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ABSTRACT

In this paper, a system approach, null-field integral
equation in conjunction with the degenerate kernel, is
used to solve the radiation problem of two spheres. The
null-field integral equation instead of the conventional
boundary integral equation can avoid the singular and
hypersingular integrals. To fully utilize the spherical
geometry, the fundamental solutions and the boundary
densities are expanded by using degenerate kernels and
spherical harmonics in the spherical coordinate,
respectively. The main difference between the present
approach and the conventional boundary integral
equation is that the collocation point can be exactly
located on the real boundary owing to introducing the
degenerate kernel. The proposed approach is seen as one
kind of semi-analytical methods, since the error is
attributed from the truncation of spherical harmonics in
the implementation. For the single sphere, the present
approach can obtain the analytical solution. Finally, a
two-spheres radiation problem is given to verify the
validity of proposed approach.
Keywords: radiation, null-field integral equation,
degenerate kernel, spherical harmonics, semi-analytical
method

1. INTRODUCTION

It is well known that boundary integral equation
methods (BIEMSs) have been used to solve radiation and
scattering problems for many years. The importance of
the integral equation in the solution, both theoretical and
practical, for certain types of boundary value problems is
universally recognized. One of the problems frequently
addressed in BIEM/BEM is the problem of irregular
frequencies in boundary integral formulations for exterior
acoustics and water wave problems. These frequencies
do not represent any kind of physical resonance but are
due to the numerical method, which has non-uniqueness
solutions at characteristic frequencies associated with the
eigenfrequency of the interior problem. Burton and
Miller approach [1] as well as CHIEF technique [2] have

been employed to deal with these problems.

Regarding the irregular frequency, a large amount
of papers on acoustics have been published. For example,
numerical examples for non-uniform radiation and
scattering problems by using the dual BEM were
provided and the irregular frequencies were found [3].
The non-uniqueness solution of radiation and scattering
problems are numerically manifested in a rank deficiency
of the influence coefficient matrix in BEM [1]. In order
to obtain the unique solution, several integral equation
formulations that provide additional constraints to the
original system of equations have been proposed. Burton
and Miller [1] proposed an integral equation that was
valid for all wave numbers by forming a linear
combination of the singular integral equation and its
normal derivative. However, the calculation for the
hypersingular integration is required. To avoid the
computation of hypersingularity, Schenck [2] used an
alternative method, the CHIEF method, which employs
the boundary integral equations by collocating the
interior point as an auxiliary condition to make up
deficient constraint condition. Many researchers [4-6]
applied the CHIEF method to deal with the problem of
fictitious frequencies. If the chosen point locates on the
nodal line of the associated interior eigenproblem, then
this method may fail. To overcome this difficulty, Seybert
and Rengarajan [4] and Wu and Seybert [5] employed a
CHIEF-block method using the weighted residual
formulation for acoustic problems. On the contrary, only
a few papers on water wave can be found. For water
wave problems, Ohmatsu [7] presented a combined
integral equation method (CIEM), which was similar to
the CHIEF-block method for acoustics proposed by Wu
and Seybert [5]. In the CIEM, two additional constraints
for one interior point result in an overdetermined system
to insure the removal of irregular frequencies. An
enhanced CHIEF method was also proposed by Lee and
Wu [6]. The main concern of the CHIEF method is how
many numbers of interior points are required and where
the positions should be located.

Recently, the appearance of irregular frequency in
the method of fundamental solutions was theoretically
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proved and numerically implemented [8]. However, as
far as the present authors are aware, only a few papers
have been published to date reporting on the efficacy of
these methods in radiation and scattering problems
involving more than one vibrating body. For example,
Dokumaci and Sarigul [9] discussed the fictitious
frequency of radiation problem of two spheres. They
used the surface Helmholtz integral equation (SHIE) and
the CHIEF method to examine the position of fictitious
frequency. In our formulation, we are also concerned
with the fictitious frequency especially for the multiple
spheres of scatters and radiators. We may wonder if there
is one approach free of both Burton and Miller approach
and CHIEF technique to deal with irregular frequencies.

In the recent years, Chen and his group used the
null-field integral equation formulation in conjunction
with degenerate kernel and Fourier series to deal with
many engineering problem with circular boundaries, such
as torsion bar [10], water wave [11], Stokes flow [12],
plate vibrations [13] and piezoelectricity problems [14].
They claimed that the approach has high accuracy and is
one kind of semi-analytical approach. However, their
applications only  focused on  problems of
two-dimensional domain. In this paper, we would like to
extend this idea to three-dimensional problems.

In this paper, a system approach, the null-field
integral equation method in conjunction with the
degenerate kernel, is used to study on the radiation
problems of one and two spheres. By using the null-field
integral equation instead of the boundary integral
equation, we can avoid the singular and hypersingular
integrals. To fully utilize the spherical geometry, the
fundamental solutions and the boundary densities are
expanded by using degenerate kernels and spherical
harmonics, respectively. In this approach, the collocation
point can be exactly located on the real boundary after
introducing the degenerate kernel. The proposed
approach is seen as one kind of semi-analytical methods,
since the error only stems from the truncation of
spherical harmonics. For the radiation of one sphere, the
analytical solution can be derived via the proposed
approach. Besides, a two-spheres radiation example is
given to verify the validity of proposed approach.

2. PROBLEM STATEMENT AND THE

PRESENT APPROACH
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Fig. 1 Sketch of two spheres

2.1 Problem statement

The problem considered here is the radiation
problem vibrating by two spheres. This problem is
governed by the Helmholtz equation as follows:

(V2 +k*)u(x)=0, xeDb, 1)
where u(x) is the velocity potential, V? is the
Lapalacian operator, k and D denote the wave number
and the domain of interest, respectively. Two spheres are
shown in Fig. 1. The radius of two identical spheres is a.

2.2 Dual boundary integral equation
formulation — the conventional version
The dual boundary integral formulation for the
domain point is shown below:

u(x) = j , T(s,)u(s)ds (s)
—jS U (s, X)t(s)dS(s), xe D,

t(x):jS M (s, X)u(s)dS(s)
‘L L(s, X)t(s)dS(s), xeD,

where x and s are the field and source points, respectively,
“S” is the spherical surface, t(s) is the normal derivative
on the source point, and the kernel function U(s,x) is the
fundamental solution which satisfies

(V2 +k*U(s,x)=5(x—5), (4)
where O is the Dirac-delta function. The other kernel

@

®)

functions can be obtained as

T (S, X) — M, (5)

L(s,x) = % (6)
B o%U (s, %)

M(s.%) = onon, )

where ny, and ng denote the outward normal vector at the
field point and the source point, respectively. If the
collocation point x is on the boundary, the dual boundary
integral equations for the boundary point can be obtained
as follows:

%u(x) =C.P.v.js T (s, X)u(s)dS(s)
®)
- R.P.v.js U (s, X)t(s)dS(s), xe B,

%t(x) —H.PV.J M(s,0u(s)dS(s)
©))
—C.P.\/.js L(s, X)t(s)dS(s), xeB,

where R.P.V. C.P.V. and H.P.V. are the Riemann
principal value, the Cauchy principal value and the
Hadamard (or called Mangler) principal value,
respectively. By collocating x outside the domain, we
obtain the null-field integral equation as shown below:



SEARY FEERGCBRRY LR

Wz m A Fsga g 97 £11 7 28-29 p

The 32" National Conference on Theoretical and Applied Mechanics, November 28-29, 2008

0 :L T (s, X)u(s)dS(s)

(10)
—ISU@JﬁSNS@L xeD°,
0= L M (s, X)u(s)dS (s)
(11)
‘L L(s, X)t(s)dS(s), xeD°,
where D¢ denotes the complementary domain.
2.3 Dual null-field integral equation
formulation — the present version
By introducing the degenerate kernels, the

collocation points can be located on the real boundary
free of facing singularity. Therefore, the representations
of integral equations including the boundary point can be
written as

u(x) :L T (s, X)u(s)ds(s)

(12)
[ U5 0HE)dS(s), xeDUS,
tx) = L M € (s, X)u(s)dS(s)
_L L (s, x)t(s)dS(s), xeDuUS, (13)
and
0=[_ T'(s,x)u(s)dS(s)
U (14)
[ U 0ts)dS(s), xeD® U,
0= M(s,x)u(s)dS(s)
(15)

- L L(s, X)t(s)dS(s), xeD°®uUS,
once the interior “i” or exterior “e” kernel is expressed in
terms of an appropriate degenerate form. It is found that
the collocation point is categorized to three positions,
domain (Egs.(2)-(3)), boundary (Egs.(8)-(9)) and
complementary  domain  (Egs.(10)-(11)) in the
conventional formulation. After using the degenerate
kernel for the null-field BIEM, both Egs.(12)-(13) and
Eqgs.(14)-(15) can contain the boundary point.

2.4 Expansions of the fundamental solution and
boundary density
The fundamental solution as previously mentioned is

e—ikr
U= Arr’

where rz\s—x\ is the distance between the source

(16)

point and the field point and i is the imaginary number
with i? =—1. To fully utilize the property of spherical
geometry, the mathematical tools, degenerate (separable
or of finite rank) kernel and spherical harmonics, are
utilized for the analytical calculation of boundary
integrals.

2.4.1 Degenerate (separable) kernel for fundamental
solutions
In the spherical coordinate, the field point, x, and
source point, s, can be expressed as x = (p,¢,6) and

s=(p,#,0) in the spherical coordinate, respectively.

By employing the addition theorem for separating the
source point and field point, the kernel functions, U(s,x),
T(s,x), L(s,x) and M(s,x), are expanded in terms of
degenerate kernel as shown beIOW'

U'= _KZ(zn +1)Z cos[m(¢ ¢l
P"(cos@)P" (cos@)Jn(kp)hf) kp), p = p,

e k& S (h-m)! -
ue = 4”§(2n+1)%gm ( m)!cos[m(aﬁ #)l
P™(cos@)P™(cosd) j, (kp)h® (kp), p < p.
‘=——Z(2n+1)z (” m) J1cosm@ — )]
P™(cos@)P" (cosH)J (kp)h'(z)(kp) £ >p,

e K (n m)

= 772(2n +l)zg cos[m(qﬁ #)]

P (cos@)P," (cosb) j; (kp)h(2 (ko) p < p,

U(s,x) = 17)

T(s.x)= (18)

R NCNE) I oSt -9
P (cosD)P; (C059)J (kp)h“ 9. 7> p.

TS (n m)

:772(2n+1)25 cos[m(¢ 2]

PI"(cos@)P." (cosb) j, (kp)h’(z’(kp) p<p,

=—fZ(2n+lZf cos[m(¢ )
P’ (0059)P (0050)1 (kp)h (2 (kp) pzp,
e7——2(2n 125 cos[m(¢ M
P (cos@)P" (cosb) j; (kp)h (2 (kp), p < p»
where the superscripts “i” and “e” denote the mterlor and
exterior regions, j. and h{® are the n"™ order

spherical Bessel function of the first kind and the n™
order spherical Hankel function of the second kind,

respectively, P is the associated Lengendre

L(s.) = (19)

M(s,%) = (20)

polynomial and ¢, is the Neumann factor,

B 1, m=0, o1
n 12 m=12 - (21)

It is noted that U and M kernels in Eqs.(17) and (20)
contain the equal sign of p=p while T and L kernels

do not include the equal sign due to discontinuity.

2.4.2 Spherical harmonics expansion for boundary
densities
We apply the spherical harmonics expansion to
approximate the boundary density and its normal
derivative on the surface of sphere. Therefore, the
following expressions can be obtained

0

u (s)=>> A,P"(cosf)cos(wg),seB,, (22)

v=0 w=

UZ(S) = Z

v=0 w=l

8
<

AVZWPV (cos@)cos(wg),seB,,  (23)
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Fig. 2 Adaptive observer system

t,(s) = izv: B, P"(cos@)cos(Wg),seB,,  (24)

v=0 w=0

t,(s) = izvl B2 P"(cos@)cos(wg),seB,, (25)

v=0 w=0
where A\ and B! are the unknown spherical
coefficients on B; (i =1,2). However, only M number of
truncated terms for v is used in the real implementation.

2.5 Adaptive observer system

Since the boundary integral equations are frame
indifferent, i.e. rule of objectivity is obeyed. Adaptive
observer system is chosen to fully employ the property of
degenerate kernels. Fig. 2 shows the boundary
integration for the spherical boundaries. It is worthy of
noting that the origin of the observer system can be
adaptively located on the center of the corresponding
circle under integration to fully utilize the geometry of
sphere. The dummy variable in the integration on the
surface are the angles (@ and ¢ ). By using the

adaptive observer system, all the boundary integrals can
be determined analytically without using the concept of
principal value.

2.6 Linear Algebraic Equation

In order to calculate the P (P =(M +2)(M +1)/2)

unknown spherical harmonics, P boundary points on
each spherical surface are needed to be collocated. By
collocating the null-field point exactly on the k"
spherical surface for Egs.(14) and (15) as shown in Fig. 2,
we have

0=gL%w@me9$@)

y (26)
-3 [, UM X)HE)dS(), X, €D° U,
0=iL M (s, X, )u(s)dS (s)

. 27)

N
—ZL L' (s,x,)t(s)dS(s), x, e D°US,
=177
where N is the number of spheres. For the S; boundary
integral of the spherical surface, the kernels of U(s,x),
T(s,x), L(s,x) and M(s,x) are respectively expressed in
terms of degenerate kernels of Egs. (17)-(20) with
respect to the observer origin at the center of S;. The

boundary densities of u(s) and t(s) are substituted by
using the spherical boundary harmonics of Egs. (22)-(25),
respectively. In the S; integration, we set the origin of the
observer system to collocate at the center O; of S; to fully
utilize the degenerate kernel and spherical harmonics. By
locating the null-field point on the real surface Sy from
outside of the domain D° in the numerical
implementation, linear algebraic systems are obtained as

[UKt} = [THu}, (28)

[LKt} =[MKu}, (29)
where [U], [T], [L] and [M] are the influence matrices
with a dimension of (N xP) by (N xP), and {t}
and {u} denote the vectors for t(s) and u(s) of the
spherical harmonics coefficients with a dimension of
(N xP) by 1, inwhich, [U], [T], [L], [M], {u} and {t}
can be defined as follows:

U11 U12 UlN
UI=[U,1=| * ~7* . "ML @
U N1 U N2 U NN
T11 T12 TlN
T T
[T1=[T,1=| * 7 PR )
TNl TN2 TNN
L11 L12 LlN
L L
[L] - [Laﬂ] = :21 :22 2N ! (32)
LNl LN2 LNN
My, My, My
M M
[M]:[ aﬂ]_ :21 :22 2N ! (33)
My My, M
u, t1
u t
{up=9 7 {=9 ¢, (34)
Uy tN

where the vectors {u} and {t} are in the form of
{Ago Alko Alkl"' A:;P}T and {Bgo Blko Blkl"' BlléP}T; the
first subscript “a ” (a =1, 2, ..., N ) in the
[U,,]denotes the index of the a"™ sphere where the

collocation point is located and the second subscript
“B” (B=1, 2, ..., N) denotes the index of the "

sphere where the boundary data {uy} or {tc} are specified.
The coefficient matrix of the linear algebraic system is
partitioned into blocks, and each diagonal block (U,,)
corresponds to the influence matrices due to the same
sphere of collocation and spherical harmonics expansion.
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Degenerate kernel for Spherical harmonics expansion

fundamental solution for surface density
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the boundary integrations

|

Collocating points on the boundary and

matching boundary conditions

|

I Linear algebraic system |

|

| Obtain the unknown spherical harmonics coefficients |

!

| Boundary integral equation for the domain point I

Potential field

Acoustic pressure

Fig. 3 The flowchart of the present method

After uniformly collocating the point along the o™
spherical surface, the elements of [U ], [T,],

[L,] and [M ;] aredefined as

U, =[[Us.x,)p"dd, d8,, (35)
T = [[T(s0.%:)P°dg, d8,, (36)
Ly = [[L(sc. %) P*d4, dE,, (37)
M., = [[M(s,.x,)P°dg, d8,, (38)

where @ and 6, (k=1,2,---N) are the spherical

angles of the spherical coordinate for the source points.
After obtaining the unknown spherical harmonics,
interior potential can be obtained by employing Eq.(12).
The flowchart of the present method is shown in Fig. 3.

3. NUMERICAL EXAMPLES

Here, three cases are given to demonstrate the
validity of proposed approach. Cases 1 and 2 are
one-sphere radiation problems subject to various
boundary conditions. They can be seen as special cases.
Case 3 is a two-spheres radiation problem with uniform
radial velocity.

Case 1. A sphere pulsating with uniform radial
velocity
In first case, one sphere is pulsating with uniform
radial velocity U,. The exact solution found in [15] is
shown below:
a iz ka
PO)= ik
where z, is the characteristic impedance of the medium
Z, = p,C inwhich p, is the density of the medium at
rest and c is the sound velocity, and p is the sound
pressure which is defined as
pP(p) =—ipyau(p) = —izoku(p), (40)
in which @ is the angular frequency and k is the wave
number that equals to the angular frequency over sound
velocity. After expanding the surface density by using
spherical harmonics, we have
Boo =U,» (41)
and the other coefficients are zero. Then, the unknown
coefficient can be obtained as follows:

1 h{? (ka)
Ao = ke

by using Eq. (14). After obtaining the unknown
coefficient, we have

Uge ™, (39)

(42)

h{? (kp)
" hy® (ka)
The present expression seems to vary from the exact
solution in Eg. (39). However, the spherical Hankel

function can be represented by using the series form
found in [16] as shown below:

(2) n+1 —l —iz % (n + m) so\—-m

K z <miT(n —m +1) (27 @

After substituting Eq. (44) into Eq. (43), the result of our
approach can yield the same exact solution of Eq. (39).
Figs. 4(a) and 4(b) show the real and imaginary parts of
non-dimensional pressure on the surface by using the
numerical procedure which M is truncated in the finite
number of terms. Here, M is chosen to be six and twenty
nodes are distributed on the spherical surface as shown in
Fig.4. In Figs. 5(a) and 5(b), irregular frequency does not
appear due to the cancellation of zero divided by zero in
our formulation. However, Seybert et al. [15] needed to
improve their result by using the CHIEF method. For this

p(p) =-iz, (43)

Fig. 4 Distribution of collocation points for a sphere
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Fig. 5(a) Real part of non-dimensional pressure on the

surface
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Present approach
[ J Exact solution
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0.2 —|
0
\ \ \ \ ‘
0 1 2 3 4 5
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Fig. 5(b) Imaginary part of non-dimensional pressure
on the surface

point, we can claim that our approach is more accurate
than that of Seybert et al [15].

Case 2. A sphere oscillating with non-uniform

radial velocity
In this case, one sphere is oscillating with radial
velocity U, cosé . The exact solution is also found in
[15] as
2
a) izka(l+ikp) ioa
0)=| = | 7 _(U,cos0)e ™. 45
P(2.0) (pJ 2(1+ika)—k2a2( oC0sOk (45)
After expanding the boundary density by using the
spherical harmonics, we have

B, =V, (46)
and the other coefficients are zero. Then, the unknown
coefficient can be obtained as follows:

1 hl(z) (ka)
AlO =7 1(2) 0’
k h;*” (ka)
by using Eq. (14). After obtaining the unknown

(47)

Fig. 6 Distribution of collocation points for a sphere
coefficient, we have

h? (kp)

O)=—iz,U, L1 ~"~

p(p ) 0~0 hl,(z)(ka)

Similarly, the present representation seems not to be
equivalent to the exact solution of Eq.(45) for the first
look. After substituting series form of the spherical
Hankel function, we can prove the equivalence between
Eq.(48) and (45).

cosé. (48)

Case 3. Two spheres vibrating from uniform
radial velocity

After successfully solving one-sphere problems, we
extend our approach to deal with the two-spheres
radiation problem. As shown in Fig. 1, the two spheres
vibrate with uniform radial velocity U,. In the real
calculation, we choose M to be ten. Sixty-six nodes are
distributed on each sphere as shown in Fig.6. Figs. 7(a),
8(a) and 9(a) show the pressure contours of two dilating
spherical sources at the horizontal plane of z=0 for
ka=1, ka=2 and ka=0.1, respectively, by using
the SHIE [9]. Figs. 7(b), 8(b) and 9(b) are the
corresponding results by using the present approach.
After comparing our results with those of SHIE, good
agreement is observed.

In the three cases, it is found that the analytical
solution for the simple case (one sphere) can be derived
by using our approach. For more than two spheres case,
the boundary density is truncated to a finite number of
terms. The collocation points are located on the real
boundary to match boundary conditions and the unknown
spherical harmonics coefficients can be easily determined.
Since the error is attributed from the truncated finite
number of terms of spherical harmonics coefficients, our
approach can be seen as one kind of semi-analytical
methods.

4. CONCLUSIONS

For the three-dimensional radiation problems, we
have proposed a null-field integral equation formulation
by using degenerate kernels and spherical harmonics in
companion with adaptive observer systems. This method
is a semi-analytical approach for Helmholtz problems
with spherical boundaries since only truncation error in
the spherical harmonics is involved. Although cases of
one and two spheres are used, the present approach can
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solve more general problems with multiple cylinders of
arbitrary number, radii and positions without any
difficulty. In addition, fictitious frequencies do not appear
in the present formulation. A general-purpose program
for solving radiation problem with arbitrary number, size
and various locations of cylinders was developed.
Pressure contours were compared well with the analytical
and numerical solutions.
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Fig. 7(a) Pressure contours by using the SHIE [9] Fig: 7(b)'Pres'sure 6ontours by using the present
(z=0 and ka=1) approach (z=0 and ka=1)

Fig. 8(a) Pressure contours by using the SHIE [9] Fig: 8(b)'Preséure 6ontours by using the present
(z=0 and ka=2) approach (z=0 and ka=2)
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Fig. 9(a) Pressure contours -b'y'"using the SHIE [9] Fig: 9(b) Pressure contours by using the present
(z=0 and ka=0.1) approach (z=0 and ka=0.1)
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