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Abstract

In this paper, it is proved that the two approaches, known in the literature as the method of fundamental solutions (MFS) and
the Trefftz method, are mathematically equivalent in spite of their essentially minor and apparent differences in formulation. In
deriving the equivalence of the Trefftz method and the MFS for the Laplace and biharmonic problems, it is interesting to find
that the complete set in the Trefftz method for the Laplace and biharmonic problems are embedded in the degenerate kernels of
the MFS. The degenerate scale appears using the MFS when the geometrical matrix is singular. The occurring mechanism of the
degenerate scale in the MFS is also studied by using circulant. The comparison of accuracy and efficiency of the two methods was
addressed.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

In 1926, Trefftz presented the Trefftz method for solving boundary value problems by superimposing the
functions satisfying the governing equation, although various versions of Trefftz method, e.g. direct formulation and
indirect formulations have been developed [13]. The unknown coefficients are determined by matching the boundary
condition. Many applications to the Laplace equation [1], the Helmholtz equation [5], the Navier equation [6,7] and
the biharmonic equation [8] were done. Not until recent years has the ill-posed nature in the method been noticed [2].

In theory, it is well known that the MFS can solve potential problems when a fundamental solution is known. This
method was proposed by Kupradze [14] in Russia. Extensive applications in solving a broad range of problems such as
potential problems [1,5,12], elasticity [7,14] acoustics [5] and biharmonic problems (plate) [8—11] have been studied.
The MFS can be reviewed as an indirect boundary element method with a concentrated source instead of distribution.
The initial idea is to approximate the solution through a linear combination of fundamental solutions with sources
located outside the domain of the problem. Moreover, it has certain advantages over BEM, e.g. no singularity and no
boundary integrals are required. However, ill-posed behaviour is inherent in the regular formulation.
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Nomenclature

a radius of the circular problem

ao Fourier coefficient for boundary density
an Fourier coefficient for boundary density
B boundary

[C] Circulant matrix

Cj Coefficient of the MFS

by Fourier coefficient for boundary density
D flexural rigidity

[K']  mapping matrix of interior problem
[KE]  mapping matrix of exterior problem
L(s, x) kernel function

Nt the number of T-complete function

Ny the number of the source point in MFS
n normal vector

ng normal vector at the source point s

Ny normal vector at the field point x

DPn Fourier coefficient for boundary density
qn Fourier coefficient for boundary density
r distance between the source point s and the field point x, r = |x — 5|
s position vector of source point

t tangential vector

t(s) tangential vector at the source point s
t(x) tangential vector at the field point x

u Dirichlet-type boundary condition

u(x) displacement
u;j(x) T-complete set of Trefftz method
U(s, x) kernel function of MFS

[U] influence matrix of the kernel function U (s, x)
w; coefficient of the Trefftz method

X position vector of the field point

0(x) slope

(R, 0) polor coordinates of s
(p,¢) polor coordinates of x
v? Laplace operator

v4 biharmonic operator
0 domain
¢ complementary domain

Although both have a long history, the link between the Trefftz method and the MFS was not detailed discussion in
the literature to the authors’ best knowledge. A similar case to link the DRBEM and the method of particular integral
was done by Polyzos et al. [15].

In this paper, we solve the interior and exterior Laplace problems with a circular boundary and prove the
mathematical equivalence between the Trefftz method and the MFS. Three mathematical tools are utilized. One is
the degenerate kernel [3] for the expansion of the closed-form fundamental solution, another is the Fourier series
expansion for the boundary density and the other is the circulant which is employed to study the degenerate scale [4]
in the MFS. The ill-posed behaviour of the MFS is also addressed. The efficiency of the Trefftz method and MFS is
compared with the same number of unknowns. Also, the error analysis of MFS and the Trefftz method is discussed.
Based on the successful experiences of the Laplace equation, we extend it to the biharmonic equation and discuss
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the behaviour of the rank-deficiency in the mapping matrix when deriving the equivalence of the Trefftz method and
MES. Finally, the occurring mechanism of the degenerate scales will be examined.

2. On the independent bases in the Trefftz method and the MFS
2.1. Trefftz method

In the Trefftz method, the field solution u(x) is superimposed by the complete functions, u ;(x) as follows:

Nt
u(x) =Y wju;x), (1)
j=1

where Nt is the number of complete functions, w; is the jth unknown coefficient to be determined by matching the
boundary condition, u ;(x) is the jth complete function which satisfies the governing equation.

2.2. Method of fundamental solutions (MFS)

In the MFS, the field solution u(x) is superimposed by the fundamental solution, U (x, s), as follows:

Nm
u(x):chU(x,sj), sj € ¢ 2
j=1

where Ny is the number of source points in the MFS, c; is the jth unknown coefficient, s and x are the source point
and collocation point, respectively, {2¢ is the complementary domain and U (x, s) is the corresponding fundamental
solution.

2.3. On the complete set of the Trefftz method and the MFS using the degenerate kernel

By expanding the fundamental solution in the MFS, we have the general form as shown in Fig. 1(a) and (b).

Ulte,5) =) Aj@)Bj(s),  Ixl <Isl,
U(x,s) = jo:ol 3
UF(x,5) =) Aj()Bj(x), |x|>Ils],
j=I1

where the superscripts of “I”” and “E” denote the interior and exterior domains, respectively. It is interesting to find
that all the complete sets, u j (x), in the Trefftz method are embedded in A ;(x) and B;(x) for the interior and exterior
problems. To demonstrate this point, we summarize the complete sets in the Trefftz method and degenerate kernels of
the MFS for the Laplace and biharmonic equations in Tables 1 and 2. The tables point out that the Trefftz bases can
be obtained through the degenerate kernel.

3. Connection between the Trefftz method and the MFS for interior and exterior Laplace problems

Consider the two-dimensional Laplace problem with a circular domain (interior problem) or a circular hole (exterior
problem) of radius a as shown in Figs. 2(a) and 2(b). The governing equation of the boundary value problem is the
Laplace equation:

Viux) =0, xe 0, 4)

where {2 is the domain of interest, V> denotes the Laplacian operator and u(x) is the potential function. The boundary
condition is given by the Dirichlet type

u(x) =u, x € B. ®)
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x: variable s: fixed

(a): closed form

(b): series form (Degenerate kernel)

Fig. 1. Fundamental solution: (a) closed form; (b) series form (Degenerate kernel).

+: source

Fig. 2(a). Definition sketch for the interior Laplace equation with the circular domain using the polar coordinate.

By using the Fourier series expansion, the boundary condition can be expressed as
N N
u(a, ) =ao+ y_ acos(ng) + Y _ by sin(ng) 6)
n=1 n=1

where ap, @, and b, are the Fourier coefficients with respect to the Fourier bases, cos(n¢) and sin(n¢), and ¢ is the
angle along the circular boundary.
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Fig. 2(b). Definition sketch for the exterior Laplace problem with the circular hole using the polar coordinate.

3.1. Trefftz method

In the Trefftz method, the field solution u(x) is superimposed by the complete functions, u;(x), as follows:

2NT+1

u(x) = Z wjuj(x) @)
j=1

where 2N7 +1 is the number of complete functions, w; is the jth unknown coefficient, u ; (x) is the jth complementary
set which satisfies the Laplace equation. For the interior problem, we choose 1, p" sin(n¢) and p" cos(ng) (n € N
and 0 < p < a) to be the bases of the complementary set; and for the exterior problem we choose In(p), p~" sin(ne)
and p~" cos(ng) (n € N and a < p < 00) to be the complete functions in the two-dimensional problem. Eq. (7) can
be expressed by

Nt Nr
u(p.¢) = a0+ anp" cos(nd) + ) bup"sin(ng), 0 <p <a, ®)
n=1 n=1
Nt Nt
u(p.§) = apln(p) + Y _anp™" cos(nd) + Y _bup™"sin(ng). a < p < oo. ©)
n=1 n=1

By matching the boundary condition at p = a and comparing the Eq. (8) with Eq. (6) for the interior problem, we
obtain

ap = aop, (10)
1

ay = —a,, n=12,...,Nr, (11
an
1_—

by=—b,, n=12,..., Nr. (12)
al’l

For the exterior problem by using Eq. (9), we have

1
= ao, 13
ln(a)ao (13)
ap, =a"a,, n=12,...,Nr, (14)
b, =a"b,, n=12,...,Nr. (15)

For the exterior problem with the radius of a = 1, it is interesting to find that the nonunique solution occurs since ag
cannot be determined in Eq. (13) by using the Trefftz method.
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3.2. Method of fundamental solutions (MFS)
In the MFS, the field solution u(x) can be superimposed by U (x, s;) as follows:
Ny
u(x):chU(x,sj), sjeff, xef (16)
j=1

where Ny is the number of source points in the MFS, ¢; is the jth unknown coefficient, s and x are the source
point and collocation point, respectively, and {2¢ is the complementary domain. For the Laplace problem, we have the
fundamental solution

U(x,s;) = In(r), (17)

where r is the distance between the source point and field point, we denote it as r = |x — s;|. According to Eq. (17),
Eq. (16) can be rewritten as

Ny
u(x):chU(sj,x), sj € £2°. (18)
j=1

The fundamental solution can be expressed by using the degenerate kernel

U(s,x) =U(R,0; p,¢) =In(r)

U5, =In(R) = % (%)" cos(n® — @), R > p.

= 19)

o0

UEs =t =30 (2 costn@ - o, o> &

n=1

where s = (R, 0) and x = (p, ¢) are the polar coordinates of s and x, respectively. By substituting the degenerate
form of the kernel function in Eq. (19) into Eq. (16), we have

Ny 0 n

Wl (o)=Y ¢; [m(R) -3 % (%) cos(n (0 —¢))} L 0<p<a,0<¢<2m (20)
j=1 n=1
Ny 00 1 R\"

ub(p, ¢) = ch |:1n(,0) — Z - (;) cos(n(@; — ¢>)):| , a<p<o00,0<¢<22m 21
j=1 n=1

where 0; = 1%,—’;4 Jj. Egs. (20) and (21) in the MFS imply the complete set of Egs. (8) and (9) in the Trefftz method
for the interior and exterior problems. By employing the property of trigonometric function and comparing the Eq.
(6) with Egs. (20) and (21) by truncating the higher order terms than Nj; and matching the boundary condition,
we have:

Nm
ao=) cjIn(R), (22)
j=1
_n Ny 1 1 n
- = —;c,; =) cos@op, n=1.2... Ny, (23)
by Nuo1\" .
;=—;cj; =) sin@6p, n=1,2,... Ny (24)
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For the exterior problem, we have

Nu in(a)
ap = Zc, @ 25
j=I
N,
a"a —zM:clR"cos(ne-) n=1,2 N (26)
n — J n ]/ - E) EELEE ) M’
j=1
ny. o 1 n .
a"by = ZCJER sin(nd;), n=1,2,..., Ny. (27)
j=1

Here, for the exterior problem with the radius of @ = 1, it is interesting to find that the nonunique solution occurs not
only in interior problem (R = 1) but also in the interior problem (a = 1), since c; cannot be determined in Eq. (13)
by using the MFS.

3.3. Connection between the Trefftz method and MFS

We can compare the coefficients in the Trefftz method and in the MFS for interior and exterior problems. By setting
2N7 +1 = Nj; = 2N + 1 under the request of the same number of unknowns, the relationship between the unknown
coefficients in the Trefftz method and the MFS can be written as:

Interior problem:

2N+1
ap= Y cjin(R), (28)
j=1
2N+1 1 1 n
ap = — ; c.,;(ﬁ) cos(nf;), n=1,2,...,2N + 1, (29)
2N+1 1 1\"
by = — ch;<ﬁ> sin(nb;), n=1,2,...,2N +1, (30)

Exterior problem:

2N+1
1
w= 3" ¢ 31)
= In(a)
NHL
- _ RN : —
an = Z cj~R"cos(nd), n=1,2,....2N +1, (32)
j=1
N
by = — i—R" sin(nd;), =1,2,....,2N+ 1. 33
n ; cj~R"sin(nf)), n + (33)
After comparing with the two solutions for the Trefftz method and the MFS, we can correlate as
{w) = [K){v) (34)
where
i={ag ai b1 a by -+ ay by}' (35
V={ci 2 3 ¢4 ¢s - an v} (36)
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and the matrix [ K] for the interior case is

- In(R)
-1
?lcos(Ol)
?sin(Ql)
(k' =
;1 <1>N (N6y)
v\ R cos 1
Y R sin 1
and
r 1
—R cos(61)
—R sin(6y)
K] = :
-1
— RN cos(N6
Nl cos(N6p)
— RV sin(N6
LN sin(N6)

In(R)
% cos(62)

—1
— sin(f
7 Sin®2)

—_

—_

z|

1
—R cos(6,)
—R sin(6;)

_IRN | (N6y)
—_— COS
N 2

LT (N6,)
—_— sin
N 2

AN
7(?) cos(N6y)

1 N
E) sin(N6)

In(R)

-1
— cos(f
7 Cos(®3)

—1
— sin(@
7 Sin®3)

N

N

—_

—_

o)
)

N

1
—R cos(03)
—R sin(63)

_IRN | (N63)
—_— COS
N 3

—L v (N63)
—_— Sin
N 3

cos(N63)

sin(N63)
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In(R) 7
-1
71008(92N+1)
— sin(®
R sin(Grn+1)

1 N
N E) cos(NOyn+1)

(
(%

—_

—

N
) sin(NOan+1) |

(37

1 —
—Rcos(Orn+1)
—Rsin(62n41)

(38)

COoS )N+
N N+

S D
N N+1

is for the exterior case. The relation of Eq. (34) is obtained to connect the Trefftz method and the MFS. We can
decompose the matrix [K] into two parts, one is the matrix, [Tr], which depends on the radius of the source
distribution; the other is the matrix, [7y], which depends on the angle of the source point (Fig. 1), as follows:

[K] = [TR][Tp]

where

Mn(R) 0 0

—1
0 — 0

R
-1
0 0 —
R

[TA] =

0 0 0
0 0 0

is for the interior problem and

(39)
0 _
0
(40)
0
N
) 0
7 ()
N \R] dontiyxen+n
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1 0 0 0 0 0 A
0 —R O 0 0 0
0 0 =R 0
_—1R2
2
rg1=|: ¢+ o+ Tl : @)
2
0 0
-1
0 0 0 —RV 0
N -1
0O 0 0 0 __ RN
- N T 2N+ x(@2N4+1)

is for the exterior problem and

- 1 1 e 1 .
cos(f1)  cos(6h) - -+ cos(Ban+1)
sin(6;) sin(6p) -+ oo sin(@an+1)
cos(2601) cos(26) .-+ -+ cos(20an+1)
[To] = | sin(26;)  sin(262) -+ ---  sin(26n41) . (42)
cos(N61) cos(N6) --- --- cos(NOn+1)
Lsin(N6;) sin(N6) --- --- sin(Néyy1)d

@N+1D)x(2N+1)

In Eq. (42), it is interesting to find

1
Q2N + DHN*+2
det[Tp] = ——x—— (43)
due to the orthogonal property as follows:
2N + 1 0 0 7
2N +1
0 0
2 2N +1
[T =] O 0 5 (44)
0
2N +1
0 0 +
L 2 JdenN+Dx@eN+D

When the radius of the source location R moves far away from the real boundary or the number of the source points
Ny becomes large, the condition number of [K] matrix deteriorates. This is the reason why ill-posed behaviour is
inherent in the MFS. In the [Tlé] matrix, it becomes singular at radius of one (In(R) = 0 for R = 1) which results in
a degenerate scale in the MFS. For the exterior Dirichlet problem of radius one (In(a) = 0 for a = 1), the nonunique
solution exists in Eq. (9) where ag cannot be determined. Even though the Trefftz method can not obtain the unique
solution as shown in Eq. (13). This may explain why the transformation matrix between the MFS and the Trefftz
method is nonsingular for the exterior problem. Degenerate scale in the MFS stems from the singular matrix. A
detailed study of the degenerate scale in the MFS due to numerical nonuniqueness will be elaborated on later.
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3.4. Discussion of the degenerate scale in the MFS for the Dirichlet problem

For the circular case with radius a, we can express x = (p, ¢) and s = (R, 0) in terms of polar coordinate. Eqs.
(20) and (21) can be expressed in terms of the degenerate kernel as below:

NM o
I ra\»
1
,P) = i | In(R) — = 0; — , 0 , 0 27, 45
u (p. 9) ;c,[nm ;H(R) cos(n(6; ¢>)} <p<a 0<¢<2m (45)
Ny e’} 1 R n
uFp.¢)=> ¢j|In(@ - - (—) cos(n(@; — ) |, a<p<oo, 0<¢<2m, (46)
. n\a :
j=1 n=1
By matching the boundary condition, the MFS yields the following algebraic equation:
Po
P1
q1
IGEI VIR (47)
PN
4qN

Based on the circulants for the system of finite number degrees of freedom by locating uniformly 2N source points
on a circular boundary, we have the influence matrix

ao a a, -+ ayN-—1
arN-—1 ao a -+ aN-2
[U] = | 92N-2 @N-1 ao -+ d2N-3 (48)
a a4z - 40 dHnson
where
am =UR,0y;0,0), m=0,1,2,...,2N —1 (49)
in which 6,, = 22”—N’", ¢ = 0 without loss of generality. The matrix U in Eq. (48) is found to be circulant since the
rotation symmetry for the influence coefficients is considered. By introducing the following bases for the circulants
1, (Cam)Y, (Can)3, ..., (Can) ML, we can expand matrix U into
[U] = a0l +a1(Can)' +a2(Can)* + -+ + azy—1(Con)*V ™! (50)
where [/ is an identity matrix and
01 0 0
0 0 1 0
(€)' = |0 00 0 (51)
100 - 0dyy o

Based on the circulant property, the spectral properties (eigenvalues) for the influence matrix, U, can be easily found
as follows:

Mo=ap+ar +aag + - Fay_ied T k=0,£1,42,...,£N ~ 1, N (52)

where A4 and oy, are the eigenvalues for the matrices U and (Cay)', respectively. It is easily found that the eigenvalues
for the circulant Cyy is the root for &2V = 1 as shown below:

=€, k=0,+1,42,...,£N — 1, N. (53)
Substituting Eq. (53) into Eq. (52), we have
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2N—1 2N—1
m i271mk
A= E amoy, = aue 2N, 54)
m=0

m=0

According to the definition for in Eq. (49), we have
aym =a)N—m, m=0,1,2,...,2N — 1. (55)
Substitution of Egs. (53) and (55) yields

2N-1
M= Y amcos(mkA0). (56)
m=0
Substituting ay,, in the Eq. (49) into Eq. (56) and using the degenerate kernel of U in Eq. (19), the Riemann sum of
infinite terms reduces to the following integral:
2N—1 1 2
A = lim Z U(mA8,0) cos(mkAb) ~ —/ U (6, 0) cos(kf)pdb. (57)
N—oo 0 ,0A9 0

By using the degenerate kernel for U (s, x) in Eq. (19) and the orthogonal conditions, Eq. (57) can be derived as
2NIn(R), k=0

I'—1-2N Ik|
M —<3) . k=412, £(N—1),N (58)
Ikl \R
for the interior problem, and
2N In(a), k=0
A= o (R\M (59)
— | — , k=41,£2,..., (N -1),N
|kl \a
for the exterior problem. Therefore, the determinant of matrix U can be represented by
2aln(R) NS /a6 1
det[U'] = (—2n)2V1 2220 (—) —). 60
et[U'] = (—2N) I L[l 7)) 7 (60)
2RIn(a) Y5 ((R\* 1
det[UE]z(—2N)2N_lﬂl_[ (—) — - (61)
a =i a B

According to Egs. (60) and (61), we find that In(R) and In(a) are embedded in the determinant of influence matrices
and the degenerate scale still occurs for the interior and exterior problems. Finally, it is obviously important to examine
the occurring mechanism of the degenerate scale through Egs. (60) and (61). After comparing the Egs. (40) and (41)
with the Egs. (60) and (61) using the circulants, the same mechanism of the degenerate scale is obtained for the
interior or exterior Laplace problem. Based on the successful experiences of the Laplace problem, we will consider
the equivalence of the Trefftz method and MFES for the biharmonic problem in the next section. The degenerate scale
will be examined for the biharmonic problem.

4. Connection between the Trefftz method and the MFS for biharmonic equations
4.1. Problem definition

Plate problem: Consider a clamped plate of radius a under uniformly distributed load w(x) as shown in Fig. 3(a), the
governing equation is

Viu(x) = %x) x €2, (62)

where u(x) is the lateral displacement of the circular plate, D is the flexural rigidity of the plate, {2 is the domain of
interest. For simplicity, we set w(x) is a constant of w. For the clamped case, the boundary conditions are
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uniform pressure w(x) = w

u=u, 0=0

(a) Plate problem. (b) Stokes’ flow problem.

Fig. 3. Two kinds of physical problems for the biharmonic equation.

u(x) =0, 0(x)=0, xe€B,

(63)
where B is the boundary of the domain. Since Eq. (62) contains the body force term, the problem can be reformulated
by using the splitting method

Vir(x) =0, xef,

and the boundary condition is changed to

(64)
4 3
. —wa N —wa
= , 0 = , € B. 65
u(x) ) == * (65)
Stokes’ flow problem: Consider the Stokes’ flow problem with radius a as shown in Fig. 3(b), we have the governing
equation as the same with Eq. (64) and the boundary conditions are
. _ u* —
u(x) =u, =46,
on

(66)
where % and 6 are specified. From the two different physical problems, we have the same governing equation and
similar boundary conditions. The two physical problems have the same governing equation in Eq. (64) subject to

essential boundary conditions of Egs. (65) and (66), respectively. For the general form of boundary conditions,

w*(a, ) =po+ Y pmcosime) + Y _ qnsin(me),

(67)
m=1 m=1
du*(a, > > .
;—@ =70+ Y rmcos(me) + Y _ sy sin(me) (68)
n m=1 m=1
we have an analytical solution for the biharmonic equation
Np Nr Nt
u (p.®) = a0+ ) amp" cos(me) + Y bup" sin(mg) + cop® + Y emp™ 2 cos(mep)
m=1 m=1 m=1
Nt
+ ) dup" sin(me) (69)
m=1
where
a
a0 = po — 370, (70)
2 1
am = %a_mpm — Eal_mrm, m=1,2,3,

(71)
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2 1
bm == %a_QO - Eal_msms m = 17 2,3,--~a (72)
1 (73)
co = =10,
0 2 0
_ 1
en=5a " Ppy = 3a” M m =123, 74
— 1
dm = Tma‘m—%]m — 507 s, m=1.2.3. (75)

4.2. Trefftz method

By using the Trefftz method for the biharmonic equation, we choose 1, p2, p™ cos(mg), p™ sin(me),
"2 cos(me), p" 2 sin(me) to be the bases of the complementary set. Eq. (1) can be expressed by

Nt Nt
WH(p.¢) = ao+ Y amp" cos(mg) + Y bup™ sin(mep)

m=1 m=1
Nt Nt
+eop® + ) enp™ 2 cos(mg) + ) dp™ 2 sin(mg), (76)
m=1 m=1

Nt Nt
0 (p.9) = Y anmp™ " cos(me) + Y bump™ " sin(mp) + co(2p)

m=1 m=1

" Nt " Nt

+ D cmlm +2)p" ! cos(mg) + ) dun(m +2)p" ! sin(mg), (77
m=1 m=1

where ag, a,, by, co, ¢y and d,, are the coefficients of the Trefftz method. By matching the boundary conditions of
Egs. (67) and (68) at p = a, we have

Bl 0 0 0 0 _7“ 0 0 ... 0 0
3 ~1
0 Ea*‘ 0 0 0 o - 0 0 0
3 —1
ap 0 0 5zf‘ 0 0 0 o - 0 0 Po
ai . . . . . . . . R . . . P1
by : : : - : : : : : - : : q1
2 ~1 .
: 0 0 0 m;r a " 0 0o 0 0 Sa 0 :
’ 2 —1
hm 0 0 0o .. 0 mE2m 0 0 o 0 gt | | P
m\ _ 2 1 2 qm (78)
co 0 0 0 0 0 — 0 0o .- 0 0 o
cl ) 2a ) r
d 0 7a*3 0 0 0 0 5a2 0 - 0 0 51
: ~1 1 :
: 0 0 —a? 0 0 0 0 =d° 0 0 :
. 2 2 ,
m m
dm : : : : : : : S : : Sm
- 1
0 0 0 Tma*'"*2 0 0 0 0 . a! 0
- |
0 0 0 0 L A N 0 .. 0 —gme!
- 2 2 -

Eq. (78) is found to be the same as Eqs. (70)—(75). Therefore, we can construct the analytical solution through the
Trefftz method.
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4.3. Method of fundamental solutions
We use the MFS to solve the same problem. According to the Eq. (2), the slope field can be obtained as

8() Ny oU (x,s;)
ux —Zj Jj

ony

0(x) =

Nm
= Zij(s,x), sj e D°. (79)

The fundamental solution can be expressed by using the degenerate kernel as follows:

Ulp,¢; R,0) = r’In(r)

00 1 m
= [p® + R® — 2pR cos(6 — ¢)] |:ln(R) -y - (%) cosm (6 — ¢)}
m
m=1
02(14+1n(R)) + R?In(R) — 2pR In(R) cos 0 cos ¢ — 2pR In(R) sin 0 sin ¢
3 3
— pRcosOcos¢p — pRsinfsing — ;_R cosfcos¢p — ;—R sin 6 sin ¢

- — cos mb cos m¢
— R’”—2 m(@m+ 1R m@m —1)

2 1
— in mo si , R 80
,,,22 R 2[m(m+1)R2 m(m_l):|smm sinme > p (80)
and
dU (p, ¢: R, 6
L (p, ¢ R,0) = 2L 0 R0
ony
=2p(1 +In(R)) —2RInRcosfOcos¢ —2RIn Rsinf sin¢ — R cos b cos ¢

o 3p? 3% . .
—Rsm@sm¢>—ﬁcowcos¢—ﬁsmésmqb

00 m+1 2 m+l 2
- p__m+2 cosmé cosme — Z p__ mHz sinm@ sin m¢
—~ R"™ m(m+1) R™ m@m+1)
oo ,Om_l m 1
+ D ey T cosmé cosmep + Z s sinmOsinmg, R>p.  (8D)

m=2
By substituting Eqs. (80) and (81) into Egs. (2) and (79), respectively, and matching the boundary conditions of Eqgs.
(67) and (68), we have

Nu 4
> wi(R*InR) = po — =ro, (82)
=1 2
Ny 3 1
— > vjlR(1+2InR)]cos; = Ea—lpl — 571 (83)
j=1
N 3 1
—> vj[R(1+2InR)]sinf; = Ea*ql — 58 (84)
j=1
1 m+2 _ I _
_Z ’m(m 1y gz Cosmly = —5—a " pn = 5arm, (85)
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Ny
1 1 m—+2 1
— Vi————_sinmb; = ——a "q, — —a' s , 86
; F(m — 1y gr=2 T Ty T @ (86)
Ny 1
Zvj(l—{—lnR) = —cp, (87)
— 2a
j=1
_l -3 1 )
ZUJ cos@ =—a " p1+=-a°r, (88)
2 2
Zv L ing, = la_3q1 + la—2s1 (89)
.] ./ 2 2 ’
Ny
-1 1 —m 1
Vi————cosml; = —a "2 —a "y, 90
;‘/Rmm(m+1) ) Pt 3 " ©0)
Z —sinmb; = ﬂa_m_zq + la_’”_ls 91
Y jm m( +1) J 2 "2 "
Egs. (82)—(91) can be rewritten as
B 0 0 0 0 _7“ 0 0 0 0
3, -1
0 Za 0 0 0 [ — 0 0
2 3 2
0 0 5a—' 0 0 0 o - - 0 0 Po
) . p1
. q1
0 0 0 m;z m 0 0 0 o0 _71 1=m 0 :
0 0 0 0 L S R 0 Lt || P
[K]{E} = 2 1 2 dm (92)
0 0 0 0 0 — 0 0 - 0 0 o
—1 2a 1 r
0 Ta*3 0 0 0 0 =a®> 0 0 0 51
-1 1, :
0 0 —a 0 0 0 0 -a* .- 0 0 :
2 2 Tm
) : ) ) ) . : . o
—mo_n—2 1 —m—1
0 0 0 P —_ 0 0 0 0 - -a 0
2 B 2 X
0 0 0 0 gm0 0 0 0 —qm-l
- 2 2 -
where
(wr)
(w2)
(K] = : (93)
<wNM) Ny x Ny
~ T
V= {vl V) V3 V4 U5 - UNy—1 vNM} 94)
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in which

(w)) = R*InR[1,1,...,1],
(w2) = —R(1 4+ 21In R)[cos(1), cos(6a), ..., cos(On,,)],
(w3) = =R + 21In R)[sin(6y), sin(6), ..., sin(fn,,)],

1 1\ V-2
<IUNTM> = m <E> [cos(NOy), cos(N6Br), ..., cos(Nby,, )1,
1 1\V 2
(WNTM+1> = m (E) [sin(N6), sin(N6s), ..., sin(NOy,,)],
(U)NTM+2> = +hR)[L,1,...,1], (95)
(U)NTM+3> = %[cos(@l), cos(62), ..., cos(On,,)],
—1
(IUNTM+4> = ﬁ[sin(%), sin(6), ..., sin(On,,)],
1 -1
(Wry—1) = mR—N[cos(Nél), cos(N6s), ..., cos(NOy, )],
1 -1
(Wi, = mﬁ[sin(Nel), Sin(N6y), ..., sin(NOy,,)].

Therefore, we can compare the Eq. (78) in the Trefftz method with Eq. (92) in the MFS. By setting 4N1 +2 = Ny =
4N + 2 under the request of the same number of unknowns, the relationship between the coefficients in the Trefftz
method and the MFS can be connected by

V1

Po v2
pP1 U3
qn v4
PN

N
qro = [K]4N+2)x 4N+2) : (96)
r

S1
N
SN ) an+2)x1 V4N +1

VAN+2 7 4n12)x1

where the left-hand side is the column vector of the Trefftz coefficients and the right-hand side is the column vector
of the MFS coefficients. The [ K] matrix in Eq. (96) can be decomposed to

[K] = [TRI[Tp] o7

where
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[Tl =
‘RzlnR 0 0 0 0 0 0 0 0 0 0 0 7
0 —R(1+2InR) 0 0 0 0 0 0 0 0 0 0
0 0 —R(1+2InR) 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1
0 0 0 0 0 0 0 0 0 0
RN=2N(N -1 |
0 0 0 0 0 0 0 0 0 0
RN=2N(N —1)
0 0 0 0 0 0 I+InR 0 0 0 0 0
0 0 0 0 0 0 0 _—] 0 0 0 0
2R 1
0 0 0 0 0 0 0 0 — 0 0 0
2R
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 %
RNN(N +1)
0 0 0 0 0 0 0 0 0 0 0 _—
o RNN(N +1)-
(98)
and
- 1 1 e 1 1 -
cos 6y cosfp -+ - COSOaN+1 cos Oan 42
sin 91 sin 92 e e sin 941\/.,.1 sin 94N+2
cos N0 cosNOy --- --- cosNOsnyt1 €os NOany2
sinN91 SinN@g e e sinN94N+1 sinN94N+2
[Ty] = . 99)
1 1 el 1 1
cos 6y cosfy - - CcOSOaN41 cos BN 42
sin 6; sin 6, ceeeee o SINO4N41 sin G4y +2
cos N0 cosNOy --- --- coSNOsnyt1 €os NOany2
Lsin N0y sinNOp --- --- sinNOayg1 sSin NOgyyo

It is interesting to find that T is a diagonal matrix of dimension (4N +2) by (4N +2) and Tp is an orthogonal matrix.
The determinant of [Ty ] can be obtained

det[Ty] = 22N + 1)2N 1 (100)

due to the orthogonal property as shown below:

SAN+2 0 0 0 0 o 0 0 -
0 2N41 0 0 0 o 0 0
0 0 0 0 o 0 0

N 0 0 2N+1 0 o 0 0

[Tel Tl =1 0O 0 0 4N42 0 0 0 (101)
0 o 0 0 0 2N41 0 0
0 o 0 0 0 0 .0
L o o 0 0 0 0 0 2N+1]

(AN+2)x (4N+2)

If the [ K] matrix is nonsingular, the equivalence between the two methods is proved. The singular [ K] matrix results

in the problem of solvability using the MFS since [K] cannot be invertible. This is numerically realizable instead of

physical phenomena. The degenerate scale occurs at the three locations R = ¢?, e%l, e !since InR, 1 + InR and

1 +2InR in Eq. (98) are zeros. A detailed study for the degenerate scale due to the phenomenon of the numerical
nonuniqueness was noted in [4].
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Vulx)=0
2 2y ;
Exact solution: —tan ' (——=2—) Exictihiticn: w2
T 1-x"-y° T x iyt=l
(a) Interior problem. (b) Exterior problem.
Fig. 4. Problem statement for the Laplace problem with the boundary condition (u(x) = 1 for upper-half circular boundary and u(x) = —1 for

lower half circular boundary).

5. Numerical examples and discussion

Several problems subject to different boundary conditions for the interior and exterior problems are considered.
Also, the doubly-connected problems with an annular domain and an eccentric case are solved by using the Trefftz
method and the MFS.

5.1. Simply-connected problems

Consider the circular Laplace problem, we have the boundary condition with u(x) = 1 for the upper half circular
boundary and u(x) = —1 for the lower half circular boundary for the interior and exterior problems. For simplicity,
we set the radius a = 1 as shown in Fig. 4(a) and (b). By using the Trefftz method and MFS, we have the results
in Figs. 5 and 6 for the interior and exterior problems. Besides, the solution of the boundary element method is also
obtained. The number of complete functions in the Trefftz method are Ny = 8, 16, 30 and 50 terms. The number of
source points in the MFS are Ny, = 17, 33, 61 and 101 terms. Good agreement is made by comparing the Trefftz
method, MFS and BEM with analytical solution separately.

Under the same unknowns (Nyy = 2N7+1 = 2N +1) in Figs. 5 and 6, we observe that the accuracy and efficiency
of the MFS are better than the Trefftz method straightforwardly.

5.2. Multiply-connected problems

Annular case: We consider the Laplace annular problem with the radius a; and a; (a; = 1, a> = 2.5) as shown in
Fig. 7. By selecting the source location of Ry = 0.9 and R, = 2.6 in the MFS, the results are shown in Fig. 8. Good
agreement is made after comparing with the exact solution in Fig. 9 (b). Also the Trefftz method obtained the similar
results shown in Fig. 9.

Eccentric case: For the eccentric case in Fig. 10, the same technique is used. By choosing the different source locations
in the MFS, the results are shown in Fig. 11(a), (b) and (c). Good agreement is made after comparing with the exact
solution in Fig. 11(d). In addition, the Trefftz method can obtain the good results as shown in Fig. 12.

5.3. Discussion of the error analysis and optimal source positions

From the mathematical point of view, we verified the equivalence of two methods. Although, the Trefftz method
and MFS are proved to be mathematically equivalent, their numerical behaviour is different to the varied condition
number of the influence matrix of MFS and mapping matrix as shown in Fig. 13. They are different in the numerical
implementation since unknown coefficients are not the same. Based on the simply-connected case in Fig. 4(a), the
best location of source point can be chosen by detecting the condition number of mapping matrix shown in Fig. 13.
The condition number for the influence matrix of MFS is also detected. The larger condition number will result in
numerical instability. In the test example, the condition number doesn’t deteriorate very much when source points are
distributed in the range of 1 < R < 3. The significant number of digital computer can cover the ill-posedness of
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Trefftz method MFS (p:1.0,R:1.2) Exact solution

BEM

N1=50

Nm=101

Fig. 5. Contour plots for the interior Laplace problem using the Trefftz method and MFS.
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Trefftz method
(add rigid body term 1.0)

MES
(p:1.0,R:08)

Exact solution

Fig. 6. Contour plots for the exterior Laplace problem using the Trefftz method and MFS.




J.T. Chen et al. / Computers and Mathematics with Applications 53 (2007) 851-879 873

u=1

Inp
In2.5

Exact solution: #(p.¢)=

Fig. 7. Laplace equation of an annular domain.

25

k T T T
25 2 15 -1

(a) Numerical solution. (b) Exact solution.

Fig. 9. Contour plots for the annular circle using the Trefftz method (26 points).

large condition number. Since the MFS is one kind of radial basis function, the influence matrix is constructed from
a distance of two points. For the problem of complex geometry, MFS is more flexible to distribute the source points
with respect to the given complex boundary for capturing the solution. However, the Trefftz method may be suitable
for certain problems (rectangle or circle) with a continuous boundary condition using the corresponding T-complete
functions (Cartesian or polar system). Different radii were also tested and the best result for the MFS is chosen
when the source points are distributed at a radius of 1.2 as shown in Fig. 14. It indicates that the optimal location of
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2
1 i 16p +1+8pcos¢]

Exact solution “2.$)=
i UI 22 2 416+8pcoss

Fig. 10. Laplace equation of the eccentric case.

20 05 05
(@) Ry = 0.9, Ry = 2.6. () R = 0.9, Ry = 3.0.

2. 25 -
15 05 0.5 15 25 35 s 05 0.5 15 25 35
(¢) R1 =09, Ry =4.0. (d) Exact solution.

Fig. 11. Contour plots for the eccentric case using the MFS (inner: 20 points; outer: 60 points).

fictitious source depends on the number of nodes. Also the ill-conditioned behaviour appears when R is larger than
( Jolu()—ue(x)PPdx

2.4 for N = 35. For clarity, the error of norm T dr

, where u,(x) is the exact solution) versus the number
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1.5

1.0~

0.5

0.0

25 . 7 ‘ 2.5 .
L5 -0 05 0.0 05 10 LS 20 25 3.0 35 15 210 05 00 05 10 15 20 25 30 35

Trefftz method Trefftz method

(a) Ny =6. (b) Ny = 14.

25 %

2.0
1.5

1.0

2.5 : ~H—
-5 <10 05 00 05 10 L5 20 25 3.0 35 A5 -0 05 00 05 10 15 20 25 30 35

Trefftz method Exact solution

(c) Nt = 26. (d) Exact solution.

Fig. 12. Contour plots for the eccentric case using the Trefftz method.

of source points is shown in Fig. 15 for the example (Fig. 4(a)). For the larger number of d.o.f. (N > 8), the error for
the potential prediction by using the Trefftz method is larger than that of MFS. In the range of N < 8, the conclusion
is contrary. Based on the Figs. 14 and 15, this numerical experiment shows that the optimal value of R depends on the
number of source points. However, an objective guideline for the optimal value of R is still a challenge to MFS. Until
now, no objective criterion for the optimal position of sources has been proposed. It is found that the optimum location
depends on the number of source points. This is the reason why a general rule can’t be suggested. For the test case,
we can’t predict which one is better to calculate the normal gradient on the boundary. Since the Trefftz method can
be seen as one kind of Fourier series solution as well as the MFS. For the test example, the boundary potential is not
continuous at points (1,0) and (—1,0). The rate of convergence of the gradient is slower than that of the temperature
itself, but both improve with decreasing p. It fails to calculate the gradient at the boundary. The result has been studied
in references [16,17]. The error norms of x- and y- gradients for the domain are plotted in Fig. 16(a) and (b). It is
worth mentioning that MFS can have different results for different values of R. It is found that the accuracy of MFS is
better than that of the Trefftz method in solving the potential gradients under the same number of degree of freedoms
based on the given case.
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8E+004

Influence matrix of MFS (N=17)
Mapping matrix [K] in Eq.(37) (N=17)

BE+004 — /

B
=
E
=
=
g 4E+004 —j
%
g
&)
2E+004 —
OTTTITII‘]ll‘IlI‘II\
1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3
R

Fig. 13. The condition number of mapping matrix and influence matrix of MFS versus locations of distribution sources.

30
MFS
] ———— N:|7
N=35 | g
25 — I1l-posed behavior
(N=35)
20 —f
Optimal R (N=17)

Error norm (%)
&

—
\—* e

10 —|
5 —
0
{ | \ | | { | \ |
1 12 14 16 18 2 22 24 26 28 3
R

Fig. 14. Error norm versus R by using the method of fundamental solutions.

6. Conclusions

In this paper, the proof of the mathematical equivalence between the Treffz method and the MFS for both Laplace
and biharmonic problems was derived. It is interesting to find that the complete set in the Trefftz method is imbedded
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100

————— MFS (R=1.2)
Trefftz method

Error norm (%)

Fig. 15. Error norm versus the number of collocation points by using the Trefftz method and the method of fundamental solutions.

120
x-directional gradient
——+—— MFS (R=1.2)
Trefftz method
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|
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5
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“"‘._H_._’_._._a-o—- M o S
% ' I i | | | ‘
0 20 40 60 80 100
N

(a) x-gradient.

Fig. 16. Error norm of x- and y-gradients.
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60 *

y-direction gradient
MFS (R=1.2)
Trefftz method

40 — ||

Error norm (%)

20 — . L\

0 20 40 60 80 100

(b) y-gradient.
Fig. 16. (continued)

in the degenerate kernels of MFS for the interior and exterior problems of the Laplace and biharmonic equations. The
degenerate scale occurs when using the MFS since the source points locate at the critical scale. The ill-posed problem
in the MFS also stems from the geometrical matrix when the source is distributed far away from the real boundary.
Both the Trefftz method and the MFS were employed to solve the interior and exterior Laplace problems with simply-
connected and doubly-connected domains. The convergence and efficiency of the two methods were also discussed.
For the degenerate scale problem, we have the nonuniqueness solution when the radius a approaches 1 (In(a) = 0) of
the Laplace problem. For the biharmonic problem, the degenerate scale occurs when the fictitious sources are located

ate’, e2 and e~! for the circular case. Based on the present study, we can avoid the occurrence of degenerate scale
problem in the MFS by adjusting the fictitious boundary.
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