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Abstract

The purpose of this paper is to propose an analytical method to solve natural
frequencies and natural modes of a circular plate with multiple circular holes by
using the null field integral formulation, the addition theorem and complex
Fourier series. Owing to the addition theorem, all kernel functions are
represented in the degenerate form and further transformed into the same polar
coordinate from each local coordinate at center of all circles. Not only avoiding
the computation of the principal value but also the calculation of higher-order
derivatives in the plate problem can be easily determined. According to the
specified boundary conditions, a coupled infinite systems of simultaneous linear
algebraic equations are derived and its solution can be obtained in an analytical
way. The direct searching approach is adopted to determine the natural frequency
through singular value decomposition (SVD). After determining the unknown
Fourier coefficients, the corresponding mode shapes are obtained by using the
direct boundary integral equations for domain points. Some numerical results are
presented. Moreover, the inherent problem of spurious eigenvalue using integral
formulation is investigated and the SVD updating technique is adopted to
suppress the occurrence of spurious eigenvalues. Excellent accuracy, fast rate of
convergence and high computational efficiency are the main features of the
present method.
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1 Introduction

Circular plates with multiple circular holes are widely used in engineering
structures [1], e.g. missiles, aircraft, etc. These holes usually cause the change of
natural frequency as well as the decrease of load carrying capacity. It is
important to comprehend the associated effects in the work of mechanical design
or flight control of the structure. As quoted by Leissa [2]: "the free vibrations of
circular plates have been of practical and academic interest for at least a century
and a half", we revisit this problem by proposing an analytical method.

Over the past few decades, most of the researches have focused on the analytical
solutions for natural frequencies of the circular or annular plates [3-6]. Recently
some researchers intended to extend an annular plate [7, 8] to the plate with an
eccentric hole. Lee et al. [9, 10] proposed a semi-analytical approach to solve the
free vibration analysis of a circular plate with multiple holes and pointed out
some insufficient accurate results in [8] after careful comparisons.

It is clear that the number of variables can be dramatically decreased by using
boundary element method (BEM) or boundary integral equation method (BIEM).
For BEM applications to plate problems, readers may consult with the review
article [11]. By using the BIEM to analytically solve the problem of plate with
multiple holes, two questions need to be solved. One is the improper integral in
the boundary integral equation; the other is that both field point and source point
are located on different circular boundaries. These problems have been treated by
using the degenerate kernel and tensor transformation [9, 10], respectively. But
tensor transformation accompanied with the higher order derivative increases the
complexity of computation and then affect the accuracy of its solution [9]. In
addition, the collocation method in [9, 10] belongs to point-matching approach
instead of analytical derivation. It also increases the effort of computation since
boundary nodes for collocation are required.

This paper presents an analytical approach to solve the multiple-connected
domain plate problem by using the null field integral formulation, addition
theorem and complex Fourier series. Some numerical computations are
presented. Moreover, the SVD updating technique [10] is employed to suppress
the appearance of spurious eigenvalues.

2 Problem statement & direct boundary integral formulations.

2.1 Problem statement of plate eigenproblem

As shown in fig.1, a uniform thin circular plate with A circular holes centred at
Oy (k=0,1,...,H) has adomain €2 which is enclosed with boundary
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where R, denotes the radius of the kth circle and O, is the position vector of the
outer circular boundary of the plate. The governing equation of the free flexural
vibration for this plate is expressed as:



Viu(x)= Yu(x), xeQ 2
where Vv* is the biharmonic operator, u is the lateral displacement,
X =w’p,hl D, A is the dimensionless frequency parameter,  is the circular

frequency, p, is the volume density, & is the plate thickness,
D=ER*/12(1— 17 ) is the flexural rigidity of the plate, £ denotes the Young’s
modulus and 4 is the Poisson’s ratio

Figure 1: Problem statement for an eigenproblem of a circular plate with multiple
circular holes

2.2 Direct boundary integral formulation

The integral representation for the plate problem can be derived from the
Rayleigh-Green identity [12] as follows:

u(x) = f U (s, x)v(s)dB(s) — f O(s, x)m(s)dB(s)
B B 3
+ f M (5, x)0(s)dB(s) — f V (s, x)u(s)dB(s), xeQ ®)

where B is the boundary of the domain Q, u(x) is the displacement, s and x mean
the source and field points, respectively. U(s, x), @ (s, x), M(s, x) and (s, x) in
eqn. (3) are kernel functions. The kernel function U(s, x) in eqn. (3),

U(s,x)= S;D[Y,,(/lr) —iJ,(Ar) +§K0 (/lr)‘, 4
is the fundamental solution which satisfies
VU (s,x)— k*U(s,x) =6(s — x) (5)
where §(s-x) is the Dirac-delta function, J (ir), Y,(Air) and K, (Ar) are
Bessel functions, rE‘s_x‘ and ;2=-—1. The other three kernel functions, @ (s,
x), M(s, x) and V(s, x), in egn. (3) can be obtained by applying the following
slope, moment and effective shear operators defined by
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to the kernel U(s, x) with respect to the source point, where 5/onand 5/t are

the normal and tangential derivatives, respectively, V2 means the Laplacian
operator.

Ky = —D{w? O+ - w2 (')} @)

2.3 Null-field integral equations

The null-field integral equation for displacement can be derived from eqgn. (3)
and by moving the field point outside the domain. It is expressed as follows:

0= f U (s, x)v(s)dB(s) — f O(s,x)m(s)dB(s)

9
i f M (s, %)0(s)dB(s) — f V(s,x)u(s)dB(s), x€Q°UB, ®)

where Q¢ is the complementary domain of Q. It is noted that once kernel
functions are expressed in proper degenerate forms, the field points can be
exactly located on the real boundary, thatisxe Q° UB.

2.4 Degenerate kernels and Fourier series for boundary densities

In the polar coordinate, the field point and source point can be expressed as (p,¢4)
and (R,0), respectively. By employing the addition theorem [13], the kernel
function U(s, x) is expanded in the series form as follows:
U'(s,x) = 81% i V., Op)Y, (ZR) —iJ,,(AR)] + 2 LUK, (AR} p<R
— T
U.' m=—00
VA =g 30 WL ORE )1, Gp)l+ 2 1GRIK, G} p= R
v m=—o00 T
where the superscripts "I and "E™ denote the interior and exterior cases for U(s,
x) degenerate kernel to distinguish p < R and p > R, respectively, as shown in
fig. 2.

(10)

x=(p.#
£=(R.8)

Figure 2: Degenerate kernel for U (s, x)



The displacement u(s), slope g(s), moment m(s) and shear force v(s) along the

circular boundaries in the null-field integral equations can be expanded in terms
of complex Fourier series, respectively, as shown below:

u(s,) = Z ae" .  s,eB, k=0,..H (11)
0 (s,) = Z bfe™ ,  s,e B, k=0,..H (12)
m(s) = i cje["gk , s,€ B, k=0,..H (13)
Vi(s) = Z die™ | s, e B, k=0..,H (14)

where ¢*, p*, cfand d,f are the complex Fourier coefficients of the kth circular
boundary and g, is its polar angle.

3 Analytical eigensolution for a circular plate with multiple
circular holes

To present formulation clearly and without the lose of geniality, a clamped
circular plate (1’ = 6’ = 0) with H circular holes subject to free edge (m* == 0;
k=1,....H) is considered. Considering the null field near the circular boundary B,
eqgn. (9) can be explicitly expressed as:

0= I UE(SO'xo) VO(So)dBo(So) - I @E(Sovxo) mo(so)dBo(So)

i (15)
= 2 [ ME (s %,) 0 (5,)dB, (s,) = [ VF (54,3, )u' (5,)dB, (s,)
k=1, B,
By substituting the degenerate kernels, such as egn. (10), and eqgns. (11-14) into
the egn. (15), employing the analytical integration along each circular boundary
and applying the orthogonal property, eqn. (15) yields

= 4’;15‘) f‘,{J (AR)IY, (4py) = sz(ﬂpo)]+ 1,(AR)K,, (2po)}d &
Z fg i{Jm(ﬂRo)[Ic,(ﬂpo) i, (Apo)l+— 2 1" (AR)K, (Apy))cle™
7R, ’ L, . o (16)
_; 472 Z{Jm(ipk)[am(le)—zam(iRk)]+71,n(/1p,c)am (AR,)Y'e
ﬂRk

2 Z{Jm(ipk)[ﬂ (AR,)=if3, (AR)]+— ln,(/ipk)ﬁ’ (AR )}a,e™"
41

where the (p0,¢0), (p,8)s - (p,.¢,) are the coordinates for the field point x

with respect to each center of circles. From egns. (7-8), the moment and the
effective shear operators, o (1) and g*(4p) are defined as, respectively,



o (zp)=D{<1—ﬂ>)“”§f”){(1—mZzmﬂxmup)} (17)

P (36) :D{[’”Z(l—ﬂ)i(ﬂp)z])(”’p(fm—mz (1—;:))(’";?’0)} (18)

where the upper (lower) signs refer to X = J, Y, (I, K), respectively. The Bessel’s
differential equations have been used to simplify o * (1) and g*(1p) -

Based on the Graf's addition theorem for Bessel functions given in [13, 14], we
can express the theorem in the following form

J,(Ap, )" =3 T, (Ar, )" T (Ap, )™ (19)
L,(Ap, )" =31 (Ar, """ I (Ap,)e™ (20)

n=-0
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Ym (ﬂpp )emz¢l, _ n:(;ao | (21)
z Jmaz (j’rpk )el('117’7)6,1k Yn (ﬂ’pk )e”w}k 1 pk > rpk

n=-ow

| XYL G L™ gy
Km (}Vpp)emws’, ="

> YL, (A 6K, (Ap)e ™ p >y,

n=-0n

where (,0,,-¢,, )and (p,, 4, ) shown in fig. 3 are the polar coordinates of a general

field point x with respect to O, and O,, which are origins of two polar coordinate
system and ( o gpk) are the polar cooninates of O, with respect to O,.

(22)

Figure 3: Notation of Graf's addition theorem for Bessel functions
By using the addition theorem for Bessel functions J (ip,), Y (1p,) and

K, (4p,) €dn. (16) near the circular boundary B, under the condition of p, > 7
can be expanded as follows:
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Furthermore, eqn. (23) can be rewritten as

H 0
0 = z e"”% <Ar?z (ﬂ’p())dl(r)r +B;?1 (ﬂ’pﬂ)ci +z|: z mn (ﬂ’p())bk + Z mn (ﬂ’pﬂ)a :|> 24)

k=1 n=-w
where

+— ﬂ (AR, )Z L., (Ano e "%, (Ap,)}e" a "}

4,(Apy) = %{Jm(/lRo)[Ym(ﬂpo) —i/,,(20)] +%1m(/1Ro)Km(ipo)}

(25)

Bp0) =~ L GRIT, Gpe) ~i0, ) + 2 LLRIK, o)} (26)
£ ()= 422 &L () AR, (20 i, (4py)]

+ 2 ()L ()l ARIK, (o)} 0

B () == €, (i) AROIY, (40) =10, ()] -

+§(—1)"*"71n,m (Ar0) B (AR)K, (2p,)}

By differentiating eqn. (24) with respect to o, the equation for the slope & near
the circular boundary By is given as

0= i e <C2(/1ﬂo)d,3 +D2(/1po)cgz +i{ i mn(ﬂpo)bl\ + Z mn (/Ipo)a :|> (29)

k=1 n=—w
where C°(2p,) » D°(4p,) » C! (4p,) @d D* (1p,) can be obtained by

differentiating A2 (Apy) s BY(Apy) s Ar’;n(gpo)and B (Ap,) in egns. (25-28) with
respective to p, .

Similarly, considering the null field points near the circular boundary B, (p=1
H), egn. (9) can be explicitly expressed as:



0= _[ U’ (59, %) Vo(so)dBo(so) - _[ @[(sovxo) mo(so)dBo(So)

By By

=5 [ M7 (5,,%,) 6 (5,)dB, (s,) — j V7 (s, )u' (s5,)dB, (s;)
k= 1B,
where y =1, k=p; y = E, k#p.
By substituting degenerate kernel functions and complex Fourier series into egn.
(30) and then applying the addition theorem, eqgn. (30) yields

} (30)

0= i " ( EL(2p,)d} +F, PMP,,)C“Z{ Z E,.(Ap,)b; + Z mn(ﬂpp)an} (31)

where
EL(ip,) =% 3 R 1 Gp el (AR ) —ia AR )]+ 2 1,,1(ﬂpp)a: (AR )} (32)
Fr(Ap,)=- 5 U, Gp B AR ) -if (AR )]+ 2 Im(zpp)ﬁ: (AR )} (33)
4’;15;) O, (W o T, (AR ) i, (2R)]
+31,,_,,1(141))1,”(@,,)19uRk)}, k=0
E, (Ap,)= R d (34)
e e LT (p,)al (ARIY, , (An,) —iJ,_, (An,)]
+3(—1)"'1mupp)a:(AR»K,,,W(%)}. k20p
T
I, ()0, G EGR) - (R
W20 )KL GR)Y, k=0
FLP)=| (35)
e (A B AR, (45,) =1, (2, )]
F 21,049, B ARDK, (An)}  k#0p
T

By differentiating eqn. (31) with respect to P, the equation of the slope 6 near
the circular boundary B, is given as

0= ¢ G2 (Ap,)d! + H:(4p, )b+ [ 3 Gl (0l + 3. H,, U, e, } (36)
n=—00 k 0 Ln= n=—ow
k#p

where Gl(Ap,) » HL(Ap,) m(ﬂpp) and H* ,(Ap,) can be obtained by
differentiating E!(Ap,) FL (Ap,) » E* (4p,) and Ff,‘n(ipp) in egns. (32-35) with

mn

respective to .



By setting p, 10 R and applying the orthogonal property of {e"* } (p =0,
1,...,H), egns.(24), (29), (31) and (36) yield , for m=0, +1, £2, ...; n=0, %1,
+2,...,p=1,..H,

H
A% (AR,)d? + BY(AR,)C] +Z{

m

i AL (AR)BS + Z B! (AR))a’ }

n=—0m

m mn

Co(AR,)dy + DS (AR, )cn + Y { Ct (AR,)b) + ZD,’;”(AR )a! }

X

(37)

E!(AR))d} +F}(AR )c"+2{ > EL(AR,)b) + Z Fl.(AR))a }:

k#p

GI(AR,)d} +H.(AR, )C”+Z{ > Gh(AR)b + Z H!,(AR,)a] }

m mn
k=0 [_n=—M

eqgn. (37) results in a couple infinite system of simultaneous linear algebraic
equations for the coefficients ¢* , p*, ¢ and ¢*, k=0,..., H. In the following

computation, only the finite M terms are used in eqgn. (37). According to the
direct-searching scheme [12], the eigenvalue are obtained by applying the SVD
technique [15] to the matrix from egn. (37). Once the eigenvalues are found, the
associated mode shapes can be obtained by substituting the corresponding
boundary eigenvectors (i.e. the complex Fourier series representing the fictitious
boundary density) into the boundary integral equations.

4 Spurious eigenvalue for multiply-connected plate
eigenproblem using BEM

In this section, SVD updating technique is adopted to suppress the appearance of
spurious eigenvalue which cause the present method fail. The concept of this
technique is to provide sufficient constrains to overcome the rank deficiency of
the system. Since four null field integral equations for the plate formulation are
provided [10], there are 6 (C (4,2)) options for choosing any two equations to
solve the eigenproblem. The U@ formulation in section 3 uses the first and the
second equations. To provide sufficient constrains, the UM formulation is
alternative, which uses the first and the third equations. Applying the moment
operator of egn. (17), to eqgns. (24) and (31), respectively, yield

0= z g <P0(/1P0)d0 +0y (Apy)en +2|: Z Py (Apo)b; + Z 0., (o), }> (38)

m= k=1

n= n=

0= 3 ¢ | 202 41, (ﬂpp)mz[z S+ 3 ,,,,up,»a,,} (39)
m=—w0 k=0 Ln
k#p

where pY(2p,) 1 O0(4p0) 1 Pl(Ap0) + O (Ap0) 1 SE(Ap,) s TE(2p,)+ Sk, (Ap,)and
! (4p,) can be obtained by applying the moment operator to

mn



4,0p0) + Bo(py) + 4,,(Ap0) » B, (Apo) + EL(Ap,) + FL(Ap,) + EL,(4p,) aNd
F (Ap,)With respective to p .
By setting pp to Rp and applying the orthogonal property of {e™”* } (p =0,

1,...,H), egns.(24), (38), (31) and (39) yield , for m=0, +1, £2, ...; n=0, %1,
+2,...;p=1,..H,

H o0 o0
LR + BAR)C +z{ S AR+ S an<xzeo)a:} ~0
k=1

n

—0 n=-ow

By (ARy)d,, + 0, (AR ), +

H|:
k=1Ln

S PR+ Y O (M@a,’:} -0

0 n=-wn

< d 40
EJ(AR,)d} + F{ (AR, )c+ [ZE“ (AR,)0}+ Y. F, umaﬁ}:o (0)

m m mn mn
n=-M

k=0
k#p

H M 0
SZ(AR,)d! +Z:(1R,,)cf;+2{ D SE(ARbE+ D TE (AR )ay } =0

k=0 Ln=-M
k#p

which is called the UM formulation. By using the concept of SVD technique of
updating terms, combing egns. (37) and (40) can filter out spurious eigenvalues.

5 Numerical results and discussions

To demonstrate the proposed method, the FORTRAN code was implemented to
determine natural frequencies and modes of a circular plate with multiple
circular holes. The same problem was independently solved by using FEM (the
ABAQUS software [16]) for comparison. The thickness of plate is 0.002m and
the Poisson ratio , =1/3. The general-purpose linear triangular elements of type

S3 were employed to model the plate problem by using ABAQUS. Although the
thickness of the plate is 0.002 m, these elements do not suffer from transverse
shear locking based on the theoretical manual of ABAQUS [16].

A circular plate with three holes [10] is considered. The radii of holes are 0.4m,
0.2m and 0.2m and the coordinates of the center are (0.5,0), (-0.3,0.4) and (0.3,
-0.4), respectively. Fig. 4 shows the former six natural frequency parameters
versus the number of terms of Fourier series N. It indicates that the proposed
solution promptly converges with few terms of Fourier series. By taking thirteen
terms of Fourier series (N=13), fig. 5 shows the minimum singular value versus
the frequency parameter by using the @ formulation, UM formulation and
SVD updating technique for a circular clamped plate with three circular holes.
Since the direct-searching scheme is used, the drop location indicates the
eigenvalue. The spurious eigenvalues of 5.5811 and 7.9906 occur when using the
UM and U® formulation, respectively. They are found to be the true eigenvalue
of simply-supported and clamped circular plate with a radius of 0.4 m,
respectively. It demonstrates that the spurious eigenvalue can be filtered out by
using the SVD updating technique. The same problem is also solved by using
ABAQUS and its model has 308960 elements in order to obtain comparable



results for comparison. The former five natural frequency parameters and modes
by using the present method, the semi-analytical method [10] and FEM are
shown in fig. 6. Good agreement between the results of the present method and
those of ABAQUS is observed.
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Figure 6: The former five natural frequency parameters and mode shapes by using the
present method, semi-analytical method and FEM

6 Concluding remarks

Natural frequencies and natural modes of a circular plate with multiple circular
holes have been obtained by using the null field integral formulation and the
addition theorem. Based on the addition theorem, two critical problems of
improper integrals in the boundary integration and the higher derivative in the
multiply-connected domain problems were successively treated in a novel way.
By matching the specified boundary conditions, an analytical solution can be
derived from a coupled infinite systems of simultaneous linear algebraic



equations. By using the direct-searching method, numerical eigensolutions were
given from the corresponding truncated finite system. The proposed results
match well with those provided by the FEM using many elements to obtain
acceptable data for comparison. In addition, the SVD technique of updating
terms was employed to filter out spurious eigenvalues. Numerical results show
good accuracy and fast rate of convergence thanks to the analytical method.
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