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Introduction

G.E. Vu(x) = 2'u(x),x e Q

P w° ph D - Eh’
D 12(1-v?)

u lateral displacement A frequency parameter
2 circular frequency P surface density
h plate thickness [D flexural rigidity
E Young's modulus V Poisson ratio
Q domain
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Free vibration of plate
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| iterature review

+

1.
2.

Tal and Shaw 1974 (complex-valued BEM)

De Mey 1976, Hutchinson and Wong 1979 (real-part
kernel)

Wong and Hutchinson (real-part direct BEM program)

Shaw 1979, Hutchinson 1988, Niwa et al. 1982 (real-
part kernel)

Tal and Shaw 1974, Chen et al. Proc. Roy. Soc. Lon.
Ser. A, 2001, 2003 (multiply-connected problem)

Chen et al. (dual formulation, domain partition, SVD
updating technique, CHEEF method)
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Motivation

Simply-connected problem @

Real Imaginary | Complex

Saving CPU time Yes Yes NO
Avoid singular integral No Yes NO
Spurious eigenvalues | Appear | Appear NO
Multiply-connected problem ®

Complex
Spurious eigenvalues Appear
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Spurious eigenvalues

Spurious eigenvalues occur in two aspects:
1. Simply-connected eigenproblem by using the real-part or imaginary-

part BEM.
2. Multiply-connected eigenproblem by using the complex-valued

BEM.
Real-part BEM (N.G) |
Imaginary-part BEM (N.G.) »|
Complex-valued (OK) > |
Complex-valued (N.G.) »|
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i Boundary integral equations for plate eigenproblems

(1) Displacement

u(x) = j {-U (s, X)V(s) + BO(s,Xx)m(s) — M (s, x)&(s) +V (s, x)u(s)} dB(s),
(2) Slope K ()
d(Xx) = j {-U,(s,X)v(S) + Oy (s, X)M(S) — M 4 (S, X)8(S) +V, (S, x)u(s)} dB(s),

(3) Normal moment K ()
m(X) = j{ —U (s, X)Vv(S) + O (S, X)m(s) — M (S, X)8(s) +V,, (S, x)u(s)} dB(s),

(4) Effective shear force K ()

V(X) = jB{ U, (S, X)V(s) + O, (S, x)m(s) — M, (s, X)&(s) +V, (S, x)u(s)} dB(s),

Xe Q)
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i Operators
0= on <

Normal moment

()
on’

K,()=wW()+{1-v)

Effective shear force

070000
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i Kernel functions

Fundamental solution
VU.(S,X) - AU (S,X) =—5(X—9)
U (5,X) = = (Y.(Ar)+id () + 2 (K (Ar) +il (Ar)))
81 T
Kernel functions

O(s,X) = K, (U (s,X))
M(s,X)=K_(U(s,X))
V(s,x) =K, (U(s,X))
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i Mathematical analysis (Continuous system)

For clamped-clamped annular plate

u=0, 6,=0 u,=0 6,=0

m(s) = X (i, cosng) + o, cos(ng)
m,(s) = X(pS;, cos(ng) + i, cos(ng)

w(8) = X(a; cos(ng) +hf; cos(ng)
v,(8)= X (a5, cos(ng) +bf;, cos(ng))
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Expansion formulae

Degenerate kernels (separable kernels)

Y Km(2p)Im(Ap)cos(m(g—¢)), p>p Y Im(2p)Im(Ap)cos(m($—4)), p>p
Ko(ar) =4 M= Jo(ar) =M=

> Km(Ap) m(Ap)cos(m(@— @), p>p > Im(Ap)Im(Ap)cos(m(g—¢)), p>p

M=—00 M=—0o0

ivm(/lﬁ)Jm(zp) cosM(g—¢)), p>p > )M m(2p) m(Ap) cos(M(g—4)), p>p
Yo(Ar) = M=—c0 lo(4Ar) = m:oo - _ B
> Ym(Ap)Im(Ap)cos(m(g—¢)), p>p > DMm(20)Im(Ap)cos(M(g - ¢)), p>p
mM=—o0
M=—0o0
Mgthematica_ll analysis ano_l numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM - HRE, NTOU
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Relationship

[TM ]<

o O O O

_IBlU(sBI,xBl)cos(n¢)dB(s) IBZU(SBZ,XBl)cos(n¢)dB(s) L@(sBl,xBl)cos(n;zs)dB(s) fBz®(SBZ,x51)cos(n¢)dB(s)_
) IBLU(SBl,xBZ)cos(n@dB(s) JBZU(SBZ,XBZ)cos(n(/ﬁ)dB(s) IBl(a(sBl,sz)cos(ngzﬁ)dB(s) IBZ®(SBZ,XBZ)cos(n¢)dB(s)
[TM]= jBlue(sm,xBl)cos(n@dB(s) [ U (Ss2, Xer) cOS(Ng)dB(S) jBl(a,,(sBl,xBl)cos(nqzﬁ)dB(s) [ (555, %e) cOS(NG)AB(S)
jBlug(sBl,sz)cos(ngs)dB(s) IB:UH(SBZ,sz)cos(ngzﬁ)dB(s) J.Bl®9(ssl,x32)cos(n¢)d8(s) IB:®6(SBZ,sz)cos(nqﬁ)dB(s)
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i Eigenequations (C-C annular plate)

det[TM] = det[ S] det[T.] =0

True eigenequation

J (Aa) J(Ab) J'(1a) J'(Ab)]
Y(1a) Y (ib) Y'(1a) Y'(Ab
deTe] ey WD V(D) Y(a) b |
| (Aa) | (Ab) 1'(Ja) 1'(Ab)
K (4a) K (4b) K!(la) K!'(ib)
Spurious eigenequation
[ Y (1a)+iJ (1a) 0 K (Aa)+i(-1)"1 (1a) 0
1J (Ab J (1b 1(=D"l (Ab | (Ab
de[S] = et (7b) ,(7) (-1, (20) () |
A(Y'(Aa) +iJ'(1a)) 0  A(K/(A@)+i(-D"l'(1@)) O
| iAJ/(Ab) AJ'(Ab) il (Ab) Al!(Ab) |
Mathematical analysis and numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM - HRE. NTOU
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Mathematical analysis (Discrete system)

For clamped-clamped annular plate
0=[ULL{vg} +[U12{v,} +[OLI{ m} +[©12]{ mp}

0=[U21{w} +[U 22]{vo} +[©21{my} +[©22]{mp}

0=[U11y]{w} +[U125]{Vo} +[O11y]{m} +[©125]{ mp}

0=[U21p]{w} +[U229]{vo} +[0@21g[{ My} +[©229]{ My}

(0 (v, U1l Ul2 0611 612
0 V, U2l U22 621 0622
Plofav=l ™t [sv=]=
0 m Uil U12, 011, 012,
0) m,| U21, U22, 021, 022,
Mqthematica}l analysis ano_l numerical study of the trug and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM - HRE, NTOU
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Eigenequations (C-C annular plate)

detfsM =)= T](det{S¥] delT:]) =0

e-—(N-1)

True eigenequation

(0(78) 32b) 3Aa)  3(Ab)
] — e e WD) V) Yy |
(78)  14(ab)  128)  14(ab)

| Ko(1a) Ko (1b) Kg(da) Kg(4b)

Spurious eigenequation

[ Y,(1a) +iJ (1a) 0 K, (Aa) +i(=1)°1 (1a) 0
det[ ] = det IJ.(/l_b) Jo(4b) I(—1)’.l o(4b) 1(4D) | _ 4
A(Y(AQ) +iJ.(Aa)) 0  A(K.(1a)+i(-D)"I.(1a)) 0
- iAJ,(Ab) 2J.(Ab) iAl.(Ab) Al L(Ab)
Mathematical analysis and numerical study of the true and spurious MSVLAB

eigenequations for free vibration of annular plate using the BEM -
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Physical meaning of the spurious eigenegquation

Spurious eigenequation of the u, g formulation
(multiply-connected: The radii of the outer and inner circles are a and b)

det[S,"] = det[ Sa,”] det[ Sb,’]
wy | Y.(A@)+iJ (1a) K,(1a)+i(-D)"I (1a) el Sa T = O
[S8,71= {z(vn'(za) +1J'(Ja)) A(K!(1a)+i(-1)"| ;(la))} ==

J.(Ab) 1,(Ab
[SD:H]:|: n( ) n( ):|

AJ.(Ab) Al (Ab) det[ ] =0

det{ 0’1 ={1,.,(Ab)J, (Ab) + 1, (Ab)J,., (Ab)} = O

True eigenequation of the clamped case
(simply-connected plate: The radius is b)

{1,..(2b)J, (Ab) +1,(0)J, ., (Ab)} =0

Mathematical analysis and numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM -
5 HRE, NTOU



True eigeneqguations for the annular plate

B.C. [T]
J.(Aa) J,(ab) Ji(da) J)(Ab)]
C-C Y,(48)  Y,(b) Y/(4a) Y(Ab)
) I,(2a) 1,(Ab) 1/ (2a) 1/ (4b)
K,(4a) K,(ib) K;(1a) K/ (4b)]
J,(Aa) J,(Ab) o (1a) a) (4b)]
S' S Y,(1a) Y, (4b) a: (1a) anY (4b)
1,(42) 1,(4b) @) (18) a,(Ab)
K.(1a) K. (Ab) af(la) o (Ab) |
i) al(ib) B a)+ 2Ly a) B n)+ T (2b) |
= ay(a) ay(ib) pyGa)+ I 08 )+ ()
] ahvia) ai(b) AU+ R A D)+ ()
al(a) af() ARk (a) Al )+ ()
n=012,...
Mathematical analysis and numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM - HRE. NTOU
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Spurious eigenequations for the annular plate

Egs. number Spurious eigenequations for the annular plate
u,8 @ 3,(b)  1,(ib) U=0, 6=0
(1) and (2) A3;(20))  A(17(Ab))
u,m {Jn(Zb) In(/lb)} 0 0
(1) and (3) @ a?(Ab) a!(ib) u=0, m=
u,v @ J,(4b) . (Ab)
(1) and (4) L3MM+OV)%MM[ﬂOM+a‘°'Mm} u=0, v=0
6, m AJ' (Ab) ll;(/lb)} - -
(2) and (3) @ [a: (Ab) &/ (Ab) 0=0, m=0
6 .,v @ A3, (Ab) Al (Ab)
(2) and (4) 167 (2b)+ == s V) 72 (D) [, (Ab)+ - V) '(xlb)]] =0 v=0
m,V a, (4b) a! (Ab)
) . m= O, V= 0
(3) and (4) @ o)+ 8 1 ety & 1, ub)]
Mathematical analysis and numerical study of the true and spurious MSVLAB

eigenequations for free vibration of annular plate using the BEM
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Determinant v.s frequency parameter (C-C)

g T: True eigenvalues T ] ]
; S: Spurious eigenvalues <9.499> True e|genequat|0n
; | I d ch
1E-020 — I et[T,"]
-~ i J.(2@) J.(Ab) J'(2a) J'(Ab)
- ! Vo Y,(18) Y,(ib) Y.(4a) Yi(ib) |
— [ : | 1,(2a) 1,(Ab) I)(4a) 1.(4b) |
= L1 K,(1a) K,(2b) Kp,(ia) K} (ib)
— |
= — |
i 1E-o4oE | : : |
S = | 1! Spurious eigenequation
— |
= | HO. U] cers
= | |¢'94T o Y.(18) +iJ, (4a) 0 K. (18)+i(-1)"1 (4a) 0
= k60>K10.940> | _ iJ,(4b) J,(4b) i(-D"1,(Ab) (D) | _
1E-060 | i i l AY(Ga)+idi(a) 0 AK (AQ)+i(-D"1'(a) O
— S ! T T 43’ (1b) 23'(2b) 21" (Ab) A1 (Ab)
— <6.392> <9.447><10.370> I
= s s imply
= C-C annular plate <0222> <8Iy 0 J,(Ab)  1,(1b)
— u, g complex-vauled formulation det[ S, ] = det
1 B L L B L O Adn(Ab) Al (Ab)

0 1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter | ; -
Mathematical analysis and numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM - HRE. NTOU
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Physical meaning of the spurious eigenegquation

True eigenequation (clamped)
— (simply-connected plate)
_ |
1E-025 — : @
] |
- ! | {1,.,(20)3,(2b) +1,(2b) 3, ,(2b)} =0
_ , : I
o = | '
S = i ! : Spurious eigenequation (u, )
N ! : : (multiply-connected)
= ! I '
- | ! l
— T T T det[ S™]
—| T: True eigenvalues <6.392> <9.222>  <11.8107
E u=0, g=0 - simply-connected plate — det J” (;tb) | n (ﬁ’b) _
teoss 1 U complex-vauled formulation ‘ ‘ ‘ ‘ YRk (lb) yl '(;tb)
- I ‘ I ‘ I ‘ I ‘ I ‘ I ‘ I I I I I I n n

o

1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter 1 ; -
Mathematical analysis and numerical study of the true and spurious MSVLAB
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Flowchart for C-C plate using the complex-valued BEM

Ull Ul2 011 6012
4 N _ 4

G.E. Vu(=2u(x), xeQ —> qup| U2 U2 ez ez
+ “lun, ulz, 611, 612,

uz21, U22, 021, ©22,

BIE +

v def[SM]= | ] (det[S] det[T,)
& (N-1)
BEM =0
u=0 6,=0 + uzzoB'C'ezzo +
0=[UL1}{v;} +[U12}{v,} +[OL1{m} + [012]{m,} |
0=[U21{v} +[U22}{v,} +[021{m} +[022]{m} True and spurious
0=[U11,]{v;} +[U12,]{v,} +[O1L,]{m} +[©12,]{m,} eigenvalues

0=[U21,{w} +[U22,){v,} +[021,]{m} +[622,]{m,}

Construction of [SM]

Mathematical analysis and numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM -
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i Treatments

1. SVD updating term

2. The Burton & Miller concept

3. The CHIEF concept

Mathematical analysis and numerical study of the true and spurious
eigenequations for free vibration of annular plate using the BEM -
25
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i SVD updating term (C-C annular plate)

u, q formulation

m,Vv formulation

SVD technique of updating term

Y, | SM;
[C] {m}zo [C]{SVI:LMN
MSVLAB*

Mathematical analysis and numerical study of the true and spurious
eigenequations for free vibration of annular plate using the BEM -
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i The Burton & Miller concept (C-C annular plate)

u, q formulation

m,Vv formulation

The Burton & Miller concept

c . c V
(SM:]+i[sM<]):  +=0
m
Mathematical analysis and numerical study of the true and spurious MSVLAB
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The CHEEF concept (clamped plate)

u, g formulation
swr]y -0
! m
CHIEF points

e {um uc2 ecl ®cz}
3 ju—
M UCl, UC2, OCly, OC2 |, o

(U1l U12 11 0612
U2l U222 621 0622
V
. R uli, Ul12, 611, 612
[C1ly =0 (o e
m U21, U22, 021, 022,

UCL UC2 ©Cl 0C2
UCl, UC2, ©Cl, ©C2,

L -12(4N+N¢)x8N

Mathematical analysis and numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM -
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SVD updating term

1e+300
1e+280 I
1e+260 I |
|
1le+240
e+ III : |
1e+220 TR
1e+200 | i I |
| 1T I 1
1e+180 1 1 i, 1
| 1 i |
le+160 I I I 1T : I
_ 1le+140 1 1 1 i 1 !
§1e+120 T: True eigenvalues I :: : : ::: : :
T 1e+100 p ! T I I m . 1
I n I I i I
1E+080 Iy I TN
I I 1 I 110.342>
1E+060 I L | I Ut 1
I 7 It I 1 <949 I
1E+040 I <j.355>4.557=sk704> I 1 <olgoo> |
1E+020 T T T T T T T
1 <2.050%3.03754.115> <5.541> <6.854><8.139> <9.603> <11.124>
1E-020
1E-040 F-F annular pIate_
1E-060 SVD technique of updating term
u, g + m, v complex-valued formulations
S L L L L L L L B L I R
0 1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter 1
Mathematical analysis and numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM -
Jeneq P g HRE, NTOU
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The Burton & Miller concept

le+140 =
1e+120 % |
= V1o
1e+100 = |=I : :
= o
1E+080 = I g
= : I :I: [
1E+060 = I I I |=| : :
= T : S
1E+040 = B i T
= = . I i
g 1E+020 % | I 11 II I 1 I|I T |
3 = (o 1 1 Trii0342>)
= L | - S
1 5 I 1T 1T I I A%
= I <§.355>¢44.557<5w04> | I <oboo> 1
1E-020 = T T T T T T T T
= <2.050x3.03754.115> <5.541> <6.854><8.139> <9.603> <11.124>
1E-040 g T: True eigenvalues
1E-060 %
= F-F annular plate
18080 = Burton & Miller method
= (u, m) +i (g, v) complex-vauled formulation
1e-100 = T T T T T T T T
o 1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter 1
Mathematical analysis and numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM - HRE. NTOU
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The CHIEF concept

I
I
. o : I
1 1 1 I I
I 1| - I
] I 111 I i I "
O T I T | - o
T T R | R - Lo
T T R | R - I
= ] I i 1 i I HE
= I 1 | " q 1
o] bl I h I
g T L I T L - R
| L L - 1403425
I il 1! ! I <9 4ll> |
L T L 1ot I
] I <1.355>§4.557<5704> | <9'800>
TOT T T T T T T
<2.050x3.03754.115> <5.541> <6.854><8.139> <9.603> <11.124>
| T: True eigenvalues
| F-F annular plate
two CHIEF points
u, g complex-vauled formulation o
1E-010 By B B
0 1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter |
Mathematical analysis and numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM -
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i Conclusions

1. The true and spurious eigenequations depend on the
B. C. and formulation, respectively.

2. The spurious eigenvalue in multiply-connected plate is
the true -eigenvalue of the associated simply-
connected problem.

3. We provide the general form of the true eigenequation
for the annular plates instead of the separate form.

4. The SVD updating term, Burton & Miller method and
CHIEF method, were successfully applied to suppress the

spurious eigenvalues.
Mathematical analysis and numerical study of the true and spurious MSVLAB

eigenequations for free vibration of annular plate using the BEM -
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+

The End

Thanks for your kKind attention
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Real-part BEM for simply-connected plate

1E-025 —
1E-030 ; )
1E-035 —|
— I
1E-040 — | :
— I
= | 1 |
1E-045 — I | I
_ — I I I - :
2 1E-050 — I . I - I
(2} _— | |
= — I I : I
3 — I I I 1 1
1E-055 — | | | | T 1
— | | [
— I I T Iy |
— ! I I ' 1 HR
1E-060 — 11 I
— ! P4 ! < 1l !3 1 71
1E-065 E I <317 <4.90> I:<6 0> - r7'8:>
— S S 1 S $ T | T 1
1E.070 = <142>  <2.63x319x<3.78> <4.645 <5981 71s |
’ — S: Spurious eigenvalues <6.01I <7.32>]
- |
1B:075 — Clamped circular plate s s
—] using u, g real-part formulation <6.30> <7.81>
1E-080 \‘\g‘\q‘\‘\p‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\ <|
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1
Mathematical analysis and numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM -
HRE, NTOU
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1E+020 g
= i
1E+010 — I 1
= Lo
= I
= 110
= 11
= ¥ - oy
1E-010 — |
= 1 Lo
= o o
1E-020 — 1] ! |I 11
_ = I p I L
= = i o 1l o
T 1E-030 — L g 1D g
© = 1 g 1D g1
= T R o
1E-040 — L 11! o
= 1 R BT
— 1 I I L 11 ||
1E-050 % i I 1 I |<6.§0> :l <7;80>
= S T | T | <5,S L<.32> T</.54>
1E-060 ; <2.23> <3.19> S <4.61>S <5.90> <7.é4>
— S: Spurious eigenvalues <3.73> <5.06> <6.96>
15070 % Clamped circular plate
— using u, m imaginary-part formulation |
1E-080 —— ‘ ‘g ‘ T ‘ T ‘ \g‘ I ‘y\ p‘ \ ‘ T ‘ \ ‘ \ ‘ \ ‘ \ ‘ \ ‘ \ ‘ \ 4
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1
Mathematical analysis and numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM - HRE. NTOU
]

36



Complex-valued BEM for simply-connected plate

1E+015 —
= I
— i |
= > oy
1E-005 —| 1 | 1
— | I 1 1
= o
= 1 1
— 1 | | |
— | | | | I
= I I
_ = | I I
% = I I 1 | I
= 1E-025 — | | !
© — | I | |
© — I I
— | I | 1
—] | 1 1 I I
— I I 11 L
= 1 I 1 I
= I ! T T
1E-045 —] 1 | 1<6.30>  <7.80>
— T T T T
—1 T: True eigenvalues <3.19> <4.61> <5.90> <7.14>
; Clamped circular plate
— using u, g complex-vauled formulation
1E-065 ] \g‘ \ (‘] ] \p‘ L Y L L B A A B O <|
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1
Mathematical analysis and numerical study of the true and spurious MSVLAB
eigenequations for free vibration of annular plate using the BEM - HRE. NTOU
]

37



Complex-valued BEM for multiply-connected plate
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