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Motivation
Simply-connected problem
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Spurious eigenvalues occur in two aspects:
1. Simply-connected eigenproblem by using the real-part or imaginary-

part BEM.
2. Multiply-connected eigenproblem by using the complex-valued 

BEM.

Real-part BEM           (N.G.)
Imaginary-part BEM   (N.G.)
Complex-valued         (OK)

Complex-valued         (N.G.)
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Degenerate kernels (separable kernels)
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For clamped-clamped annular plate
a

b

1B

2B
}]{12[}]{11[}]{12[}]{11[0 2121 mmvUvU Θ+Θ++=

}]{22[}]{21[}]{22[}]{21[0 2121 mmvUvU Θ+Θ++=

}]{12[}]{11[}]{12[}]{11[0 2121 mmvUvU θθθθ Θ+Θ++=

}]{22[}]{21[}]{22[}]{21[0 2121 mmvUvU θθθθ Θ+Θ++=

[ ]


















ΘΘ
ΘΘ
ΘΘ
ΘΘ

=

θθθθ

θθθθ

22212221
12111211
22212221
12111211

UU
UU
UU
UU

SM cc[ ]


















=



















2

1

2

1

0
0
0
0

m
m
v
v

SM cc

Mathematical analysis and numerical study of the true and spurious 
eigenequations for free vibration of annular plate using the BEM -

16



MSVLAB
HRE, NTOU

Eigenequations (C-C annular plate)
中國土木水利工程學會

九十二年「電子計算機於土木水利工程應用」研討會

True eigenequation

[ ] ∏
−−=

=
N

N

ccSM
)1(

(det ]det[ θuS ]det[ ccT 0) =

0

)()()()(
)()()()(
)()()()(
)()()()(

det]det[ =



















′′
′′
′′
′′

=

bKaKbKaK
bIaIbIaI
bYaYbYaY
bJaJbJaJ

T cc

λλλλ
λλλλ
λλλλ
λλλλ

Spurious eigenequation

0

)()()()(
0))()1()((0))()((

)()()1()()(
0)()1()(0)()(

det]det[ =



















′′′′
′−+′′+′

−
−++

=

bIbIibJbJi
aIiaKaJiaY

bIbIibJbiJ
aIiaKaiJaY

S n
n

u

λλλλλλλλ
λλλλλλ

λλλλ
λλλλ

θ

Mathematical analysis and numerical study of the true and spurious 
eigenequations for free vibration of annular plate using the BEM -

17



MSVLAB
HRE, NTOU

Physical meaning of the spurious eigenequation
中國土木水利工程學會

九十二年「電子計算機於土木水利工程應用」研討會

Spurious eigenequation of the u, q formulation
(multiply-connected: The radii of the outer and inner circles are  a and b)
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Spurious eigenequations for the annular plate
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Determinant v.s frequency parameter (C-C)

Spurious eigenequation

True eigenequation

0 1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter  l

1E-080

1E-060

1E-040

1E-020

de
t|S

M
|

C-C annular plate
u, q  complex-vauled formulation

T
<9.447>

T: True eigenvalues

T
<10.370>

T
<10.940>

T
<9.499>

T
<9.660>

T
<9.945>

S
<9.222>

S
<6.392>

S
<11.810>

S: Spurious eigenvalues

0

)()()()(
)()()()(
)()()()(
)()()()(

det

]det[

=



















′′
′′
′′
′′

=

bKaKbKaK
bIaIbIaI
bYaYbYaY
bJaJbJaJ

T

nnnn

nnnn

nnnn

nnnn

cc
n

λλλλ
λλλλ
λλλλ
λλλλ

0

)()()()(
0))()1()((0))()((

)()()1()()(
0)()1()(0)()(

det

]det[

=





















′′′′
′−+′′+′

−
−++

=

bIbIibJbJi
aIiaKaJiaY

bIbIibJbiJ
aIiaKaiJaY

S

nnnn

n
n

nnn

nn
n

nn

n
n

nnn

u
n

λλλλλλλλ
λλλλλλ

λλλλ
λλλλ

θ

ma 1=

mb 5.0=

1B

2B

imply

0
)()(
)()(

det]det[ =







′′

=
bIbJ
bIbJ

Sb
nn

nnu
n λλλλ

λλθ

Mathematical analysis and numerical study of the true and spurious 
eigenequations for free vibration of annular plate using the BEM -

21

中國土木水利工程學會
九十二年「電子計算機於土木水利工程應用」研討會



MSVLAB
HRE, NTOU

Physical meaning of the spurious eigenequation
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Flowchart for C-C plate using the complex-valued BEM
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1. SVD updating term

2. The Burton & Miller concept
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SVD updating term (C-C annular plate)
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The Burton & Miller concept (C-C annular plate)
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The CHEEF concept (clamped plate)
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Conclusions
1. The true and spurious eigenequations depend on the 

B. C. and formulation, respectively.
2. The spurious eigenvalue in multiply-connected plate is 

the true eigenvalue of the associated simply-
connected problem.

3. We provide the general form of the true eigenequation
for the annular plates instead of the separate form.

4. The SVD updating term, Burton & Miller method and 
CHIEF method, were successfully applied to suppress the 
spurious eigenvalues.
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The End
Thanks for your kind attention

Mathematical analysis and numerical study of the true and spurious 
eigenequations for free vibration of annular plate using the BEM -

34



MSVLAB
HRE, NTOU

Real-part BEM for simply-connected plate
中國土木水利工程學會

九十二年「電子計算機於土木水利工程應用」研討會

ma 1=

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 8
frequency parameter  l

1E-080

1E-075

1E-070

1E-065

1E-060

1E-055

1E-050

1E-045

1E-040

1E-035

1E-030

1E-025

de
t|S

M
|

Clamped circular plate
using u, q  real-part formulation

S: Spurious eigenvalues

S
 <1.42>

S
 <2.63>

S
 <3.17>

S
 <3.78>

S
 <4.64>

S
 <4.90>

S
 <6.01>

S
 <6.30>

S
 <7.32>

S
 <7.81>

T
<3.19>

T
<4.61>

T
<5.90>

T
<6.30>

T
<7.14>

T
<7.80>

Mathematical analysis and numerical study of the true and spurious 
eigenequations for free vibration of annular plate using the BEM -

35



MSVLAB
HRE, NTOU
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Complex-valued BEM for simply-connected plate
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Complex-valued BEM for multiply-connected plate
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