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Introduction

Dm ST e c

G.E. Vu(x) = 2'u(x),x e Q

P w° ph D - Eh’
D 12(1-v?)
lateral displacement A frequency parameter
circular frequency P surface density
plate thickness [D flexural rigidity
Young's modulus V Poisson ratio
domain
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Free vibration of plate
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| iterature review

+

1.
2.

Tal and Shaw 1974 (complex-valued BEM)

De Mey 1976, Hutchinson and Wong 1979 (real-part
kernel)

Wong and Hutchinson (real-part direct BEM program)

Shaw 1979, Hutchinson 1988, Niwa et al. 1982 (real-
part kernel)

Tal and Shaw 1974, Chen et al. Proc. Roy. Soc. Lon.
Ser. A, 2001, 2003 (multiply-connected problem)

Chen et al. (dual formulation, domain partition, SVD

updating technique, CHEEF method)
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Motivation

Simply-connected problem w

Real Imaginary | Complex

Saving CPU time Yes Yes NO

Avoid singular integral No Yes NO

Spurious eigenvalues | Appear | Appear NO
Real-part BEM (N.G) |
Imaginary-part BEM (N.G.) »|
Complex-valued (OK) > |
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i Boundary integral equations for plate eigenproblems

(1) Displacement

u(x) = j {-U (s, X)V(s) + BO(s,Xx)m(s) — M (s, x)&(s) +V (s, x)u(s)} dB(s),
(2) Slope K ()
d(Xx) = j {-U,(s,X)v(S) + Oy (s, X)M(S) — M 4 (S, X)8(S) +V, (S, x)u(s)} dB(s),

(3) Normal moment K ()
m(X) = j{ —U (s, X)Vv(S) + O (S, X)m(s) — M (S, X)8(s) +V,, (S, x)u(s)} dB(s),

(4) Effective shear force K ()

V(X) = jB{ U, (S, X)V(s) + O, (S, x)m(s) — M, (s, X)&(s) +V, (S, x)u(s)} dB(s),

Xe )
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i Operators
K.0)= on <

Normal moment

()
on’

K,()=wW()+{1-v)

Effective shear force

070000
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i Kernel functions

Fundamental solution

VU.(S,X) - AU (S,X) =—5(X—9)
U (s, X) = 8]/-12(Y°(M) +1J_(Ar) —|—72T(K0(ﬁ,r) +11_(A4r)))

Kernel functions
U(s,x)=Im[U_]
O(s,X) = K, (U (s,X))
M(s,X)=K_(U(s,X))

V(s,x) =K, (U(s,X))
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i Mathematical analysis (Discrete system)

For clamped circular plate (u=0 and g=0)

0=[UI{\} +[®]{n} v(s)
0=[U,1{} +[©,]{m} m(s)

V
-

U ©
M=, 6
o 0 _14Nx4N
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i Expansion formulae

Degenerate kernels (separable kernels)

-

> In(AP)In(Ap)cosm(G—¢)), o> p
Jo(Ar) =4m B B B

Z_ In(Ap)In(Ap)cos(m(g—9)), p>p

S (D™ n(Ap) w(Ap) COSMG— ), o> p
log(Ar) =4m>> B B -

> (D", (A0) (Ap)cos(Mm(g—4)), p>p

§ rT]:_w
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Circulant

z, 4 %
Z., % %
Uil=lz., z.. %
& & &
'z z Z oz, % |,

2N-1

Z2N—2
Zons

T O O

2= | | [U@daplads=-Uag,anang
m=012,....2N -1

m—é)A¢
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i The properties of the circulant

2N-1 2N-1 ;272me

p'l=rzal=ze™,
m m=0

®=0,+1+2,..,.+(N-1),N

. 27®

a,=e”, @=0+1+2..+N-1N
or &=012,.,2N-1

(" =1im > cos(meg)[-U (a,4,,a,0)]a Ag
~ [;" cos(®)[-U (a,4,3,0)]a d¢
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i Eigenvalues of the four matrices

U] = S ea @) + 2 () oia)l o)

(0] i =" [3ga)Ie(Aa) + % (1) of22) ol 22)]
44 T
U] 1= 10a)Je(a) + = (1) *l o(42)] o 10)]
0 iy T

@] « =§[J'.(za)3'.(za)+3(—1)‘| o(12) o(13)]
o T

®=0,+1+2,...£(N-1),N
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Eigenvalue decomposition (similar matrices)

[U]=0z,0™ [B] =0 O
u 0 0 ® 0 0 0 ] u 0 0 ® 0 0 0 ]
o 47 0 ® 0 0 0 O 4 0 ® 0 0 0
0 o 4 ® 0 0 0 0 0 4 ® 0 0 0
-0 & & é l:b & & & Dt =P ¢ & & Fb & & & ot
0 0 0 ® ) 0 0 0 0 0 ® i 0 0
0 0 0 ® 0 45, O 0 0 0 ® 0 uf, O
0 0 0O ® o0 0 4 0 0 0O ® o0 0 4
U,]=0%, & [0,]=0Z, @~
0 0 ® 0 0 0 7 0 0 ® 0 0 0 |
0O «7 0 ® 0 0 0 0 7 0 ® 0 0 0
0 0 ' ® 0 0 0 0 0 <« ® 0 0 0
- & & &R & & &0 -0 & & &P & & &0
0 0 0 ® ! 0 0 0 0 0 ® « 0 0
0 0 0 ® 0 «4, O 0 0 0 ® 0 «9, O
0 0 0 ® 0 0 '] 0 0 0 ® 0 0 x4
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i Determinant

[SM]

Mathematical analysis and numerical study of the true and spurious eigenequations for free

KoNoR
T, O

D 0
0 @

det SV ] = det

U ) |:

i[I(!ﬂU] [6]

oL O |

oY, O™

e—(N-1)

® O
0 O

T

[©] [U]
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Eigenequations (imaginary-part BEM for clamped plate)

det[SM ]
N 2 2 2
- H R e(1a)le4a)+ 2 (-1)® e(1a)l e 1a)][Je(2a)Jeia) + < (-1) ® e(1a)! (1a)]
e (N-1) 162° g "

_[Jelia)JeAa) + 2 (-1)®Ie1a)l o(1a)] [ Je(1a)e(1a) + 2 (-1) ® e(1a)| eAa)]}
T T

N S
- ] ©» — 5 ller1(1a)Je(1a) + | e(12)J @y 1(4a)]
o (N-1) 164

{l@r1(12)Je(1a) + | @(12) ) @+1(12)}

[l e1(18)Jo(10) + | o(12) J g1 (AQ)] {I41(A0)Io(AQ) + | o(18) I, (40)} =0
Spurious eigenequation True eigenequation
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Comparisons of Leissa and present method

Leissa (Kitahara) Present method

Clamped lodet lede =0 lodet14de, =0

Simply- o + log _ 24

A=) Jo, +14,3)-241,3,=0
supported Jo 1o (1-V)

22+ (1-v)[AI,— €3] ,
ﬂ,zl — (1_ V)[M r._ €| .] /1(1_ V)[—4€(.—1)|.J.— 24 |o+1‘Jo+1]

Free —+=t 20’ (1-v)1-9(l o+1‘]o_ | 0J0+1)

A)+A-v)®[AI,-J,]
J'.A’/Z//'Lf%(l?-i (1—‘1//)6[ﬂ.| '._ 1] +[€ (1- V)Z(i -+ ﬂfl](' e1det Io‘Jo+1) = Ol

where @=0+1+2+3......
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Spurious eigenequations using the imaginary-part BEM

Egs. number Spurious eigenequation using the imaginary-part BEM

u,8 _

(1) and (2) leiJet lede, =0
U,m 1-V)(l Jos + 1 e1de) =220l (J¢ =0

(1) and (3) (1-v)(I Jast le1de) Pl oo
u,v

(1) and (4) ‘(1— V)(I o‘]o+1 + | 0+1‘]o) o Zﬁp ol o‘]o+ ﬂ“zpz(l 0J0+1 — 1 o+1‘]o) =0
g, m 2 2

(2) and (3) ‘(1— V)(| .J.Jrl + | .ﬂ\].) — 2&,0 | .J.-l- A P (l .J.Jrl — | .ﬂ\].) =0
@ ,v 2/1,0(.2' oJo— /12,02' o1Je1) T 2/12,02 lg.)e—leJe.1)

(2) and (4) — € (1-1)](l g1 )e+ | ¢Je) =0
m,v ApA—v)[-4® (0-1) Jg— 217 p°| 1) e,1] + 201" p° (1L-V)(1- @

B and @ | (14.00-1302) HE 1= 1)*(F -1+ 2p*1(1l01de+14J) =0

where @=0+142,43......
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True and spurious eigenequations

Imaginary-part BEM

True Spurious
Plate (clamped) . J.+1J..,=0 1,J,+13,,=0
Membrane (Dirichlet) J.=0 J.=0
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det|SM|

Determinant v.s frequency parameter (clamped)

= % | True eigenequation
= |
= Lo (LRl u) L), () = 0
1E-020 — (. | :
= 1! 1
B -
— 1 1 1 1
E : [ : 1
1E-040 g I | : | : : ] . )
= ! : ! : Lo Spurious eigenequation
— |
= I ! oo
16060 = : i Vi1 (LG L), () =0
% N
; 1 | j <6.30> I <7.80>
= rooT
15050 g T: True eigenvalues <3.-29> <4.61> <5.90> <7_-|i4>
% Clamped circular plate
— using u, g imaginary-part formulation
1le-100 —— | gt q ] J \ yP L O A B A

0 05 1 15 2 25 3 35 4 45555 bbrbmimmobmmm G -
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det|SM|

1E

1E+010

1

1E-010

1E-020

1E-030

1E-040

1E-050

1E-060

1E-070

1E-080

T
<2.23> S

<3.19> <4619

i
i
i
i
i
i
i
i
1
S
1
3.73> <5.06>

T: True eigenvalues

<5.45><6.32>
S

1
S

T 1<6380>

L N B N N N N N N §N §N N §N §B §B B}
-_—
(0]

<7.80>
<7.54>

S
<5.90> <7X4>
<6.96>

Simply-supported circular plate
using u, q imaginary-part formulation

0 05 1 15 2 25 3 35 4 45 5 55 665758

Determinant v.s frequency parameter simply-supported)

True eigenequation

[(A-v)(I.(48)J,.(1a) + 1, (1a) ] (1a))
—2Jal (1a)Jd, (1a)]=0

Spurious eigenequation

{1,,(1a)d (1a)+1,(1a)d,, (1a)} =0
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det|SM|

1E+040

1E+030

1E+020

1E+010

1

1E-010

1E-020

1E-030

1E-040

1E-050

1E-060

1E-070

1E-080

T: True €igenvalues

—

T
<2.29> <3.0
5

<5.93>

TS
310> L 5989

Free circular plate
using u, q imaginary-part formulation

<7<¥>7>

0 05

1

15 2 25 3 35 4 45 5 55 6 65 - 7-l58

Determinant v.s frequency parameter (free)

True eigenequation

Aa(1-v)[-4€ (8-1)| ,(1a) ] (1a) — 24°a°l o, (1) I, (10)]
+20°a%(1-v)(1- 9 (1, (18) J(1a) — | {(18) J,,, (1))
+[ & (1-v)* (& -1) + 1'a"] (1 .,(18) Jo(1Q) + | I, (1)) = O

Spurious eigenequation

{I,,(1a)d (1a)+1,(1a)d,, (1a)} =0
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i SVD updating term (clamped plate)

u, q formulation

[sw;]{;}w [Wfl{i 0 }

0
m,Vv formulation

w1 1=0 [l o)

SVD technique of updating term

v RN
[C] {m}zo [C]{SVI:LMN
MSVLAB*

Mathematical analysis and numerical study of the true and spurious eigenequations for free
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Determinant

® 0 0 0][%, 3%,
- M| |0 @ 0 02 Z, |[®@" O
lsMel |0 0 @ 0}, =, | 0 @
0 0 0 o I,
det][CT [Cll= [T [(4Y'%l — ) 4+ (b6l — Vi) 4 (U180 — 611

-_ (N 1)
+(K'[U] [©] g[.U] [®]) +(K‘[.U]§[®] 5[U] [®]) +(g[U]5[®] 5[U]§[®])]

The only possibility for zero determinant

(lLl[U] (6] K[U],Ll[®] _ O > (/U[U]5[®] 5[U]/u[®] =0 >
(,U[U]Q'[@] g[U]/u[@] -0 > (K[U]5[®] 5[U]K[®])2 =0 >
(K‘[U] (0] g[U] [01y2 _ -0 > (g[U]5[®] 5[U]g[@]) -0 >

at the same time for the same @.
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SVD updating term (imaginary-part BEM)

1E+040 % I
= 1!
= 111
= I I 1 1

1E+020 = 1 1 1 1 1
= 1
= 1| I
= 1 1 | | |
1= I 11 1

o = | P
g = | I L

1E-020 — I 11 Pl I
= I 1 1 1 1
= I 1 1 I 1 1
= 17

040 — I I+ 7

1E-040 g I I o5 45><6.32> <7.54>
= T T T
= T: True eigenvalues <3.73> <5.06> <6.96>

1E-060 — . .
= Simply-supportedcircular plate
= SVD technique of updating term
= using u, g + m, vimaginary-part formulations

T T T T T T T T T T T T T

0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1
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G.E. V() =21ux), xeQ —p

v

BIE
v
BEM
B.C.
+ u=0 =0

O0=[U}{v} +[@{m}
0=[Ugl{V} +[@g]{m}

Construction of [SM]

Mathematical analysis and numerical study of the true and spurious eigenequations for free
vibration of plate using an imaginary-part BEM
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Flowchart for clamped plate using the imag.-part BEM

U ®
Up Oy

v

det[SM]= TT(4"'x" — 49x™)

e&—(N-1)

[SM]{

}4N><4N

v

True and spurious
eigenvalues

MSVLAB
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i Conclusions

1. The true -eigenequations depend on the
boundary condition.

2. The spurious eigenequations depend on the
formulation.

3. The SVD updating term was successfully applied
to suppress the spurious eigenvalues.
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+

The End

Thanks for your kKind attention
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Real-part BEM for simply-connected plate

1E-025 —
1E-030 )
1E-035 —|
— I
1E-040 — 1 1
] I |
— 1 . 1
1E-045 —] I I I
_ — I I I : :
3 1E-050 — I : I I I
T = | i 1 I |
1E-055 — I | I I T I
— I I 1|
— | 1 1 1, |
— ! ' I ' 1 !
1E-060 — 11 Iy
— | Ike30> |1 g7.80>
1E-065 — I <al7> <4.90> r !
— S S 1 S $ T | T 1
1E-070 = <1.42>  <2.6323 19><3.78> <4.64> s>l 7186 |
— S: Spurious eigenvalues <6.01I <7.32>]
- |
1B:075 — Clamped circular plate s s
—] using u, g real-part formulation <6.30> <7.81>
1E-080 I L O A A B A B <|
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1
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1E+020 g
= |
1E+010 — | I
= Lo
— |
= Y
= gy
= ¥ - oy
1E-010 ; 11 II 1l
= . 11 T
1E-020 — by g
_ T = I Loy T
z e I o 1l o
T 1E-030 — L g 1D g
© = 1 g 1D 11
= Py o bl oy
1E-040 — [ g 1] I o
= 1 R T
= L g 1 I<6£O> h <Ago>
1E-050 — 1 I I s II S
g S T ! T | <5.S L<632> T</>4>
1E-060 ; <2.23> <3.19> S <4.61>S <5.90> <7_é4>
— S: Spurious eigenvalues <3.73> <5.06> <6.96>
1E-070 — .
= Clamped circular plate
— using u, m imaginary-part formulation
1E-080 ] \g BEEE \g‘ T ‘y\ p‘ I L O B A B A O 4 |
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1
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Complex-valued BEM for simply-connected plate

1E+015 —
= |
= |
= > oy
1E-005 —] 1 I I
- | I | |
= o
= 1 1
f— 1 1 | 1
f— | | | | I
% — I I 1 !
= 1E-025 — | | I
© — | I | |
© — | |
— 1 1 | 1
—] | 1 1 I I
— | 1 1 I I
— | 1
= I I I I
— I ! ! I
= I - LN
1E-045 — I 1 § <6.30> I <7.80>
— T T T T
—1 T: True eigenvalues <3.19> <4.61> <5.90> <7.14>
; Clamped circular plate
— using u, ¢ complex-vauled formulation
1E-065 ] \g‘ \ (‘] ] \p‘ L Y L L B A A B O <|
0 06 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1
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Complex-valued BEM for multiply-connected plate

; T: True eigenvalues T [
; S: Spurious eigenvalues <9.499>
= -
1E-020 —] I
— |
— | I I
— |
—] 1 1 |
— |
= ] P
5 1E-040 = | : : I
5 = |l
= I Iy [
—] I T : I
— Ilg.945|>
— [ ',g TR
— 60>k10.940>
1E-060 —|
. | L
— S !T T
— <6.392> <b.a475<10.370> |
— s S
E C_C annular plate <9.222> <11.810>|
— u, ¢ complex-vauled formulation
B e L L B B Y L L <|
0 1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter 1
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Imaginary-part BEM (u, q) for clamped plate

- (U] .[6] 1, le1y2 _
= (,Ll. Ke —Keo He =0
1=
= |
= : ]
= I I
= Lo
1E-020 — I I I
= 1 1! | I
= 11 1
— | I 1 1
= : -
S 1E-040 — I ! I R
T = | I 1 1 | 1
© = I - 1 1
= I I 1 1 1
= I - 1l I I
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— using u, g imaginary-part formulation
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Imaginary-part BEM (u, m) for clamped plate
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Imaginary-part BEM (u,v) for clamped plate
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Imaginary-part BEM (¢, m) for clamped plate
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Imaginary-part BEM (q, v) for clamped plate
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Imaginary-part BEM (m,v) for clamped plate
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