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ABSTRACT

In this paper, we employ the addition theorem and
superposition technique to solve the scattering problem
with multiple circular cylinders arising from a point
sound source. Using the superposition technique, the
problem can be decomposed into two individual parts.
Oneisthe free-space fundamental solution. The other isa
typical boundary value problem (BVP) with boundary
conditions derived from the addition theorem by
trandating the fundamental solution. Following the
success of null-field boundary integral formulation to
solve the typica BVP of the Helmholtz equation with
Fourier boundary densities, the second-part solution can
be easily obtained after collocating the observation point
exactly on the real boundary and matching the boundary
condition. The total solution is obtained by
superimposing the two parts which are the fundamental
solution and the semi-analytical solution of the
Helmholtz problem. An example was demonstrated to
validate of the present approach. The parameters of size
and spacing between cylinders are considered. The
results are well compared with the available theoretical
solutions and experimental data.
Keywords: addition theorem, superposition technique,
null-field boundary integral formulation, Fourier series.

1. INTRODUCTION

Multiple scattering problems occur in  many
applications related to various areas of applied science,
e.g. acoudtics, electromagnetism, elasticity and water-
wave problems. Mathematically speaking, the scattering
field appears as the superposition of free field and
rediation field. A better understanding of scattering
phenomenon requires a precise knowledge of the
influence of the different geometrica and physical
parameters of the problem. Owing to the complexity of
this problem, a numerical solution is always resorted,

especidly in the case where the number, radii and
positions of objects are arbitrary. It can be consulted with
the textbook of Martin [1].

Many researchers investigated the point-source
problems in the past years. Row [2-3] successfully
measured the experimental data of the interaction
between two circular cylinders within an infinite domain.
Sherer [4] developed an analytical method for solving the
scattering problem with multiple rigid circular cylinders
arranged in an arbitrary configuration. He used the
Hankel transform method to calculate the incident field
and determined the scattering fields from each cylinder in
the collection through the separation of variables.
Recently, Chen and his group developed the null-field
integral equation in conjunction with the degenerate
kernel to solve many engineering problems [5-8]. They
claimed that their approach is a kind of semi-analytical
approach since the error comes from truncating the terms
of Fourier series. Five gains, mesh-free generation,
well-posed model, principal value free, elimination of
boundary-layer effect and exponential convergence are
obtained. They also extended their approach to derive the
anti-plane dynamic Green's function [9]. Not only perfect
but aso imperfect interface problems were addressed.
Chen et al. [10] have proposed an indirect approach to
construct the Green's function of Laplace operator by
using the addition theorem and the superposition
technique. In addition, Chou [11] utilized the addition
theorem and superposition technique in the integra
formulation to solve anti-plane problems with a circular
boundary subject to a concentrated force and screw
dislocation. He also proved the mathematical equivalence
between the direct Green's-third-identity approach and
superposition method for anti-plane elasticity problems
subject to a concentrated force.

In this paper, the addition theorem and superposition
technique are employed to solve the scattering problem
with multiple circular cylinders arising from point sound
sources. The problem is decomposed into two parts. One
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is the problem of the fundamental solution for the free
field. The other is a typical BVP with boundary
conditions derived from the addition theorem by
translating the fundamental solution. Following the
success of null-field boundary integral formulation in
conjunction with degenerate kernel to solve the typical
BVP, the second part solution can be easily obtained after
collocating the observation point exactly on the real
boundary and matching boundary condition. The total
solution is obtained by superimposing the two parts. An
example was demonstrated to validate the proposed
approach. The parameters of size and spacing of
cylinders are considered. The results are compared well
with the available theoretical solutions and experimental
data.

2. NULL-FIELD BOUNDARY INTEGRAL
EQUATION METHOD FOR ATYPICAL
BVP

2.1 Problem statements

A typical BVP with H randomly distributed
circular cylinders bounded in an infinite domain enclosed
with the boundaries, B; (j =1, 2,---, H),

H
B= UlBj. (1)
e
is considered here. The field variable u(x) satisfy
(V2 +k*)u(x)=0, x€D, 2

where D isthedomain, V? isthe Laplacian operator, k
is the wave number which is the angular frequency over
the speed of sound. The boundary condition can be
specified to either Dirichlet or Neumann type as follows:

u(x)=u, x€B, 3
Ou(x) - .
or o =7, X€B. (4)

This problem is a typical BVP, and can be easily solved
by using the null-field boundary integral equation
approach.

2.1 Dual null-field integral formulation — the
conventional version
Based on the dual boundary integral formulation [5]
for the domain point, we have
27u(x) = IB T(s,x)u(s)dB(s)

6u (s)

—.[ U(s,x)——=dB(s), xeD, ®)

S

ou(x)
2 an = IB M (s, x)u(s)dB(s)

—I L(s,x au(s) dB(s), xeD, (6)

where s and x are the source and field points, respectively.

B is the boundary, n, and », denote the outward normal
vector at field point and source point, respectively. and
the kernel function U(s,x) is the fundamental solution
which satisfies

Fig. 1 An infinite plane with arbitrary number of
circular cylinders subject to the Dirichlet or
Neumann boundary conditions.

(VE+EDU(s,x) =S(x—5) @
where §(x—s) denotesthe Dirac-delta function. The
other kernel functions can be obtained as

T(s,x) = oU(s x) ®

L(s,x) = L]a(s,x) ) 9)
_0%U(s,x) |

M(s.x) = on.On, (10)

By moving the field point x to the boundary, the dua
boundary integral equations for the boundary point can
be obtained as follows:

mu(x) = C.P.V.JB T(s,x)u(s)dB(s)

ou(s)

—RPV.[ Uls,x)—= on dB(s), xeB, (1)

Gu(x)

n

X

HPVIMQ@MWB@

—cpyj L(s,x i;)dB() xeB, (12

where R.P.V. is the Riemann principal value, C.P.V. is
the Cauchy principal value and H.P.V. is the Hadamard
(or called Mangler) principa value. By moving the field
point to the complementary domain, the dual null-field
integral equations are shown as:

0= [, T(s,x)u(s)dB(s)

[ U(sx) 8u(s)

ozjgmu&xm@ym@)

=L 4B(s), xeD°, (13)

xeD°, (14)

_J- L(s.x 8u(s)dB()

where the “D°” denotes the complementary domain.

2.2 Dual null-field integral formulation — the
present version
By introducing the degenerate kernels, the
collocation point can be located on the real boundary
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without facing singularity. Therefore, the representations
of integral equations including the boundary point can be
written as

27u(x) = IB T(s,x)u(s)dB(s)

8u (s)

—.[ U(s,x)——=dB(s), xe DUB, (15)

S

2r ou(x) = I M (s, x)u(s)dB(s)
on, B

SRACE: é%“%m() xeDUB, (16)

and
oszT@Jm@ym@)

8u (s)

—[, Uls,x dB(s), xeDUB, (17)

oj M@xM@MMQ

[ Lis,x 6”(5) dB(s), xeD‘UB, (18)
once the kerndl is expr&ssed in terms of an appropriate
degenerate form. It is found that the collocation point is
categorized to three regions, domain (Egs.(5)-(6)),
boundary (Egs.(11)-(12)) and complementary domain
(Egs.(13)-(14)) in the conventiona formulation. After
using the degenerate kernel for the null-field BIEM,
Egs.(15)-(16) and Egs.(17)-(18) can include the boundary
point.

2.3 Expansions of the fundamental solution and
boundary density
The closed-form fundamental solution as previously
mentioned is
—iHg (kr)

U(s,x) = 4

where rz‘s—x‘ is the distance between the source

(19)

point and the field point, A" is the first kind Hankel
function of zero" order, and i isthe imaginary number

of i?=-1. To fully utilize the property of circular
geometry, the mathematical tools, degenerate (separable
or of finite rank) kernel and Fourier series, are adopted
for the analytical calculation of boundary integrals.

Fig. 2 Sketch of the null-field integral equation in
conjunction with the adaptive observer system.

2.3.1 Degenerate (separable) kernel for fundamental
solutions

In the polar coordinate, the field point x and source
point s can be expressed an (p,¢) and (R, 0) , respectively.
By employing the addition theorem for separating the
source point and field point, the kernel functions,
U(s,x), T(s,x), L(s,x) and M (s,x), are expanded
in terms of degenerate kernel as shown below:

U's,x) = 52 e (ko) HLY (hR)
(o5 = g:os[m(e—w], RZp o
wmm:%éﬁhwmﬁwm
cos{m(0 — )], R<p,
Tf(s,x)=‘7""i()stm<kp>H:ﬂ<l’ (kR)
— ]S;gm(e—¢)], Rop
T (s0)=" 220 RO (ko)
cosm(@-4), R<p,
L(s,x) = —Zs J (kp)H ) (KR)
L(s,x) = k%%m&wn R>p (29
L (s, x) == 3 &, (KR)H " (kp)
cosm(@-). R<p,
Mi(sn) ==K En H, (kR)
_ cos[m(e ¢>] Rzp
S PRI SR
cos[";nie—¢)1, R<p,

where the superscripts “i” and “e” denote the interior and
exterior cases for the expressions of kernel, respectively,

and ¢, isthe Neumann factor
1 m=0,
= 24
En {z m=12,-, . (29

It is noted that U and M kernels in Egs.(20) and (23)
contain the equal sign of p =R while 7 and L kernels

do not include the equal sign due to discontinuity.

2.3.2 Fourier series expansion for boundary densities

We apply the Fourier series expansion to approximate
the boundary density and its norma derivative as
expressed by

u(s) = a0+2(aﬂ cosn@+b,sinnb), se€B, (25)
n=1

8u(s)

on

Whée a,, b,,, p, and ¢, (n=0,1,2,...) are the Fourier
coefficients and 0 is the polar angle. In the rea
computation, the integrals can be analytically calculated

+Z(pn cosnf+q,snnd), seB, (26)
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by employing the orthogonal property of Fourier series
and only M terms is used in the summation instead of
infinite terms. The present method is one kind of
semi-analytical methods since errors only occur from the
truncation of Fourier series.

2.4 Adaptive observer system

In order to fully employ the property of degenerate
kernels for circular boundaries, an adaptive observer
system is addressed as shown in Fig. 2. For the boundary
integrals, the origin of the observer system can be
adaptively located on the center of the corresponding
boundary contour. The dummy variable in the circular
boundary integration is the angle @ instead of radial
coordinate R. By using the adaptive system, all the
integrals can be easily calculated for multiply-connected
problems.

2.5 Linear algebraic equation

In order to calculate the Fourier coefficients, N
(N=2M+1) boundary nodes for each circular boundary
are located uniformly on each circular boundary. From
Egs.(17) and (18), we have

OzﬁzLﬁT@deﬂdB@)

S Ou(s) (27)
-], Ulsx) S S dB(s), xe D UB,
0=thmmmmw@
l:; ou(s) (28)
-], Lsx) P dB(s), xe D UB.

It is noted that the integration path is clockwise. For the
integral of the circular boundary B;, the kernels (U(s,x),
T(s,x), L(s,x) and M(sx)) are expressed by using the
degenerate kernel and setting the origin at the center of B;

The boundary densities ( u(s) and du(s) ) are
n,
substituted by using the Fourier series. After discretizing
Eq.(27), alinear algebraic system yields
[UK# =[Tu} (29)

where [U] and [7] are the influence matrices with a
dimension of Ax(2M+1) by Hx(2M+1), {u} and {t}
denote the column vectors of Fourier coefficients with a

dimension of Hx(2M+1) by 1 for u and %
n

respectively. All the unknown coefficients can be solved
by using the linear algebraic equation. Then the unknown
boundary data can be determined and the potentia is
obtained by substituting the boundary data into Eq.(15).
Based on the null-field integral equation approach,
successful  applications to Laplace, Helmholtz,
biharmonic and biHelmholtz problems were presented
in[5-8, 12-25].

3. METHODS OF SOLUTION
3.1 Problem statements
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Fig.3 Infinite plane with arbitrary number of circular
cylinders subject to a point sound source at & .

- o

T -

-———
- -

G, (x6) Iy

=—G,(%.8),cs,
G (x.6) .\ -

P i I R ——

~ -

e

Fig. 4(b) Radiation field (a typical BVP).

The problem which we would like to solve is the
scattering problem with multiple cylinders arising from a
point source as shown in Fig.3. The problem is governed
by the Helmholtz operator as follows:

(V2 +E2)G(x,E) =6(x &), xeD, (30)
and the boundary is bounded by
H
B=s; (31)
j=1
Here, the cylinder is specified to be the soft boundary as
G(x,£)=0, xeB, (32

The proposed approach for solving the problem will be
elaborated on in the next section.

3.2 Green’s function using the addition theorem
and superposition technique
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The scattering problem subject to a point sound
source is shown in Fig.3. It can be decomposed into two
parts. fundamental solution (free field) and radiation field,
as shown in Figs.4(a) and 4(b). Based on the addition

Original problem

| Decomposition 1o two parts

[
| Free field |

Expansion

Degenerate kemel

Fourier series

for fundamental solution for boundary densities

Collocate on the real

boundary

| Linear algebraic system I

| Caleulation of the unknown Fourier |

| BIE for the domain point |

—| Superposition the solution of two parts I

Total field

Fig.5 Flowchart of the present approach.

theorem, the fundamental solution can be separated into
the series form using Eq.(20). For matching the boundary
condition, the superposition of the artificiad boundary
condition (Gf(x,g)) in Fig.4(a) and the radiation

boundary condition (G, (x,&)) in Fig.4(b) must satisfy
the original boundary condition in Fig.3. The second part
(radiation field) isatypical BVP and can be easily solved
by employing the null-field integral equation approach as
mentioned in Section 2. For clarity, the flowchart of our
method is shown in Fig.5.

3.3 Green’s third-identity approach

Based on the Green's third identity, two systems, u
and v, yield

[, u(x)V*v(x)dD(x) = [, u(x)%dB(x) 33
—fD Vu(x)Vv(x)dD(x),
fD [1(x)V2v(x)dD(x) — v(x)Vu(x)dD(x)]
:hww&m—mﬁwmwm. 39
on on

By selecting u as the fundamental solution U (x,s) and
v as the Green's function G(s,&), the Green's third
identity gives:

ZMng):IBT&JXX&@dB@)

[ (s 2869 spio 35
jB(J(, ) o dB(s) (35)

+U(&,x), xeD.

3.4 Equivalence between the solution using the
Green’s third identity and superposition
technique
The boundary integral equation for the free field

problem can be written as:

216, (x,6) = [, T(s,3)G, (s,£)dB(s)
G, (s,€)
n

s

— [, U(s,x) dB(s) (36)

+U(,x), x€D,
where G, (x,§) isthe free field. The boundary integral

equation for the typical boundary value problem can be
written as

216, (x,£) = [ T(s,x)G, (s, £)dB(s)
37
_.[ U(S,x) aGr(S’é) ( )
B on,
where G,.(x,£) is the second part solution for the
typical BVP. By superimposing G,and G, in Egs.(36) and
(37), respectively, we have
2r(G, (s,£) + G, (s,€)]

= [, T(s,9)[G, (5,6) + G, (5,6)]dB(s)

Mﬁ@9+aqw@%m“) (38)
on on

s s

+U(&,x), x€D.

dB(s), x € D.

—[, U(s,x)

0G,(5.8) | 4G, (s.8)

on on

must satisfy the origina boundary‘ conditions.‘ By
comparing EQ.(38) with Eq.(35), we can find
G(x,§) =G, (x,8) +G,(x,8). Therefore, we have

proven the mathematica equivalence between the
solution of Green's third identity and that of
superposition technique.

where G, (s,€) +G,(s,€) and

4. AN ILLUSTRACTIVE EXAMPLE

We consider an infinite plane with two identical
circular cylinders subject to a point sound source as
shown in Fig. 6. The radii of the two identical cylinders
are a. The locations of source and probe areat (—100,0)
and (24, y), respectively , where A isthe wave length.
The distance between the two centers of identical
cylindersis 2b. The boundary conditions are the Dirichlet
types ( G(x,£)=0) due to the soft cylinder. The

potential distribution along the artificial boundary for the
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Fig. 6 An infinite plane with two equal circular
cylinders subject to a point sound source.

free field is shown in Figs. 7 and 8 versus circular
boundary and polar angle, respectively. Both the
closed-form formula of Eq.(19) and series-form formula

of Eq.(20) are given. After obtaining the total field at the
probe, the relative amplitude is defined by dividing the

total field with respect to the free field at (2\,0). By
considering A=nx , b:%;; and a=0.054, the

relative amplitude of the total field versus y of probe
location is shown in Fig.9. The result agrees well with
theoretical results and experimenta data by Row [2].

\

1

\
real part H
)
(series-form)!
i 1
=imag, part
1

(series-form) |

= real part
X { closed-fornt)
L ==imag. part ¢
: cl'u;\-cd-‘lfarm]
Fig. 7 Distribution potential on the artificial
boundaries in the free field (upper part:
series-form, lower part: closed-form, M=20).

0.01

0.005 f—

M=20

real part (series-form)
imag. part (series-form)
— — — read part ( closed-form)

001 [— — — — imag. part ( closed-form)
-0.015 I I I
0 60 120 180 240 300 360
angle

Fig. 8 Distribution potential on the artificial
boundaries in the free field versus polar angle.

ka=0.313
(] THEO
02— —  EXP
Present method
o 1 1 1 1 1

0 4 12 16 20 24

Prosbe position y (cm)
Fig. 9 Relative amplitude of total field versus the
probe location y (M=20).

Relative total scattered field

0.00296 [—

0.00288 [—

0.0028 f—

0.00272 [—

Parseval's sum of real part solution

0.00264 [—

I N N N NN N N N
o 2 4 6 8 1.0 12. 14 16 18 20
Terms of Fourier series (M)

Fig. 10(a) Convergence test of Parseval’s sum for
0G(x,&)/on, (real part).

0.00931

0.009308 f—

0.009306 f—

0.009304 f—

0.009302 f—

Parseval's sum of imaginary part solution

oogs—L L1
0 2 4 6 8 1'0 12. 14 16 18 20
Terms of Fourier series (M)

Fig. 10(b) Convergence test of Parseval’s sum for
0G(x,&)/on, (imaginary part).

The convergence rate is examined by using the
Parseval’s sum in Figs.10(a) and 10(b), for rea and
imaginary parts, respectively. It is found that only few
terms for Fourier series are required. In the read
calculation, twenty terms are adopted. By changing the
size of cylinder (a ) and the same parametersof A =r,

b :%;;, the relative amplitudes are shown in Figs.11

and 12 for different sizes of cylinders ¢ =0.24 and
a =0.3184, respectively. Agreement with the Row’s
data is observed. By setting the fixed probe at (24,0),
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the relative amplitudes versus the spacing between the
two cylinders for ¢=0.24 , 02441 , 0.3181 ,
0.4772 are shown in Figs.13-16, respectively, to see
the effect of distance between the two cylinders for
various sizes of cylinders. All the results in Figs.13-16
agree well with the theoretical and experimental data by
Row [2].

Although only two cylinders are used in this
proposed approach, our approach can be extended to deal
with multiple cylinders problems. In this example,
efficacy of the proposed method of the sound scattering
problem is verified.

04— ka=1.253
/ EXPERIMENTAL

00  GAUSSSEIDEL APPROX

o A EXACT SOLUTION

02 g~ o] INDEPENDENT

PRESENT METHOD

o | | | | | | | |
0 2 8 0 12 14 16 18

) Proebe position y (cm)
Fig. 11 Relative amplitude of total field versus the
probe location (M=20).

Relative total scattered field

ka=2.0
COUPLED
& — — — — A INDEPENDENT
0 THEOR
PRESENT METHOD

. 1 I I

Relative total scattered field
T

4 8 12 16
Probe position y (cm)

Fig. 12 Relative amplitude of total field versus the
probe location (M=20).

04— ka=1.253

COUPLED

A N — INDEPENDENT
PRESENT METHOD

. 1 I I

Relative total scattered field at probe

) 2 a4 6
Spacing between centers of cylinders 2b/A

Fig. 13 Relative amplitude of total field versus 2h/1
(a=0.24 and M=20).

08—

0.6 |—

Relative total scattered field at probe

04 b— yea ka=150
Jo e -—- INDEPENDENT
/ *——————*COUPLED
02— ) PRESENT METHOD
4 A DIAGONAL TEEMS ONLY

0

o 1 2 3 4 5 6 7 8
Spacing between centers of cylinders 2b/x

Fig. 14 Relative amplitude of total field versus 2h/1
(a=0.2424 and M=20).

0.8 [—

0.6 [—

4 ka=2.0
A R INDEPENDENT
COUPLED
02 f— i A DIAGONAL TEEMS ONLY
PRESENT METHOD

N I R s S S S

04 [—

Relative total scattered field at probe
I

) 1 2 3 a4 5 6 7
Spacing between centers of cylinders 2b/a

Fig. 15 Relative amplitude of total field versus 2h/1
(a=0.3184 and M=20).

0.8 [—

0.6 [—

Relative total scattered field at probe
I

.
04— o
b % ——XCOUPLED
a (/  Je-——-0 INDEPENDENT
02— A DIAGONAL TEEMS ONLY
A, PRESENT METHOD
0 | | T T T T T

o 1 2 3 4 5 6 7 8
Spacing between centers of cylinders 2b/x

Fig. 16 Relative amplitude of total field versus 2h/1
(a=0.4774 and M=20).

In addition, it can be extended to deal with scattering
problem in different engineering aress, e.g. water-wave
problem or electromagnetism, by following the same
concept.

5. CONCLUSIONS

In this paper, we proposed the addition theorem
and superposition technique to solve the scattering
problem of two identical cylinders subject to a point
source. Regarding the BV P with circular boundaries, we
have proposed a BIEM formulation by using degenerate
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kernels, null-field integral equation and Fourier seriesin
companion with adaptive observer system. This method
is a semi-analytical approach for the problems with
circular boundaries since only truncation error in the
Fourier series is involved. The method shows great
generality and versatility for the problems with multiple
cylinders of arbitrary number, radii and positions. A
general-purpose program for solving the problems with
arbitrary number, size and various locations of circular
cavities was developed. Therefore, not only the sound
scattering problems from a point source but aso
electromagnetic scattering problems can be solved by
using the present approach. Good agreement is observed
after comparing with theoretical and experiment data.
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