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Overview of numerical methods

Numerical methods

Domain type Boundary type

FEM FDM BEM MFS




Number of Papers of

~EM, BEM and

AU Search phrase in topic field | No. of entries Rank Ratio
method
FEM Finite element ?r finite 66237 1 66.77%
elements
FDM Finite dnfference (_’)’r Finite 19531 5 19.69%
differences
“Boundary element” or
BEM “Boundary elements” or 10126 3 10.21%
“boundary integral”
FUM Iflpl?:e volume method ?r 1695 4 1.71%
finite volume methods
CM E:ollocatlpn method 9r 1615 5 1 63%
collocation methods

Search data: May, 3, 2004
Data from: Prof. Cheng A. H. D.
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Present approach

() = [ 1K (s, )1(s)dB(s)

e s
v v
Degenerate kernel Fundamental solution
K'(s,%).Js| =[] Int  r’Inr
K®(s,X), [x| >3]
No principal value RPV, CPV, HPV
and FP

Advantages of degenerate kernel
No principal value
Well-posed

Exponential convergence
Free of boundary-layer effect
Mesh free

ok wbdpE




Literature review

~ Anti-plane shear (EABE, 2006)
Torsion bar (CMES, 2006)
Laplace equation < Piezoelectricity (EABE, 2006)

Viu=0 Degenerate scale (MRC, 2007)
Shen (2005), Wu (2006) o _
- Multiple inclusions(ASME-JAM, 2007)

{ Multiple scattering (CMAME and

: : Helmholtz equation
Engineering @ . SDEE, 2007)

(VZ+k*)u=0 Eigenproblem (JCA, 2007)
gChen (2005), Chen (2006)

problems

/; Biharmonic equation { Plate probleml (ASME-JAM, |2006)

4
=0
Hejao (2005) Green’s
Bihelmholtz equation {Plate vibration (JS\lffj)ﬁ)Ctlon
Viu=\u

Lee (2007), Lee (2007)




Outlines

é Overview of BEM and motivation

¢ Unified formulation for the Green'’s function of null-
field approach

< Boundary integral equations and null-field equations

% Expansions of boundary densities and kernels

% Series representation for the Green’s function of the
clamped-free annular plate

** Discussions on Adewale’s results
¢ Analytical solutions
é Conclusions
é Further studies




Problem statement

A i
ey
4 ta e

Essential boundary condition: G(X,¢), K,,[G(x,{)], x&€B
G(X,() : lateral displacement, K, [G(X, ()] : slope

Natural boundary condition: K_ [G(X,{)], K, ,[G(X,¢)], x€B
K. «[G(X, ()] : moment, K  [G(X,()]: shear force
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Boundary integral equation and null-field
Integral equation

0
K,.[]=
X O a,x[] an,
X Km,x[']: VVi +(1_ y) azn
D¢ " 1_ 0V, 1.0
vxl] o +( )8,[

87G(x, Q) =— [ U (s, 0K, [G(s, O10B(s) + [ O(5, 0Ky, [G(s, IdB(s)
_ f M (s, X)K, [G(s, O)1dB(s) + f V (s, X)G(s, )dB(s) +U((.X), X€QUB

— s o oy

47G(x,¢) = —R.PV fU(s x)KVS[G(s O)1dB(s) +R.PV. [ O, x)K [G(s,O)1dB(s)

l _RPV f M (s R 675[!:{3 J%‘i% vfbpx)e(s Q)dB(s)+U (¢ x), XEB
| 0=— [ U(s. 9K, [G(s, O1dB(s) + [ O(s. XK, [G(s, OIdB(s)

I —‘I;M(S,X)Kals[G(S, ()]dB(s)+j;V(s, X)G(s,Q)dB(s) +U (¢, x), xeQ°UB
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Present approach

Boundary integral equation Null-field equation
87G(x, Q) = — [ U (S, 0K, [G(s, O1B(S) + [ @ xKISRIOIBEOIBE) + [ (s, K, [G(s, OIdB(s)
— [ MG 0K, [6(5, O1dB() + [ V (s QU(SIIBLS)IG (5, OUB(S) + [ V (5, )G(s, )dB(s)
+U (¢, x), xeQUB +U (¢ x), xeQ UB
87K, [G(x 1= [ U, (s, 0K, [G(s, OldB(s+=[- &, KKIGIC(SIORBLS) + [ ©,(5, 0K, [G(s, )IdB(s)
— | M (5, 0K, [G(s, O1dB(s) + f f/, 14, 300K () OIdB(s) + [ V,(5,X)G(s, )dB(s)
+U,(¢ %), xeQUB +U,((,X), xeQUB
8K,y [G(% )=~ [ Un (80K, ,[G (s, O1dB() + J- PLUSERKIFEIDIBE®) + [ O, (50K, [G(s, O1dB(s)
— | M (50K, [G (s, O1dB(s) + VM5, 9GIK IBEX)IAB(s) + [ V., (5, 0G(s, ()dB(s)

+U, (¢ x), xeQUB +U_((,X), xeQ°UB
87TKV,X[G(X,C)]:—fBUV(S,X)KV,S[G(S,C)]dB(SpFﬁg%(&.@K)ﬂ%[@[@,(é)]@ﬂﬂgxs)+fB@v(S,X)Km,s[G(S,C)]dB(S)

— [ M,(5, 0K, [G(s, O1B(S) + . f/, M. A30()1IB (8)C)IAB(S) + [ V. (5, X)G (s, ()dB(S)
+U,(¢,x), xeQuUB +U,(¢,x), xeQ°UB
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Expansions of fundamental solution and
boundary density

Degenerate kernel — fundamental solution

U'(s,x)=>_ A (9)B(X), |s| >|X]
U (s, X) = - j
(5:%) UB(s,x) =) A (X)B;(s), [x|>]d :I
! ] \
Fourier series expansion — boundary density N

U(s,X)=r’Inr =

m+2

1

_Z[

=2

0

m(m +1) R’“
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P Jcos[m(@—¢)],

m(m—1) R™2

S B B R R R R R R R B B I R I I I

US(R,8;p,4)=R*(L+In p)+ p°In p—[pR(1+2In p)+1R—3]COS(0—¢)
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Relation among the kernels and
singularities

e=|x—5 Ko, () Kns() K0
| | |
—U(s,X) O(s,x) M(s,X) V(sX)
glne glne In¢ 1/ ¢
Kox() F=Uy(s,X)  0,(5,X) M,(5,X)  V,(s,%)
glng In & 1/ ¢ 1/ &*
Km,x () _>Um(S’ X) ®m (51 X) Mm(S’ X) Vm (S’ X)
Ing 1/ ¢ 1/ &° 1/ ¢&°

K, () —U,(5,X) ©O,s5%x) M/(s,x) V,(sX)
1/ ¢ 1/ &° 1/ &° 1/ &*

U(s,x)=r’Inr

IS the fundamental
solution, which
satisfies

V*U (s, X)
=870 (S —X)
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Series representation for the Green'’s
function of the clamped-free annular plate

Governing equation: V*G(x, () = % 5(x—¢)

where D is the flexural rigidity

Fixed boundary condition:
G(x,¢)=0,K,,[G(x()]=0

Free boundary condition:

Ko x[G (X, ¢)1=0,K,,[G(x,¢)]=0
Simply-supported boundary condition:

G(x,g) =0, Km,X[G(x, C)] =0
Unknown boundary conditions:

K, [G(s,Q)]= ZM: (a, cosnéd+Db, sinnd)
K, [G(s, )] = zMj(an cosnd -+ b, sinnd)

K, [G(s, Q)] = EM:(pn cosné+ g, sinnd)

M
G(s,¢) =) (P, cosnd+q,sinnd) 15
n=0



Null-field equations xes

o o 0=—J, UK, [GEANIAB(S) + [, O (s, X)K,AB(s, ()]dB(s)

— [ M 0K, IGEONBE + [ V(5,06 DdB()

~ [, U* (0K, [6(, 1B + [ 6°(5,00K,,,[6(s, OIIB(S)
- fB M® (s, K, [G(s, O)JdB(s) + fB Ve (s, X)G(s, )dB(s)

+U%(¢(,x), peb’

0= [ U5 0K IGHTOIBI(S) + [ 6, (5,01, 465, OIB(S)

= [ M2, (500K, S O0B() + [ V(5. 0G5 D)dB(s)

= [, U5 0K,[G(. OB(S) + [ ©°,(5, 0K, [G(5, OIdB(S)
o — [ M*,(5,0K,,[6(5, OldB(s) + [ V*,(s,X)G(5, O)dB(s)

+U%(¢,x), peb”
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Null-field equations xes

0=— fBlu (s, X) vas[Cj(x,/Z)]dB(s) + fBl 0'(s, X)K . )LG’(S, O)]dB(s)
_ fBlM‘(s,x)Kas[g,e{C)]dB(s)—k fBlVi(s,x)GMdB(s)

= JLUT60K,[6(5, O1dB(S) + [, ©'(5,X)K,,[G(s, )]dB(S)
—fBzM‘(s,x)Kg,S[G(s,g)]dB(s)+fBZVi(s,x)G(s,g)dB(s)

+U'((x), pea

0= J,U's(5. 0K, IGHTONABE)+ [ (50K, 8315, OIdBIS)
= [ M5 0K, JSEOBE) + [ V(5,065 408(6)
~ [, UL 0K,IGE.OIBE) + [ ©F,(5,%)K, [G(5. OI0B(S)
— [ MUy 0K,[G(5, OIAB(s) + [ V(5. )G (s, C)IB(S)

—I-Uia(C, X), pea
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Field solutions «xeo

B1G(x,() = [ U'(5, 90K, [G(s, ()]dB(5) + [, ©'(s.X)K,[6(5, O1dB(s)
- f M (s, X)K . [G(s, O)]dB(S) + f Vi(s, X)G(s, )dB(s)
B B
= J, U6 0K GG, OdB(S) + [ ©7(5, 00K, [G(5, OldB(s)
=, Me (0K, [6(s, OdB(S) + [ V*(5,X)G(5, C)dB(s)

#U(GX),1 a<x<b

—————

81G(x,¢) =~ [, U' (59K, [G(s.1dB(s) + [, ©/(5, 00K, [G (s, )]dB(s)
- f M (s, X)K, [G(s, O)1dB(s) + f Vi(s, X)G(s, ()dB(s)
B B
~ L U 0K, GG, OdB(S) + [ ©°(5. 0K, [G(s, O1dB(s)

— . M 0K, [6(5, O1dB() + [ V*(s,G(s,¢)dB(s)
87G(x,¢) = [ U'(5,0K,.[6(s,)AB(S) + | ©/(5,%)K,[G(s,1dB(s)
B B

= J M(5: 0K, [6(s, 1dB(s) + [ V'(5,0)G(s,)dB(s)
= L US 0K, GG, O1dB(S) + [ 6°(5 0K, [G(s, O1dB(s)

—JBZM (S’X)Ko,s[G(S1O]dB(S)+JBZV (S,X)G(S,C)dB(S)l8

+U'(¢x), a<x<R.

+US(¢X), R <x<b
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Problem statement (Laplace)

Governing equation:
VG (x,¢)=8x—¢), xeQ

Boundary condition:

8G<X’%nx+ﬂ6(x,§):0, xcB

where 5 Is the impedance coefficient

22




Analytical solutions

ik il el
l x¢—1 R :
|G(X,C)—21{;+In <+2Re w—ﬂj;i tdtH Closed-form :
| m X — —
|
|
!
|
3 00 m |
: 11 +In 1 > -> 285 ’ORZ)S] cosm(¢—6,)| Series-formi
: 27rlas ‘X_CHXC_a Sim(m—+ag)l a !
, i i i(6-— .
| where x=pe” (=Re" w=pRe"” Melnikov’s result ;
I————-——-——-—-——-——-—-——-——-————j ——r ==
nix—¢ l
:G( ()=(1+ablna) po+§:12 Zmﬂ(pmcosmngrqmsmmgb) - i :
| 1 ' R R |
Lwhere pp=——-—+ p =— ‘ cosmd, , =— < sinmd, 1
! 2map m(m+ag)a” m(m+ag)a l
. :
: |

Our solution

Equivalence iIs proved In the thesis




The convergence rate
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Potential contours

Melnikov’s (M=20) Present method (M=20)

a=3 R.=15 0, =0 B =2
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The limiting case (fixed) s
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Closed-form solution:
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Analytical solutions

é Robin boundary condition (Laplace)
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Problem statement (Biharmonic)

a,”  \ G(x¢)=0, K, [G(x()]=0, xeB
------- e
R. ¢ Governing equation:

VG (x,¢)=68(x—¢), xe

28




Analytical solutions

' 1
| G(x, () =———(a" —p*
b 167D
1
S 9= 5.5 2

+2mp° p, + 27’ 1+2Ina)p —

______ ﬂ

s

(x,{) =—2map’(1+1Ina)a, —27ra3lnaa
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27ra
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3
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Displacement contours

Present method (M=1)

Szilard’s approach

Melnikov’s approach
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Displacement contours




Displacement contours




Analytical solutions

é Robin boundary condition (Laplace)
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Discussions on Adewale’s results

Ajayi O. Adewale, 2006, Isotropic clamped-free thin

annular circular plate subjected to a concentrated load,
ASME Journal of Applied Mechanics, 73, 658-663.

N Four boundary conditions
U= Z R, (r)cosmd——v*u=0— Treffiz bases <
m=0

Four continuity conditions

Simulation of a concentrated Ioa(> l

Displacement «—— Unknown coefficients
The definition of shear force
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Simulation of a concentrated load

. (2k—1)7r
1, g2 k—1)6],0<0
P~P|T —I—%ﬁﬁ Pk —1)6,0< 6 <
2+k2:; B xesf2k —1)6,0< 9<
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The definition of shear force

[83 10,18 m o
2

_|__
or* r*or ror’ r®or
|
|

Di(vzu)+£2‘[)(1 V%[%%]

0
ot,

0 | ou
on, | ot
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The results

" - ——
—O— a0s
A a=06
0.008 —| % a=0.
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0.002 - ° 00 +. s
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a=04, 05 06, 0.7 D=1 3 - Present method
b=1.0 v=0.3 | M=50
a _I_ b WD 0.002 —
R —2td K =22
2 P

37




The results

Adewale’s
ABAQUS

a=04, 05 0.6 07 D=1 g Present method
RC — a——|—b kmr — M TD
2 P o \ \
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The results

Adewale’s
ABAQUS
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The results

Adewale’s
ABAQUS
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Displacement contours
(fixed-free)

Present method (M=50) ABAQUS
@=04 - b=1 . R. =07 : 0. =0
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The slope, moment and shear force
contours

T —T T T —T

Moment Shear force

: HC:O’ M =50)
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Displacement contours
(fixed-fixed)

T T T T
2 4 6 8 10

Present method M =50 ABAQUS
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Displacement contours

(free-simply supported)
Present method (M=50) ABAQUS
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Conclusions

[ An using and
for has
been successfully proposed to solve Green'’s function.

[J According to analytical results,
can achieve accurate solutions.

[ was obtained after compared with
previous results, exact solution and ABAQUS data.

[0 Adewale’s results were reexamined.

1 Five goals of ,
and

are obtained.
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Further studies

[] Degenerate kernel for ellipse, crack or
square.

] 2-D problems to problems.
[ with degenerate kernel.

[] Plate problem subject to a concentrated
load with

et @ 48




The end

Thanks for your kind attention.

Your comments will be highly appreciated.

Welcome to visit the web site of MSVLAB: http://ind.ntou.edu.tw/~msvilab
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Simulative test

What is the Kirchoff plate ?

How to use the image approach in Robin
boundary condition ?

Why didn’t the plate problem involve the
Robin boundary condition ?

rafhy @ 50




