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Laplace problem

Two-dimensional Laplace problem with a
circular domain

G.E.: Vu(x)=0, xeD

B.C.: u(x) —u, XxeB

where
v? denotes the Laplacian operator

u(X) is the potential function

£ Is the radius of the field point

¢ is the angle along the field point
Mechanics, Sound and Vibration Laboratary ~ 4



Biharmonic problem

Two-dimensional biharmonic problem with a
circular domain

X Splittin .
G.E.:v U(X)—L XeQ nl\aefhodg Vu'(x)=0,xeQ

> ) )
B.C.:u(x)=0,0(x)=0,xeB u"(X)=u (X),d(x)=0 (x),xeB

W= constant

u(x) : deflection of the circular plate

D : flexure rigidity

w(x) : uniform distributed load

/4/ ///
< T

u(x)=0,6(x)=0

Q : domain of interest
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Trefftz method and MFS

Method Trefftz method MFS
Definition u(x) :ZT:CJUJ(X) u(x)=NiA:wju(x,sj)

Base U;(X) (T-complete function) U(x,s)=w(r), r=[x-s|
G.E. £u(x)=0, xeD £U(x,8)=0, xeD (singularity at s)
Match B.C. Determine c; Determine w,

N 1 is the number of complete functions
Nm is the number of source points in the MFS
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Laplace problem

Two-dimensional Laplace problem with a circular domain

G.E.: Vu(x)=0, xeD B.C.: u(x):a, XeB

_ Exterior \\\\\\\\\\\\\\\\\;\\




Trefftz method

Representation of the field solution :

2NT +1

u(x) = Z WU (X)

where

2N; +1 is the number of complete functions

W; Is the unknown coefficient

U is the T-complete function which
satisfies the Laplace equation
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T-complete set
function

1 Vi1l=0

\

. Laplace
VZ?p" cos(ng) =0 Equa'l'ion

p" sin(ng) _—

V2 p"sin(ng) =0

p" cos(ng)

where : 52 1 5 1 52
V*© = —+ + — >
op® pop p° 09
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Derivation of unknown
coefficients (Trefftz)

T-complete set functions : Interior: 1, p"cos(ng), p" sin(ng)

Exterior: [N p, ,O_n cos(ng), ,O_n sin(ng)

Ny Ny

Field solution: Interior : u' (a,¢) =ag + Z apa cos(n¢)+ Z bpa" sin(n ¢)
n=1 n=1
N N

Exterior : uf(ag)=agha+ Z:ana_n cos(ng) + ana_” sin(ng)
n=1 n=1

By matching the boundary condition at o =a

Interior ag = ao, Exterior 1 —
. = . ao = _ao’
problem: a0 problem: In a
ap =—, n=12,..Nt —
a a,=a"an, n=12,..Nt
b —
b =_|:] n=12,.Ny bn Zanbn n=1,2,...NT

a
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Method of Fundamental
Solutions (MFS)

Field solution :
s:(R,H)I,'

Nm
u(x)=> cU(xs;), s;eD
j=1

where
N,, is the number of source points in the MFS
C; isthe unknown coefficient

U (X,s.;) is the fundamental solution

D® is the complementary domain
S isthe source point

X is the collocation point
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Fundamental Solution

VU (X,8) = 276 (X — )

4

U(x,s)=In(r) |r=x-¢

where
2 2
v az+1 0 12 az
op pop p-0¢
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Derivation of unknown
coefficients (MFS)

U'REp. ) =IR) -3 = (2 cos(o-4). R=p
Degenerate kernel : UR6,p,4)=Inr- e E
U RO p ) =Ip) -3 ) cost0-). R<p

n=1

Ny )
Field solution: Interior : u'@g= cjin(R)-> 2(2)" cos(n(d; - )], 0<¢ <2z

j=1 n=1

Ny 0
. uB(a,g) = : _N 1 Ryn o
Exterior : U (a’¢)—ZC,[ln(a) ;n(a) cos(n(@ —¢))], 0<g<2r

j=1
. 1 - Ny
Interior _ Exterior ao=Y ¢
ao = ¢ In(R) In(a) j=1
problem: ™~ &” problem: \
_ . B u
% = —;Cj%(%)“cos(nej), n=12,..N, a"an =—; Cj F(R)n cos(ndj), n=12,..Ny
be M 1 1., . N
LN P e | 0), n=12..N, _ =
p' ;Cln(R) sin(nd;), a”bn=—20j%(R)”sin(n9j), n=12,.Npm
j=1

Mechanics, Sound and Vibration Laboratary ~ 14



Outlines

1. Laplace and biharmonic problems

2. Trefftz method and MFS
3. Connection between the two methods

4. Numerical examples

5. Conclusions

Mechanics, Sound and Vibration Laboratary ~ 15



Relationship between

the two methods
fwi= [KJlcl] B setting aNr+1= Ny = ont

Trefftz MES
Trefftz MFS method
( ao ) Interior: ( Cl )
a; C,
a C
w=< 1t c={ "}
b, o
Exterior:
a'N C2N
kbN ) \C2N+1 )
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Matrix (K=Tz T, )

1 1 1
cos@)  cos@,) -+ oo oo oo oo COSEopag)
sin@)  sin@,) -+ o e e oo SIN@opag)
cosQ0,) cos(20,) -+ -+ oo oo oo COS(20np.1)
[Tol= SinQ6,)  sin@6,) -+ - o e oee SINROy L)
cos(N&,) cos(N&,) --- == «o - - cOS(NOoy,1)
SINNG ) sin(NGy) - oo e e e Sin(N92N+1)_(2N+1)x(zN+1)
2N+1 0 ]
2N +1
5
I::> [TellTe]" =| O 0 2N2+1 S
: : e 0
0 0 0 2N +1
L 2 JaN+D)x(2N+1)

1
N+—
2
I:; det[T,] = (2N ;Nl) # 0, N e natural number
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Matrix (K=T;T,)

R>>a ill-posed
ek problem
Degenerate scale
problem

In(a)
In(a) R<<a ill-posed
N — o0 problem
Nonunigueness
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The nonuniqueness problem

The nonuniqueness

problem
Rigid body Degenerate scale Hypersingular BIE for
for Neumann problem in plane BVP multiply-connected problems
.Z: = specified . specified .
[U{t}=[T {u} [U Tt} = [T {u} [U]{t}=[T]{u} Degenerate scale
[LIt}=[M{u} [L{t}=[M{U} Nonuniqueness
Mathematically and Mathematically realizable Mathematically realizable

physically realizable
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Trefftz method and MFS for
biharmonic equation

Analytical solution:

N+ N; N; N+
U (p.g) =29+ ) anp" cos(mg) + > by p" sin(mg) + ¢y (p%)+ Y cnp™? cos(mg) + 3 dyy o™ sin(m)
m=1 m=1 m=1 m=1

Trefftz method:
8 u (x)

Field solution : u(x)=> g,u}(x) 6(x)= Zh@(x)
j=1

T-complete functions: 1 p™ cos(mg), p™ sin(mg), p*, p™* cos(mg), p™** sin(mg)

MFS: .
Field solution : u(x)=> v;u(xs)),
j=1

N v N v
8U(X) =0(X) = Zv aU(XS) Zv O(x,8;)
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Relationship between the
Trefftz method and MFS

R?InR R°INR v e R?InR
— —R@+InR)cos@) -R@+InR)cos®)  --- --- —R@+InR) cos@NM )
?—a{: —R@+InR)sin@) -R@+INR)sin@) -+ --- —R(1+InR)sin(9NM)
; ) o) o (e e () Feosi, )
a N(J_l)(%w—zsinm) N(J_l)(%)N—Zsin(Nez) N(J_l)(%)N—Zsin(NeNM)
bal?l ]i+|nR ]j_+|nR ------ 11+InR
o %cos@) icos@) ------ %cos@NM )
d L Liney 1
31 2Ran(H_L) 2RSI_n(ﬁz) 2RSIr_I(HNM)
N -1 “1 1
% N(N +2) qeostia) N(N +1) o) N(N +1)WC°S(N9NM)
1. 1 1.
R N R N R )

J(@aN+2)x(4N+2)

Coefficients of
the MFS

Coefficients of the
Trefftz method

Mapping matrix
[K]
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I.TR] =

Decomposition of the K matrix

[RIR

~RA+2IR)

~RA+2InR)

ot
RPN(N-)

1

R:2NIN-D

1+InR

Bl

Bk

1
RIN(N-+)

RIN(N+D) |

1

cosg,  cosfd, - - COSOyNs1  COSOyNao
sing ~ sing, .- - SiNGyng  SINGyN.o
: cosNg cosNg, --- .- COSNGyp,1  COSNOyp,0
- sinNg,  sinN@, - - SiNNGyp.;  SINNG,y.»
o7 1 e e 1 1
: cos§  cosf, - -e COSOyns  COSOyn.p
sing  sing, .- - SiNGynyg SINGyN.o
(4N+z)x(4miz) cosNg cosNg, --- - COSN6yp,;  COSNGyp ;0
5 sinNg, sinN@, --- --- SINNGN,;  SINNG 5 |

(4N +2)><(4N+2)§

— det[T,]=2(2N +1)*N*™ %0
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Diagonal matrix 7,

[TR]:

InR =0

1+2InR —
1+InR -0
L

S

RN2N(N-1)

1
-1

Existence of the . Lim

degenerate scales R

R

{9 an+2pa =[K]ansox@an+2) Vi taniza

-1

Degener I —
egenerate scale :> R=e°, 62, el:>

problem

1

RYN(N +12)

1
RVN(N +1) |

(AN+2)x(4N+2)

O. K.

Nonuniqueness
(in numerical aspect)
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The occurrence of the degenerate
scales using the MFS

Special size:

Degenerate scale
problem

U

Mathematics: rank-deficiency problem

(nonuniqueness problem)

U

Numerical failure

o : position of the source points
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On the complete set of the Trefftz method
and the MFS using the degenerate kernel

T-complete functions of the Trefftz method:

(1@ cos(mg), p" sin(mgh(p’ kG cos(me), p

Degenerate kernel of the MFS:

m=0 m=0
U (p.4) =p* L+ InR)+AJRZ INR~(L+ 2In R)R,ocos(é?—gé)—71—%008(49—415)

m+2 00 m

—Z £ cos(m(0—¢))+y P cos(m(@—¢))

. )
~/m(m+1)R™ ~m(m-1) r"
m=2, 3..... m=2, 3.....

m=1 m=1
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Comparison between the
Trefftz method and MFS

Trefftz method MFS
Objectivity
(Frame of difference) Bad 6ood
Degenerate scale Disappear Appear
Ill-posed behavior Appear Appear
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The efficiency between the
Trefftz method and the MFS

We propose an example for exact solution:

u(r, @) = pat cos(5080),

U

Trefftz method : MFS :
N+=50 N,,<50
L L
N=101 terms N < 101 terms
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Numerical Example 1

G.E.:Vau(x)=0
B.C.:u(x) =cos(36)

B

1
Exact solution: u(r,d) =r3cos(39) u(r,d)=clinr +r—3<:os(39)

1. Trefftz method for simply-connected problem

2. MFS for simply-connected problem
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Trefftz method

Trefftz method for the simply-connected problem

Interior problem

Exterior problem

Exact solution

Numerical solution

Exact solution

Numerical solution

. 4

7

Y

"
- S\

Exact solution

-1.0 -08 -06 -04 -02 00 02 04 06 08 10

5 Points: B.C. aliasing
base deficiency

|

=

<<%

* 0710 08 -06 -04 - 00 0 4 0.
9 Poi ntS «  Trefftz method (5 sets)
1077 7 "
06

SN

e ——

04
7
02
00
-02-)
f
A
049)

=

A\

02}
)
P

7

/
"

Trefftz method (9 sets)

a=1

5 Points:
B.C. aliasing
Failure (Inp)
9 Points:

Failure (Inp)

a=2

5 Points: -

B.C. .
aliasing  :
9 Points:
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MFS

MFS for simply-connected problem

Interior problem

Exterior problem

Exact solution

Numerical solution

Exact solution

Numerical solution

7

&

o )
< \i”

00 02 04 06 08 10

Exact solution

5 Points: ..
BC.
aliasing -}

9 Points: - §

55 Points:{

MFS (55 sets)

a=1:

5Points: -
B.C. aliasing
Failure (Ina) |

9 Points:
Failure (Ina) -

" /
4

Exact solution (r=2)

5 Points:
B.C.
aliasing

L

00,
10
20
a0
a0
50
S0 40 30 20 0 30 40 50
MFS (5 sets)
0
30
20
10 4
00 5
10
20
30
40
a
50 40 30 20 10 00 10 20 30 40 50
MFS (9 sets)

9 Points:
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Numerical Example 2

G.E.:V°¢=0 ﬁ

=1 '
. In p 1 16p° +1+8pcosd
2 u(pg) = uip.9) =
Exact solution o E (0.4) 2|n2{p2+16+8pcos¢

1. Trefftz method for multiply-connected problem
2. MFS for multiply-connected problem
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Trefftz

Trefftz method for multiply-connected problem

Concentric circle

Eccentric circle

Exact solution | Numerical solution

Exact solution Numerical solution

26 Points 26 Points

6 Points

14 Points

26 Points

2577 7z 7
20
15
1w/
i
054
00
05
A
109}
15
20
25 22 >
15 10 05 00 05 10 15 20 25 3
Trefftz method (tt=1)
7 7z 2
20 4
15
10
7
o5
%
o0
|
05
h
,1!) 2
152%
20 y
25 e 7
A5 10 05 00 05 10 15 20 25 3
Trefftz method (tt=3)
254, Y <2277
20
15
10
7/
N
. /
054
i
’ /
10D
15
20 o
25 22 7
15 10 05 00 05 10 15 20 25
-
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MFS

MFS for the multiply-connected problem
Eccentric circle

Concentric circle

Exact solution | Numerical solution Exact solution Numerical solution

Inner circle: a1:0_9 Inner: 20points; outer: 60points; inner a,=0.9

Inner circle: 20 outer circle :a,=2.6 Inner circle: 20 points outer a,=2.6 outer a, =3.0
points outer circle: Inner circle: 20 poi ter circle: 60point '
) : 20 points outer circle: 60points ‘ —
60points outer circle: 60points 1 ' f\\ |
, o= @ €
u(p,4) =—2L 2’ | |
R 16p% +1+8pCosa
In2.5 £ £ outer a, =4.0 outer a, =10.0

p>+16+8pcosa e

| AN 5N

@ o

— , > ‘

@ o O
C ))/ f Inner: 20points; outer: 60points; outer a,2.6
/ inner a,=0.5 inner a, =0.3

11111111 N
@ @
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Conclusions

. The proof of the mathematical equivalence between the
Trefftz method and MFS for Laplace equation was
derived successfully.

. The T-complete set functions in the Trefftz method
for interior and exterior problems are imbedded in the
degenerate kernels of the fundamental solutions

. The sources of degenerate scale and ill-posed behavior
in the MFS are easily found in the present formulation.

. It is found that MFS can approach the exact solution
more efficiently than the Trefftz method under the
same number of degrees of freedom.

. The content of this talk will be published in Computers
and Mathematics with Applications.
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The End

Thanks for
your kind attention



Degenerate kernel

Degenerate kernel :

U(R,0,0,4) =+

U'ROpH)=INR)- 3, =) cosm(0-). R>p

UE(R,e,p,@=In<p)—Z;:_l%(%)mcos(mw—qﬁ», R<p

Symmetry property for kernel :

U(x,s;) =

Nm
U(s;,x) ——> u(x)=> cu(s;,x), s; eD".
j=1
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Degenerate kernel

(stepl)

Step 1

U (s, x) =In(r) = In|s — x|

o

X: variable

s: fixed
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Degenerate kernel
(Step 2, Step 3)

Step 3

U'(R0,p.9)=T(p) =3 ()" cos(m(6~9), R>p

U (RO,p.4) = IN(R)- Y —~(E)" cos(m(@-¢)), R<p
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Derivation of
degenerate kernel

Use the Complex Variable method to
derive the degenerate kernel:

Motivation: Z=Inr+16

X=(p.4) > 12, s=(R,0)>z

—

Nnp+ig (X

7
7=INR+i6 (s)
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Derivation of
degenerate kernel

Not important

Q_Z |n(E—z)=|nr
—> Inr=Re[In(z-2)]

S
> In(z—2) =In E(l—i)
i<1 ——> Inl-x|= i%

V4

Due to:

—) Re[lnz+2<—)(—) ]= Ian(—)( =)cos(m(@-¢))
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