(X)a}]

I1=1




W-DCM with L-RBF Approximation

s Error Bound

u—u"|,  <{Coam +Coxany "l 0<mmy <1

g

where C,.C, : genetic constants
X : maximal number of covers for any point position
p  : the highest order of polynomial reproduced by RK kernel
a= ( p+1 ) h

= The errors decay exponentially

s Condition Number

Cond(/]) < CIZI/Za—dPZd n szl/za_w/z (pZd +,ud)

where ¢ : space dimension; w4 :number of source points covered by RK support

I<p<y,u<N,

UCLA



W-DCM with L-RBF Approximation

s Comparison of Condition Numbers in 2D Problem
= RBF: cond. = O(h_g)
= RK: cond.zO(;(l/za_zp4)20(h_2)
« Wendland function: ~ cond.~O(h***)  k=0,1,2,3

L-RBF: cond.= O(Zl/za_3y2) ~ O(h_3)

UCLA




h
Iog10||u -uello

Numerical Examples

= 2-D Poisson Problem Au(x,y)=(x*+y")e” Q=(0,1)x(0,1)

u(x,y =

1 T T T
—8— RBF ((P+c?)®?) c=15h) 4.11
0}| —— RK (p=2,a=3h) 3.22 1
—&— RK (p=3,a=4h) 4.51
-1 —*— L-RBF ((*+c?)®?) c=h/2,p=3,a=4h) 4.72 1
%= L-RBF ((P+c?)®?) c=2h,p=3,a=4h) 5.02
2/ | ke |_RBF ((24¢2)¥2 c=15h,p=3,a=4h) 5.55 |
3L |
4L i
5L |
6 |
7L |
8L i
.4 1.3 1.2 1.1 -1
k)g10h

e

Xy

h
Iog10||u -ue”O

o0Q
1
(o] O=mmeee Qe S o i
--------- e
e 2 —=a—$
26 |
3 [+ Wendland (g, ,,a=0.6) 3.13 I
4| |--o-Wendland (g5 3,a:4h) -2.20 |
—%— L-RBF ((*+c?)®?) c=h/2,p=3,a=4h) 4.72
S | == LRBF ((P+c?)3?),c=2h,p=3 a=4h) 5.02 1
6 | % LRBF ((P+c%)¥?),c=15hp=3,a=4h) 5.55 ek
7r e |
8 g ,
.4 1.3 1.2 1.1 -1 -0.9
Iog10h




Numerical Examples

2-D Poisson Problem

( y):(x +y )

x,y)=e

20

18+

16

14|

10+

log, ,Condition Number

E\E\E\E‘E‘\ﬂ

—&— RBF ((P+c?)%?) c=15h)

—%— RK (p=2,a=3h)

—&— RK (p=3,a=4h)

—*— | -RBF ((P+c?)%¥2) ¢ =h/2,p=3,a=4h)
-k~ L-RBF ((?+c?)¥2) ¢ =2h,p=3,a=4h)
e | RBF ( r2+02)(3/2) ¢ =15h,p=3,a=4h)

log, ,Condition Number

20

Q=(0,1)x(0,1)
o0

16+

14}

10

—o— Wendland (g5 3,a=0.6)

--4-- Wendland (g, ,,a=4h)

—*— L-RBF ((P+c?)¥?) ¢ =h2,p=3,a=4h)
--%- L-RBF ((r*+c?)®?) ¢ =2h,p=3,a=4h)
% L-RBF ((P+c?)¥?) ¢ =15h,p=3,a=4h)




Spherical Quantum Dot

-0.5

s ]

-1.5¢ 7

—e—Linear FEM 1.82
—8—RKPM with Linear Basis 2.65

Iog10Error of 18t Energy Level
S

-4.5F —a— Quadratic FEM 3.93 i
—=—RKPM with Quadratic Basis 4.82
-oF Local RBF - Linear Intrinsic
and Inverse MQ Extrinsic 4.86
9 0.7 0.8 0.9 1 1.1 1.2 1.3 14 GaAs
log 1 0h

Interface Enrichment Function
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Quantum Dots Array
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Conclusions

= Galerkin Weak Form
= Algebraic Convergence
= Easy Coupling with FEM, Adaptive Refinement

= Domain Integration Plays a Key Role
= Accuracy & Convergence
« Spatial Stability
= Temporal Stability

s Strong Collocation Form

= Exponential Convergence: RBF Global Approximation
« |LL-conditioning
« Full discrete system

= Enhanced Approaches

=« Weighted Collocation
« Localized RBF
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