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Abstract

In the previous papers [14-17], we have constructed mechanical quadra-
ture methods for solving the boundary integral equations of the first kind.
The methods possess high accuracy O(h%) and low computing complexi-
ties, where ho = maxi<m<d hm and hy, (m =1, ...,d) is the mesh witdth
of the corresponding to curved edge I's,, because the generation of dis-
crete matrix need not calculate any singular integrals. This paper aims
at exploring the stability analysis based on the effective condition num-
ber (Cond_eff) and the condition number (Cond.). We first propose the
new computational formulas for the effective condition number, and then
estimate the upper and lower bounds of eigenvalues of the discrete matrix
K. Moreover, we derive that Cond. = O(h™') and Cond_eff = O(h™1).
Both Cond. and Cond_eff display an excellent stability of the numerical
methods. Hence, we conclude that mechanical quadrature methods pro-
vide not only high accuracy algorithms O(h?), but also excellent stability.
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Numerical experiments are reported to support the stability analysis and
the error estimates.
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1 Introduction

Consider the linear algebraic equations Kpx = b resulting from the first kind
boundary integral equations (BIEs) of Laplace’s equation by mechanical quadra-
ture methods (MQM), where K}, is nonsingular and symmetric. The condition
number is defined by Cond=|A1|/|A,|, where [A1| and |\, | are the maximal and
the minimal values of |A;| (i = 1, ..., n), respectively, and A; are the eigenval-
ues of matrix K; € R™* ™. The definition of condition number was given in
Wilkinson [25], and then used in many books and papers, see Atkinson [1] and
[3], Golub and van Loan [11] and Parlett [19]. The condition number is used
to provide bounds of relative errors from the perturbation of both K; and b.
However, in practical applications, the true relative errors may be smaller, or
even much smaller than the worst Cond. Such a case was first studied in Chan
and Foulser [4], Christiansen and Hansen [7], Christiansen and Saranen [8], and
Huang and Li [13] recently, and is called the effective condition number. In
this paper, we propose the computational formulas for the effective condition
number (Cond_eff).

MQMs possess high accuracy O(hg) and low computing complexities!
where hg = maxi<m<dhm and h, (m = 1,...,d) is the mesh width of the
corresponding to curved edge I';,,. The generation of discrete matrix K need
not calculate any singular integrals. Especially, for concave polygons 2, the
solution at a concave corner point of 02 has singularities, which heavily dampen
the accuracy of numerical solutions. The accuracy of Galerkin methods(?324 is
only O(h'*¢) (0 < ¢ < 1) and the accuracy of collocation methods (CMs)27! is
even lower. In contrast, the accuracy of MQMs is as high as O(h3). In addition,
the CMs[27] are greatly restricted in practice, since the interior angle 6 of  can
only be in § € (29.85%, 330.15"). Moreover, for MQMs, by extrapolations and
splitting extrapolations (SEMs), the higher precision of numerical solutions and
a posteriori error estimates can be achieved. In fact, the quadrature method was
first proposed for an integral equation with a logarithmic kernel in Christiansen
[6] in 1971, called the modified quadrature method, and its analysis was given
in Saranen [20], to yield the O(h?) convergence rate. In [14-17], we propose the
new quadrature methods called the MQMs, to yield the high O(h3) convergence
rate.

The stability is a severe issue for numerical solutions of the first kind BIEs.
Although the stability analysis for the modified quadrature method was given
in [7,8], it is important to provide stability analysis for the new MQMs. In
this paper, the effective condition number is applied to the first kind BIEs
for Laplace’s equation on arbitrary plane domains by MQMs, and the bounds
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of Cond_eff and Cond are derived in detail. We obtain that Cond.=O(h™!)
and Cond_eff=0(h™!), which display an excellent stability of MQMs, where
h= minlgmgd hm (m = 1, ceey d)

This paper is organized as follows. In next section, the effective condition
number and its computational formulas are introduced. In Section 3, the bounds
of Cond_eff and Cond. are derived for the typical BIEs of the first kind. In
Sections 4 and 5, the stability analysis based on Cond_eff and Cond is made for
closed smooth curves I', curved polygons I" and open contours I'. In Section 6,
an analysis and comparisons are made for Cond_eff and Cond., and in Section
7, some numerical examples are reported to support the stability analysis, and
numerical results show the significance of MQMs. In the last section, a few
remarks are made.

2 Effective Condition Number
Consider the linear algebraic equations
KhX = b, (21)

where the x € R™ and b € R" are the unknown and known vectors, respectively.
The condition number is defined by

Cond. = |A1|/|Anls (2.2)

where A; (¢ = 1, ..., n) are the singular values of matrix K; € R™ " in the
descending order in magnitude: || > ... > |A\,| > 0. When there occurs a
perturbation of b or Ky, the errors of x also exist as

K, (x + Ax) = b+ Ab. (2.3)

The values of Cond. are used to measure the relative errors of x, given by

||Ax]| ||AD|
< cond. —, (2.4)
1| [Ibl|
where [|x|| is the Euclidean norm and the matrix norm ||K|| = supy_q %

Note that the equality of (2.4) occurs only at very rare cases. In practical
applications, the vector b varies within a certain region, and the true relative
errors from the perturbation of b or K; may be smaller, or even much smaller
than Cond. given in (2.2).

Below we briefly provide the algorithms for the effective condition number.
Details are given in [13]. Let the matrix K; € R™*™ be real symmetric. The
eigenvectors u; satisfy Kpu; = A;u;, where {u;} are orthogonal, with

uj ;= 4, (2.5)



where §;; = 1if ¢ = j and §;; = 0 if ¢ # j. In [7,11] the effective condition
number is defined by

lonlllx]l ol
where 3, = ul'b.
3 The typical BIE of the first kind
3.1 Description of Algorithms
We have constructed the MQMs for solving!**—17:
Av = f, (3.1)

where the unknown v(t) and known f(¢) are smooth periodic functions on [0,
2m) with the period 27, and the boundary integral operator A is defined by

(Av)(t) = /0 " a(t, o(r)dr, te [0,27] (3.2)

with the integral kernel a(t, 7) = — 5 In [2e~1/2 sin 57|
Let {r; = jh, h =27/n,n € N, j = 1,...,n} be the mesh set. Using the
quadrature rulesm]7 we construct its Nystrom approximate operator:

A 11 e~ 1/2p
(Apv)(t) = h Z a(t,Ti)v(r;) — o n( 5 Yo(t)h, (3.3)
J=1,t#1;
and
-1
=23 i€ (2R O, ash— 0, (3.4)
p=1 '

where E,(A) = (Anv)(t) — (Av)(t), and v € C?0,27] = {v(t)pM(t) €
C[0,27], and v (t 4+ 27r) = oW (t), u = 0,1 ,..., 2}. In (3.4) £(¢) is the Rie-
mann zeta function. Using quadrature rules (3.3), we obtain the linear algebraic
equations
(Apvp) () = f(t:), i=1,..,n. (3.5)
In [17] we have proved that there exist the unique solutions for (3.5) such
that vy (t;) —v(t;)| = O(R?) (i = 1,...,n) as v(t) € C*[0, 27]. Moreover, we have
derived in [17]

2
—op(t Z (R L O(hS), t € {t;}, as v(t) € C°[0,2n],



where w),(t) € C[0,27] (u = 1,2) are independent of h, and v (t) and v(t) are
the solutions of (3.5) and (3.1) at ¢ = t; respectively. Hence, for MQMs, the
superconvergence O(h%) can be achieved by Richardson’s extrapolations!'”.

3.2 Condition number

From (3.2), (3.3) and (3.5), we obtain that the discrete matrix Ay is a real
symmetric matrix. In the subsection we will derive the upper and the lower
bounds of the eigenvalues \; (i = 0,1,....,m — 1) of Aj. First we give two
Lemmas.

Lemma 3.1. Let n be an arbitrary positive integer number. Then

. n/2
n— . T n
iy sin’ () = oo (3.6)
Especially, when n = 2k,
g vk
H?le Slnﬁ = 2]9771’ (37)

and when n =2k — 1,

k_1l . Jm V2k -1
IT5Z; sin 5 1= o1 (3.8)

Proof. Let wy = ™/ and wy, = e~ 2*™"/" (k = 0,1,....,n — 1) be a pair
of conjugate complex numbers. Denote

1 1 o1 1 1 1 o1
wo wq vee Wp—2  Wp_q Wo W1 Wy —2
_ 2 2 2 2 7 —2 —2 —2
V=| wy w1 Wy_o Wh_y |, V=1 wj 1 Wy, —2
n—1 n—1 n—1 n—1 -—n—1 —n—1 —n—1
Wo wy e Wp_g Wy Wo wy Wp,_2

Using the principal character of Vandermode determinants, we have

VV =To<jchen—1(wr — wj)o<j<rcn—1 (W) — w;)

= Hocjcpen (2~ 200sCE DTy — iy @am(E- T2 (39

Based on the product rule of determinants, we obtain

(VW) (ks1,541) = wp - L+ wf - @ + oo+ wpy_y - )

2(k—j)mi 4(k—j)mi 2(n—)(k—j)mi
= 1+e n +e n + e n

| n,ask=y,
| 0,as k#7j,




where (VV)(z41,541) is the entry at the (k+ 1)th row and the (j + 1)th column
of the determinant VV. Hence

VV =n" (3.10)

From (3.9) and (3.10), we have

n
2

H0§j<k§n*1<2 sin =N

k=T,

Since sin(”;lk)Tr =sin &% (k=1,..,n — 1), we conclude
. n/2
n—1 . j/JT n
Mo sin’(T5) = Senre:

This is the first result (3.6). Especially, when n = 2k, since

k=1 g IT o1 T (2K)"
e sin’(5,) = [I5=; Sm(ﬁ)}% = SkEk-1)’
we have
- lsin 2 = vk
J=1 ok~ 2k-1°
Also when n = 2k — 1, since sing{™; = sin(%) and

2k—1
2%k—1 _ (2k —1)7=

k=2 . i, JT k=1 ., JT
H?:12smj(7) = [Hj:11 sin(5;—)] = S0 D@k-1)

2k —1 2k —1

we have
T V2k—1
2k—1  2k-1 7
and complete the proof of Lemma 3.1.
Lemma 3.2. Let \; be the eigenvalues of discrete real symmetric matrix
Ay. Then there exist two positive constant ¢; and ¢y independent of h such
that

H?;ll sin

L =X > A >...> A1 > coh. (311)

Proof. From (3.2) and (3.3), we conclude that Ay is a circular matrix and
consists of the entries:

- —1/2
{%:Jmf%%

_ Zh “1/2 i dhy s
aj = 5+ In|2e /s1n7|,]f1,...,n71.

Moreover, based on the theory of circular matrix[®, eigenvalues Ay of matrix Ay
can be expressed by

n—1
A = Z ajsi, k=0,..,n—1, and g = exp(2kwi/n),i = vV—1.
§=0



Firstly, consider the maximal eigenvalue

h e~ 1/ 2h n—-1
Ao = [ | + Zln|26 2gin 2 |]

Based on Lemma 3.1, there exist the following equalities

2m—1 2m—1
Z 1n|2s1n—|721n|251n—\+ Z 1n|281n—|+1 2
j=1 j=m+1

=2lnym+1In2=1Inn, as n = 2m,

and
2m m 2m
Zln|2sin \—Zln|2bm \—i— Z 1n|251n |
j=1 j=m+1
=2lnv2m+1=Inn, asn =2m+ 1,
to give

1 n
Ao = —E[—lnn ~3 +1nn| = 3
This gives the upper bound in (3.11). Secondly, consider Ay (k = 1,...,n — 1),

i.e.,
n—1

h —1 2h ]
AL = 1 %2 —-1/2
= gl g+ L cos S e 2
n—1 .
—-1,-1 1 2k7Tj Jm

n—1 . n—1 . .

. TJ .o kmj . Jm

—Inn In|2sin —| — sin“ —= In |2 sin =—
+z psin™d z " in2sin 27

1 1 1 &, kg i
= 51nn— %lnn—&— 2njz_:lsinzn‘71n2sin‘7n|.

Using the remainder expression of Euler-Maclaurin’s formulal'® yields

1
an L) 1n|2sm—| —/ sin? krz In |2 sin 7wz|d2 + O(R2FH1)
0

I 1!
= 5/ In |2sin wx|de — 5/ cos(2kmz) In |2sin wz|dx + O(h2FH1)
0 0

o0

1 1! 1! 1
— §1n2+§/0 1n|sin7rac|dx—§/0 cos(2kmx)] Z; cos(2pr)|dx+O (R TT)



_ 1 2k+1 1 2k+1 1 2k+1y _

This gives the lower bound in (3.11), and completes the proof of Lemma 3.2.
Based on Lemma 3.2 and (2.2), we obtain the following theorem immediately.
Theorem 3.3. Let Aj, be the discrete real symmetric matrix Ay, in (3.5)

defined by the quadrature rules (3.3). Then the condition number of Aj has

the bound

Cond. = O(h™1). (3.12)

3.3 Effective condition number

Based on the definition of effective condition number (2.6), we need estimate
the upper bound of known vector b =(f(t1), ..., f(t,))T and the lower bound
of unknown vector x =(vj,(t1), ..., vp(t,))T in 2-norm. From [17], when the
solution v(t) € C*[0,27] of (3.1), we have |vy,(t;) — v(t;)] = O(h?) (i = 1,...,n),
which implies that there exist two positive constants ¢; and ¢y independent of
h such that

C1 < |’Uh(ti)| < Co, 1= 1, N

Hence, the solution vector x =(v, (1), ..., vn(tn))? satisfies

é1h %% = ¢1v/n < ||x||—{Z|v 22 < cov/n = Eh ™0, (3.13)

i=1

where & = v/2mc; and & = v/2mcs. Next, we derive the upper bound of known
vector b = (f(t1), ..., f(tn))T. From [2,23,26], if v(t) € C*[0,2x], then f(t) €
C'k“[O, 27]. Based on the theory of circular matrix[®, there exists an unitary
matrix U such that

UA,UT = diag(Xg, o An_1).

From the principal character of unitary matrix U, we have[>12

||b|‘2: (2?:1&2):”Ub”2 {Z }1/2

=h" O5{Zh 22 ~ b 05{/f (t)dt}? = O(h™°®). (3.14)

From (2.6), (3.11), (3.13) and (3.14), we obtain the bound of effective condition
number immediately described in the following theorem.

Theorem 3.4. Let Ay, be the discrete real symmetric matrix A, in (3.5) by
the quadrature rule (3.3). Then the effective condition number has the bound

|[bl] 1
Cond_eff= =0(h™ ). 3.15
Xalbl] ~ ) (3.19)




4 Stability analysis for closed smooth curve I'

4.1 Description of numerical methods

By the layer potential theory, Dirichlet’s problems of Laplace’s equation:

Au =0, in Q,
{ u=f, on ' =099, (4.1)
are converted into the first kind BIEs[?23!
~5- [ )l —slds, = ). yer. (42)
where 2 C R? is a bounded domain with a closed smooth edge I', and |z —y| =
{(z1 — 1) + (2 — y2)?}/2. In (4.2) the unknown function v(z) = aa"T(f) —

agy(i) , where v is a unit outward normal at a point x € I'. From the known

results!®?327 when the logarithmic capacity (transfinite diameter) Cr # 1,
there exists a unique solution of (4.2). As soon as v(z) is solved from (4.2), the
solutions of (4.1) at interior or exterior points can be calculated by

1
u(y) =—— [ v(z)In|z — ylds., y € RQ\F.
27T T

Assume that Cp # 1 and I' can be described by the parameter mapping x(t) =
(w1(t), 22(t)) € CY0,27] : [0,27) — T with
> |z ()] = |2, ()] + lw ()] > >0,

where [ and [i are two constants. Define the boundary integral operator
27
(Kv)(t) :/ k(t, T)v(r)dr, t € [0,2m), (4.3)
0

where k(t,7) = —5= In|z(t) — z(7)| and v(t) = v(z(t))|z (t)]. Then Eq (4.2) is
converted into
Kv=Av+Bv=f (4.4)

where B =K — A and (Bv)(t) = 0% b(t, 7)v(T)dr with

e (a(t)—a(r))
bt,7) = Qﬂl n|° e (=) /) |, for t — 7 # 27 Z,
o= Ine'/22/(t)], for t — 7 =272,
where Z ={0,£1,+2, ...}.
Using the trapezoidal or midpoint rulel*?), we obtain the Nystrom’s approx-
imate operator By, of B

—h
(Buo)(t § Rb(t,T)o(Ty) + 2—ln|el/2x’(t)|v(t). (4.5)
m
Ti#t,j=1



Hence we get the approximate equations of (4.4)

Apvp(ti) + Bpon(ts) = f(ti), i =1,...,n. (4.6)

Lemma 4.107, TLet T' (Cr # 1) be an arbitrarily closed smooth curve.

Assume that v(¢) is 6 times differentiable on [0, 27r]. Assume also that k(¢, 7)v(T)
is periodic with the period 27, and that they are 6 times differentiable on {-
00, 00 P\ {t + 2mrm}°__ . Then we have the following:

(1) There exists a unique solution in (4.6) and

fon(t:) — v(t)| = O(K), i = 1,..com.

(2) There exist the functions w,,(t) € C[0,2n] (u = 1,2) independent of h such
that

v(t) —on(t) = D wu (R +O(R°), t € {8},

where v, (t) and v(t) are the solutions of (4.6) and (4.4) at t = ¢;, respectively.
Lemma 4.1 implies that for the closed smooth curve I' with Cr # 1, the
superconvergence O(h®) can also be achieved by Richardson’s extrapolations.

4.2 Condition number

From (3.2), (3.3), (3.5), (4.4) and (4.5) we obtain that the discrete matrix Ay,
and By, all are real symmetric matrices. Now we also estimate the upper and
the lower bounds of eigenvalues |\;| (i = 0,1,...,n — 1) of K; = Ap,+Bj,. We
first cite the following known results!'?.

Lemma 4.2. (1) Define |D| = [|d;;|] for any matrix D = [d;;], then its
spectral radius satisfies p(D) < p(|D]). (2) If |D| < C, then p(D) < p(C). (3) If
the diagonal matrix D > 0 and the matrix C > 0 with ReX\;(D — C) > 0, and
if the matrix [M;| > D and |M;| < C, then we conclude that (a) M;—M; is a
nonsingular matrix, (b) [(M;—M3)~}| < (D — C)~! and (3) | det(M;—Ma)| >
det(D — C).

Lemma 4.3. Let I' (Cr # 1) be an arbitrarily closed smooth curve. Assume
that A, and By, are the discrete matrices defined by (3.3) and (4.6), respectively.
Then the eigenvalues |\;| (¢ = 0,1,...,n — 1) of discrete matrix K= Ap+Bj,
satisfy

¢> Nl >ehti=0,1,...,n -1, (4.7)

where ¢ and ¢ are two positive constants independent of h.
Proof. From (3.5), (4.3), (4.5) and (4.6), discrete matrices Aj and By, are

real symmetric matrices, and their diagonal entries are a;;= ag = —% In |#|
and b; = f% In |e'/22/(t;)|, respectively. Two cases are discussed.

Case I. When 1 > e!/21 > e'/2|z' (t)| > €'/2f1 > 0, we choose a = ag + co,
where ¢g = —2-1In(e'/?j1)) > 0. Let D =diag(c, ..., @) and C = (2] =1-

10



Obviously, the matrix D — C is a circular matrix['%. From the theory of circular
matrix, the eigenvalues Ay of matrix D — C are given by

At = ((ag+co)—— Z J 0,...,n—1 and e = exp(2kwi/n), i = v—1.

Hence, by some manipulations we have

3 {2171+7111nn26h,ask=0,
b=

ﬁ + %lnn— %ln(el/Qﬂ) >ch,ask=1,...n—1,

where ¢ is a positive constant number independent of n.

Case IL. When e'/2j, > e'/2|z (1) > 61/2,& > 1, we choose a = ag—cy, where
co = 2 In(e'/?j1) > 0. Let D =diag(a, ..., @) and C (2]} =1 - Eigenvalues Ak
of matrix D — C are given by

_ $+%lnn—200,ask=0,
%—F%lnn—co, ask=1,..,n—1,

where k = 0,...,n — 1, and & = exp(2kmi/n),i = /—1. Since [ is a bounded
positive number, there always exists a positive integer number ny such that
n > ng > (e/?[1)> > 1. Hence, when n > ny we have \;, > ch, where ¢ is a
positive constant number independent of n.

Denote M; = Kp= A,+B;, and M, = []” ;- Obviously, |M;| > D,
M| < C and K;, = M;—Ms,. Since Re\;(D — C) = ch and Lemma 4.2,
K;= M;—M, is invertible and

0 < XK, I < p(K;1) < p(IK; )
<p((D-C)7Y) <ch™,

i.e.

Ai(Kn)| > (p(D=C)7 1)t > ch, i =0,.,n— 1.

This is the lower bound of |A;| in (4.7).

Next, we derive the upper bound of eigenvalues |A;| of K= A, +B),. From
[12] we have p(Kp) = p(Ar+Br) < p(Ap) + p(Br). Moreover, from Lemma 3.2
we obtain p(Aj) = c¢1, and from [12] we obtain p(Bj) < cq, where ¢; and ¢y are
two positive constants. Hence, p(Kp) < ¢1 + c2 and the upper bound of |)\;| in
(4.7) follows. This completes the proof of Lemma 4.3.

Based on Lemma 4.3, we have the following theorem.

Theorem 4.4. Let T' (Cr # 1) be an arbitrarily closed smooth curve.
Assume that A, and By are the discrete real symmetric matrices defined by
(3.3) and (4.5), respectively. Then the condition number for (4.6) has the bound

Cond.(Kj) = O(h™1). (4.8)

11



4.3 Effective condition number

Since K}, is a real symmetric matrix from (3.5), (4.3) and (4.6), there exists the
unitary matrix U such that!®19]

UK, UT = diag(o1, ...,00).

From the known results of [2,23,27], f(¢t) (¢t € [0,2n]) is smoother than v(¢).
Hence, we have for (4.6)

[Ibl] = {1 ()}

27
:h”ﬁﬁﬁqu@Nﬁuz2h4m?/ﬂ@ﬂﬂ”2Sdf&a (4.9)
0

where b = (f(t1), ..., f(t»))T. From (2.6), (3.13), (4.7), (4.9) and Lemma 4.3,
we have the following theorem.

Theorem 4.5. Let I' (Cr # 1) be an arbitrarily closed smooth curve.
Assume that A, and By, are the real symmetric matrices defined by (3.5) and
(4.5), respectively. Then the effective condition number for (4.6) has the bound

[[b]| . 1
Cond-eff= <ch '=0(™), (4.10)
Anll]x]|

where c¢ is a constant number independent of h.

5 Stability analysis for curved polygons I' or open
contours [

Let I' = U _,T,, (d > 1) be curved polygons or open contours with Cp # 1,
and T'}, be a piecewise smooth curve. Define the boundary integral operators
onI',,,

1

(Kymvm) ) = 57 |

U (x)logly — zldss,y € Ty, m,g=1,....,d, (5.1)

m

where v, () = %@ - %. Then Eq (4.1) can be converted into a matrix

operator equation
Kv =F, (5.2)
d

where K = [qu](”n:17 v = (v1(2), ..., vg(z))T and F = (f1(v), .., fa(y))?.
Here, let K be symmetric operators.

12



5.1 Mechanical Quadrature Methods

Assume that T',, can be described by the parameter mapping x,,(s) = (zm1(s),
Zm3(5)) 0, Ton] — Do With 1, > [ (8)] = (1 ()24 [ (8) P2 = iy >
0, where i and [ are two constants, and T}, is the arc length of I';,,. Using the
sin? —transformation(22!

s =Tmp,(t): [0,1] = [0,T}], p € N, (5.3)
with ¢, (t) = 0, (t)/9,(1) and J)( fo sin wt)Pdt, then the integral operators
(5.1) can be converted into 1ntegral operators on [0,1] as follows. Define

1
(Aaq)(t) = [ agftmu(r)ar, e 0.1 (5.4
1
(B, wm) (1) = / b (£, Ty (F)dr, ¢ € [0,1], (5.5)
0

where aqq(t, 7) = —% In \2671/2 sinw(t—7)|, Wi (t) = vm(Tm (T,,,,(pp(t)))\:rm(Tm
©p(O)Tmpy,(t) and
q () =z (1)

—iln|—| forg=m
bym (t,7) = { —iﬂlnﬁp(l;zgmﬂ(t( S| for ¢ #
2 q q m.

In (54) and (5 5) mm( ) = (xml(TmSOp(t))vme( m@p( ))) (m = 1’ ) d)7 and
qu(f) =& (7)| = [(@q1(t) = 2m1(7))? + (2q2(t) = 2m2(7))*]"/?. Hence Eq (5.2)
(A+B)W = G, (5.6)

where A =diag(A11, ..., Agg) and B = [Byy ], are symmetric operators,
and W = (wy, ..., wg)T and G = (g1, ..., ga)T with g, (t) = fon(zm(1)).

Let hy = 1/ny (ny € N, m = 1,...,d) be mesh widths for the nodes,
ti=1; = —1/2)hm (j =1, ..., nyp). By the trapezoidal or the midpoint
rulel’% we construct the Nystrom’s approximate operator Bf;m of Byy,. For the
weakly singular operators A, by the quadrature formulal?!l (3.3), we can
also construct the Nystrom approximate operator qu. Setting t =¢; (i =1, ...,
ng), we obtain the following approximate equations of (5.6)

KyWy, = (Ap+By)W, = Gy, (5.7)

where Wy, = (Wi (t1), oo, W} (tny ), ooy wh (1), ooy W (8,))T, A, :di?lg(éﬂfl,...,AZd),
AZq = [QQ‘I(tjaTZ)]]z 1 B, = [Bz};m}q m=1» Bgm - [qu(tjv”_i)]j,g,:fl7 G, =

(91(t1)s -y g1 (tny)s s 9a(t1)s s galtn,)) ™, and

—[hgIn|2e7 2 sin7(t; — 1;)]/(270), as i # j,

Aqq(ty, Ti) = { —[hy|In |2~ /2R, /(27)]]/(27), as i = j. (5:8)

Obviously, Eq (5.7) is a linear equation system with n—unknowns, where n =
ni + - - - + ng. We cite the results of [15].
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Lemma 5.11%, Assume that T, (m = 1,...,d) are smooth curves, I' =
Ufnlem with Cr # 1, and hy = maxi<m<dq hm is sufficiently small. Also let
u® € C*(T') x C*(T"). Then there exists a unique solution W for (5.7) such that

W - W'=13¢ + O(hd), (5.9)

at node points, where a vector function ¢ = (¢, ...,¢4)" € (Co[0,1])? is inde-
pendent of h3 = (h},...,h3) and h = (hy, ..., hg)”, and the subspace

Co[0,1] = {v(t) € C[0,1] : v(t)/sin*(nt) € C[0,1]}

of C[0, 1] with the norm ||v||* = maxg<;<1 [v(t)/sin®(7t)|.

5.2 Condition number and effective condition number

Under the above assumptions that A and B are symmetric operators, we con-
clude from (5.7) and (5.8) that the matrices A, +By, also are the real symmetric
matrices of n—order. Following the above sections, we can derive similarly the
bounds of condition number and effective condition number, to obtain the fol-
lowing theorem.

Theorem 5.2. Assume that I';, (m = 1,...,d) is smooth curve and I' =
ud _,T, with Cr # 1. Let A}, be defined by rules (5.8) and Bj, be defined by
the trapezoidal or the midpoint rule(!?). Then the condition number for (5.7)
has the bound

Cond.=O(h™1), h= min h,,, (5.10)

1<m<d

and effective condition number for (5.7) has the bound

Cond_eff= =O0(h™), h= min h,,. (5.11)

Anllx|] 1<m<d

Remark. In Sections 3-5, we derive the condition number

Cond.=O(h™ ") (5.12)
and the effective condition number
Cond_eff=0(h™1), (5.13)
to indicate
Cond_eff=0(Cond.). (5.14)

Both (5.12) and (5.13) imply that the numerical stability of the MQMs is ex-
cellent for the first kind BIEs, which also agree with [8]. The new stability
analysis in this paper enhances the MQMs, whose error analysis has already
been explored in [14-17]. When the partition nodes are quasiuniform for smooth
solutions, the improvements of Cond_eff in (5.13) from Cond. in (5.12) are in-
significant, since the Cond. itself is not large in practical applications, where h
is not very small in computation. However, when Cr — 1 (see [8]) or the local
refinements of nodes are used for singularity problems, the values of Cond. may
be large. Then the Cond_eff as from (5.14) may be much smaller than those of
Cond.
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6 Analysis and comparisons for effective condi-
tion number and condition number

In Li et al. [18], the effective condition number is applied to the finite difference
method for solving Poisson’s equation with the mixed type of Dirichlet and
Neumann boundary conditions

—Au = f,in Q,
u=gonlp, %:g* on 'y, (6.1)
where A = 5‘9—; + 88—:2, Q is a polygon with the boundary 02 =T'p Ul y, and v is
the outward normal to 9€2. When the functions f, g and g* are smooth enough,
the solution w of (6.1) is also smooth enough. The traditional condition number
of the difference matrix is well known

Cond. = O(h-2), (6.2)

min

where hp;, is the miminal meshspacing of the difference grids used. In [18], the
bounds of Cond_eff were derived, to give

Cond_eff < c{l|fllo.0 + h™"?llg"llo,rn + ™" higiullgllors (6.3)

min
where ||f]lo.0; [|g*|lo.rx and |||g|lo,r, are the Sobolev norms, A is the maximal
meshspacing of the difference grids, c is a constant independent of h. Evidently,
Cond_eff in (6.3) is smaller than Cond. in (6.2). In particular, when the
boundary conditions are homogeneous, i.e., g = g* = 0, we obtained

Cond_eff=0(1), (6.4)

which is significantly smaller than Cond. in (6.2). Numerical experiments were
provided in [18], to support (6.3) and (6.4).

In this paper, for numerical BIE of the first kind by MQMs, when Cr # 1,
Cond_eff and Cond have the same growth rates as h — 0 (see (5.14)). Also
from the data in Tables 1-3 given in Section 7, we can see

Cond.

Hence, the improvements of Cond_eff to Cond. are insignificant for the stability.
For numerical partial differential equations (PDE) and BIEs, why are the bounds
of Cond_eff over those of Cond. are so different? Below we intend to provide
arguments to explain such distinct behaviors of Cond_eff, based on matrix
analysis.

6.1 Effective condition number for BIE

Denote the real eigenvalues \; of the discrete stiffness matrix K, (or Aj) of
Sections 3-5 in a descent order,

M| > [Aa] > > [An] >0, (6.6)
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with!
Ml = O0(1), [Au| = O(RP), p>0.

Hence, the traditional condition number has the bound
Cond.=— = O(hP). (6.7)

In the paper, there exist the bounds
Ix]| = ||bl| = O(h=*?). (6.8)

We have the following theorem.
Theorem 6.1. Let (6.6) and (6.8) hold. Then there exists the equivalence

Cond_eff = O(Cond.). (6.9)
Proof. We have from (6.6) and (6.8)

Ll ! 0 |)\—1|) = O(Cond.).

Cond_eff= = =
Rl Oy = O

This completes the proof of Theorem 6.1.
Denote the eigenpairs (A;, u;) of K;,, and the angles 6; between b and u; by

(b,u;) _ B;
bl [b]|’

cosf; = cos(b,u;) = (6.10)
where 3, = (b,u;) = ul'b.

Lemma 6.2. Let (\;,u;) be eigenpairs of matrix Kj. Suppose that matrix
K}, is symmetric and nonsingular, and that

x|l = [[b]|. (6.11)
Then there exist the bounds
¥ cos?h; =1, (6.12)
and )
Egglco;ei = 0(1), (6.13)

where the angles 6; are given in (6.10).
Proof. We have b = X7, 3,u;. Then we obtain from (6.10)

[l =/ 7 = (/i cos?6:)[ ]|,

I The notation a = b (a = O(b)), b > 0, denotes that there exist two constants c; and such
that c1b < |a] < c2b, b > 0.
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to give the first desired result (6.12). Next, from x = K, 'b we have x =XI" | f
Then there exists an equality,

2 20,
™ =\/2?_1ﬁ1 \/2? Rty V)

We obtain from (6.11)

cos®0; [M]Q
Al bl

DI = O(1).

This is the second result (6.13), and completes the proof of Lemma 6.2.
From (6.6), we may denote the eigenvalues by

|\i| = e;ih?" = O(hP?), (6.14)
where ¢; are positive constants, and the powers p; are given by
O0=p1<p2<..<py,=p, (6.15)

Lemma 6.3. Let the conditions in Lemma 6.2 and (6.14) hold. Then there
exist the bounds
|cos@;] = O(RPY) = O(|A), (6.16)

where 0; are defined in (6.10).
Proof. We have from Lemma 6.2

cos 0 Cos 9

| cos bi] = |Ail < Aly [ B

< ¢\ < ch?, (6.17)

to give the desired result (6.16), and complete the proof of Lemma 6.3.

In fact, u; in the eigenpair ()\1, u;) is the low frequency eigenvector, and u,
in the eigenpair (A,,u,) is the high frequency eigenvector. The u; is said the
low frequency eigenvector if its corresponding eigenvalue \; satisfying |\;| =
O(JA1]) = O(1), or the high frequency eigenvector if |A;| = O(|A,|). Also b is
rich in u; if

| cos ;| = | cos(b,u;)| > ¢o > 0, (6.18)
where ¢g is a constant independent of h. Hence, Lemma 6.3 implies that b must
not be rich in high frequency eigenvectors, because | cos0;| — 0 when h is small.

Lemma 6.4. Let the conditions in Lemma 6.2 hold. Then the solution
vector x is rich in a low frequency eigenvector uy if and only if b is rich in uy.

Proof. First suppose that b is rich in the low frequency eigenvector u; with

[Ael = O(JA1]) = O(1), (6.19)
where k is a small integer. Eq (6.18) gives

| cos(b,uy)| > co > 0. (6.20)
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Since x = K,:lb and

b
LIPS 0, (6.21)

||

where ¢; is a constant independent of h, we have

(byuy)| _ [cos(byuy)|[Ibll _ coer _
_ _ L ) (6.22)
el el I Tl

where we have used |A\z| = O(1). This implies that x is rich in ug.
On the other hand, suppose that |cos(x,u;)| > ¢y > 0, we have

(b, u)| _ [(Kax )| (% Knuy)|

| cos(b,uy,)| = = =
k ol I |/b||
) _
= PelllCo )l oo, u ) 2 S 14012 > 60 > 0.
I [ !

This implies that b is also rich in ug, and completes the proof of Lemma 6.4.

Theorem 6.5. Let all conditions in Lemma 6.2 hold. Suppose that x is
rich in a low frequency eigenvector ug. Then there exists a constant ¢y with
0 < ¢g <1 independent of A such that

Cond_eff > ¢;Cond. (6.23)
Proof. By the assumption, we have
|cos(x,uy;,)| > ¢y > 0, (6.24)

where ¢y is a constant independent of h. Denote the solution vector x = x;+xo,
where x; = (x,u;)ug. Then we have

Pea]| = [(x, )| = [ cos(x, wy)[[[x]| =2ol[x]],

to give
1
[l < =T l. (6.25)
0

Since b = Kpx, we have b = b;+by, where by = Kpx; = [Agx|x;. Hence, we

obtain
1

= —||by||- 6.26
Combining (6.25) and (6.26) yields
11
x|| <——||b1]l. 6.27
I <2l (6.27)
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Now we obtain

[
Cond_eff= > 6h—— .
ORI = Ol b ]

(6.28)

Since ||b|| >||b1|| and % >, > 0, Eq (6.28) leads to

A A
Cond_eff > co||)\k| > cofyk.||)\1 = ¢y, Cond.=cyCond.

where ¢y = €y7yj,. This is the desired result (6.23), and completes the proof of
Theorem 6.5.

Remark 6.1. Theorems 6.1 and 6.5 can be applied to many numerical
methods for BIEs of the first kind in [8] and the second kind in Atkinson and
Han [2,3]. Moreover, the conclusions in this subsection are also valid for the
boundary element method (BEM).

6.2 Effective condition number for numerical PDEs

Now, we turn to study Cond_eff for numerical PDEs. For (6.1), consider the
smooth problem with the smooth solution u. Let the difference grids (z;,y;) are
quasiuniform. The quasiuniform grids are said if

h/min{h;, k;} < c, (6.29)
3

where h = max{h;,k;}, hi = x; — x;—1, kj = y; — yj—1, and c is a constant
independent of h. The discrete difference equations of (6.1) are denoted by the
matrix form

Kux = b, (6.30)

where the matrix Ky, is symmetric and positive definite. Also denote (\;, u;)
the eigenpairs of matrix K}, and the eigenvalues are also given in a descent
order

cth™=X>X>..>)\, =¢c >0, (631)

where p > 2, ¢; and ¢y are two constants independent of h. For the homogeneous
boundary conditions (i.e., g = g* = 0), the following relations are satisfied:

x|l = I/bll = O(A™1). (6.32)

We can derive the following Theorems by following the proof of Theorems 6.1
and 6.5.

Theorem 6.6. Let (6.31) and (6.32) be given. Then Eq (6.4) holds.

Theorem 6.7. Let (6.31) and (6.32) be given. Suppose that x is rich in a
low frequency eigenvector uy.Then Eq (6.4) holds.

From Theorems 6.1, 6.5-6.7, the effective condition number may be signif-
icantly smaller than Cond. only for numerical PDEs, but not for numerical
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BIEs. The intrinsic behaviors of Cond_eff result from the follows. The differ-
ential operator —A is unbounded so that the eigenvalues of its discrete matrix
have the bounds

A =0(1), A1 =0Oh7P),p>2. (6.33)

On the other hand, the integral compact operator is bounded so that the eigen-
values of its discrete matrix have the following different bounds

M| = OQ1), |An| = O(R7F),p = 0.

Hence, we conclude that the effective condition number is important only for
numerical PDEs.

For numerical BIEs, the traditional Cond.=O(h~!) is not large, and the
Cond_eff has a little helpful for better stability. This fact also displays that the
Cond_eff is really effective when the traditional Cond. is large. This is just the
worth place where the effective condition number works for.

7 Numerical Experiments

We carry out three experiments by MQMs and h®—Richardson’s extrapolation
or splitting extrapolation methods (SEM), and verify the error and the stability
analysis made in the above sections.

Example 1. Let I' be a circle with radius e~'/2. Based on [2,23,27], Cr =
e~1/2 £ 1. Consider the typical BIE of the first kind

T t_
—/ In [2¢7Y/2 sin 5 T |w(r)dr = gcos 2t, (7.1)

—T

where w(t) = cos2t is the true solution. In Table 1.1, we list the errors e, =
maxi<;<n |w(t;) —w(t;)], e = maxi<;<, w(t;) — wP(t;)|, and values of Cond
and Cond-eff, where w?(t;) = (8w"/?(t;) —w"(t;))/7 and e denote the extrap-

olation values and the extrapolation errors, respectively.

Table 1.1 The errors e, and eZ, Cond. and Cond-eff for (7.1).

n | ep el [A1] [An] cond cond-eff
23 | 3.820E-2 3.156 | 1.088 2.899 1.500
24 | 4.737E-3 | 4.361E-5 3.143 | 5.444E-1 | 5.774 2.899

25 | 5.885E-4 | 4.086E-6 | 3.141 | 2.722E-1 | 1.154E+1 | 5.7742

26 | 7.342E-5 | 1.695E-7 | 3.141 | 1.361E-1 | 2.308E+1 | 1.154E+1
27 1 9.172E-6 | 5.955E-9 | 3.141 | 6.805E-2 | 4.616E+1 | 2.308E+1
28 | 1.146E-6 | 1.964E-10 | 3.141 | 3.402E-2 | 9.233E+1 | 4.616E+1
29 [ 1.432E-7 | 6.293E-12 | 3.141 | 1.701E-2 | 1.846E+2 | 9.233E+1
210 1 1.791E-8 | 2.978E-14 | 3.141 | 8.506E-3 | 3.693E+2 | 1.846E+2

Table 1.2. the values of A\, B, and 0y at n = 32.
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k| A B Or k| A B O

1 3.141 | -1.001E-15 | -1.570 | 17 | 0.408 | -8.081E-16 | -1.570
2 3.141 | -2.053E-15 | -1.570 | 18 | 0.369 | 6.993E-16 1.570
3 3.141 | 3.162E-15 1.570 19 | 0.369 | -2.224E-16 | -1.570
4 1.571 | -6.249 -0.102 | 20 | 0.339 | -1.055E-15 | -1.570
5 1.571 | -6.456E-1 1.467 | 21 | 0.339 | 3.333E-16 1.570
6 1.049 | -2.155E-15 | -1.570 | 22 | 0.316 | -7.770E-16 | -1.570
7 1.049 | -1.836E-15 | -1.570 | 23 | 0.316 | -4.167E-17 | -1.570
8 0.789 | -1.199E-15 | -1.570 | 24 | 0.299 | 2.677E-16 1.570
9 0.789 | 3.882E-15 1.570 | 25 | 0.299 | -4.991E-15 | -1.570
10 | 0.634 | -3.711E-16 | -1.570 | 26 | 0.287 | -4.814E-16 | -1.570
11 | 0.634 | 1.119E-16 1.570 27 | 0.287 | 1.118E-16 1.570
12 | 0.532 | 1.944E-15 1.570 28 | 0.278 | 8.322E-16 1.570
13 | 0.532 | 3.536E-16 1.570 | 29 | 0.278 | 2.778E-16 1.570
14 | 0.460 | 1.117E-15 1.570 | 30 | 0.273 | -3.600E-16 | -1.570
15 | 0.460 | 1.278E-15 1.570 | 31 | 0.273 | -5.557E-17 | -1.570
16 | 0.408 | -1.668E-16 | -1.570 | 32 | 0.272 | -9.434E-16 | -1.570

Example 201721, Let T be z(t) = co(eV ™" + cre™ V1), t € [0, 27], which
is an elliptic curve, where ¢y = 50 and ¢; = 0.5. Since Cr # 1, the boundary

integral equation

2m
/ In2(t) — 2(r)|w(r)dr = 27 n |2 (1) (7.2)
0
has the unique solution
a1 o2
The computed results are listed in Table 2.1
Table 2.1 The errors e, and ¢Z, Cond. and Cond-eff for (7.2).

n €n el |A1] [An] Cond Cond-eff
21 2.477E-3 2.458E+1 | 5.474E-1 | 4.489E+1 | 2.929E+1
25 2.441E-4 | 7.481E-5 2.458E+1 | 2.722E-1 | 9.030E+1 | 5.879E+1
26| 3.045E-5 | 7.296E-8 | 2.458E+1 | 1.361E-1 | 1.806E+2 | 1.173E+2
27 3.810E-6 | 4.061E-9 2.458E+1 | 6.805E-2 | 3.612E+2 | 2.346E+2
28 4.765E-7 | 1.529E-10 | 2.458E+1 | 3.402E-2 | 7.224E+2 | 4.693E+2
29 5.956E-8 | 5.048E-12 | 2.458E+1 | 1.701E-2 | 1.444E+3 | 9.387TE+2
210 17 445E-9 | 1.593E-13 | 2.458E+1 | 8.506E-3 | 2.889E+3 | 1.877E+3

Table 2.2. the values of A\g, 3, and 0 at n = 32
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k| A B Or k| A B O

1 24.58 | 1.534E+2 0.000 17 | 0.406 | -2.365E-14 | -1.570
2 4.712 | -2.931E-14 | -1.570 | 18 | 0.369 | -8.881E-15 | -1.570
3 1.964 | -1.964E-14 | -1.570 | 19 | 0.368 | 1.159E-14 1.570
4 1.571 | -2.086E-14 | -1.570 | 20 | 0.339 | 8.881E-15 1.570
5 1.180 | 4.440E-15 1.570 21 | 0.339 | 2.471E-14 1.570
6 1.179 | -9.014E-15 | -1.570 | 22 | 0.316 | -8.881E-15 | -1.570
7 0.918 | -1.536E-14 | -1.570 | 23 | 0.316 | 1.366E-14 | 1.570
8 0.838 | 8.881E-14 -1.570 | 24 | 0.299 | -1.332E-14 | -1.570
9 0.740 | 1.831E-14 1.570 25 | 0.299 | 1.233E-15 1.570

10 | 0.653 | 6.217E-15 | 1.570 | 26 | 0.287 | 3.908E-14 | 1.570
11 | 0.614 | 1.222E-14 | 1.570 | 27 | 0.287 | -1.411E-14 | -1.570
12 | 0.540 | 0.000 1.570 | 28 | 0.278 | 0.000 1.570
13 | 0.523 | -2.735E-14 | -1.570 | 29 | 0.278 | 6.920E-15 | 1.570
14 | 0.464 | -3.730E-14 | -1.570 | 30 | 0.273 | -8.881E-15 | -1.570
15 | 0.457 | -3.193E-14 | -1.570 | 31 | 0.273 | 2.418E-14 | 1.570
16 | 0.409 | -1.687E-14 | -1.570 | 32 | 0.272 | -5.329E-15 | -1.570

Example 3024,

right-angled wedge:

Let T" be an open contour of length 2, in the form of a

I'={(x1,0): 0 <z <1}U{(0,22) : 0 < zp < 1}.

The integral equation is chosen as

- / In|y — z|v(z)ds, =1, for (y1,y2) €T. (7.3)
r

We compute the numerical solution of
u(y) = [ nly - alo(z)ds,
r

at (0.5,0.5), whose true value 4(0.5,0.5) takes 0.621455343.

From [24], although the exact solution v(x) is expected to have a O(|z —
xo\_é) singularity at the right-angled corner, the dominant singularities in v(x)
occur at the two ends, with O(|z — zo|~%). Based on [15,16], using ¢g(t) in the
periodical transformation (5.3), we obtain the numerical results at @ = (0.5,0.5)
by MQMs and list Cond. and Cond-eff in Tables 3.1. Let n,, (m = 1,2) be
the number of uniform partition on [0, 1] corresponding to the mth edge T'y,
of T'. Based on (5.9), we can obtain the splitting extrapilation errors e¥(Q) =

lup (@) — u(Q)|, where

7

d
up(@) = 213w (Q) — (4= Do (@), d =2

is the splitting extrapilation values. The errors |u"(Q) —u(Q)| and the splitting

extrapilation errors ef(Q) are also listed in Table 3.1, where (ny,n2) = (8,8)
and (16, 16).
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Table 3.1. The errors, Cond. and Cond_eff for (7.3).

(n1,m2) | JuP —au] | [\] [An| | Cond. Cond-eff
(4,4) 4.413E-2 | 0.104 | 4.287 | 40.865 12.042
(8,4) 2.166E-2 | 0.113 | 4.147 | 36.420 11.979
(4,8) 2.166E-2 | 0.113 | 4.147 | 36.420 12.049
ef 7.229E-3

(8,8) 1.738E-3 | 0.055 | 4.374 | 78.474 | 22.395
(16,8) 9.452E-4 | 0.056 | 4.312 | 76.007 | 23.820
(8,16) 9.452E-4 | 0.056 | 4.312 | 76.007 | 23.856
eP 7.495E-5

(16,16) | 1.383E-4 | 0.028 | 4.378 | 154.828 | 44.046
(32,16) | 7.805E-5 | 0.028 | 4.357 | 153.680 | 47.609
(16,32) | 7.805E-5 | 0.028 | 4.357 | 153.680 | 47.618
e” 5.184E-7

(32,32) | 1.725E-5 | 0.014 | 4.375 | 308.348 | 87.754
(64,32) | 9.703E-6 | 0.014 | 4.369 | 308.234 | 95.208
(32,64) | 9.703E-6 | 0.014 | 4.369 | 308.234 | 95.210
eP 1.350E-9

Table 3.2. the values of A, 5 and cosfy at (8,8) in Table 3.1.

k| Ak B |cosO| k| Mg B |cosOg|
1| 4.374 | 3.006 0.752 9 | 0.280 | -3.608E-16 | 6.123E-17
212309 | 1.110E-16 | 6.123E-17 | 10 | 0.225 | -0.021 5.334E-3
3 | 2.076 | 2.542 0.636 11 | 0.218 | 8.326E-17 | 6.123E-17
41 0.941 | 0.653 0.163 12 | 0.187 | 0.014 3.496E-3
5 | 0.551 | 1.110E-16 | 6.123E-17 | 13 | 0.184 | 4.718E-16 | 6.123E-17
6 | 0.532 | 0.258 0.065 14 | 0.162 | 5.153E-3 1.288E-3
7 10.396 | 2.775E-16 | 6.123E-17 | 15 | 0.090 | -2.775E-16 | 6.123E-17
8 | 0.308 | 0.078 0.019 16 | 0.055 | 3.665E-17 | 6.123E-17
Now, let us examine the numerical results in Tables 1-2. We can see numer-
ically,
e\n:2m+1 03 €E|n:2m+1 5
7e|n:2m R 2°, 7€E|n:2m — 2 (7.4)

to indicate the empirical convergence rate O(h?), and the first extrapilation
convergence rate O(h®). From Tables 1-3, we can also see

|\i| = C, and |\,| = O(h™1). (7.5)

Eq (7.5) coincide with the theoretical estimates of |A1| and |A,| given in Sections
3-5 perfectly. Next, from Tables 1-3 we have

Cond|,, _ogm+1
Cond]|

Cond-eff|,,_5m+1

~ 2 and
an Cond-eff]

~2(m=3,..9), (7.6)

n=2m n=2m
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and

Cond|(2m+1’2m+1) ~ 2 and

Cond-eff| 31 gme1)
Cond| (2m 2m) Cond—eff|(2m’2m) -

2 (m=23,4), (7.7

to indicate that Cond=0O(h~!) and Cond-eff=0(h~1), which are consistent with
Theorems 3.3-3.4, 4.4-4.5, and 5.2. Moreover, from Table 3.1 we have
|Uh - U|(4,4) \uh - u|(16,16)

h _
[uh — | 7@ u|(8’8) = 12.56 and
— U[(8,8)

= 25.39,
[ul — u‘(16,16) uh — U|(32,32)

=18.01, (7.8)

Hence, the SEMs can provide more accurate solutions. Note that from Table 3.1

2
with the total number n = Z Ny = 32 and 64, the error of SEMs is 5.184F-7
m=1
and 1.350F — 9, respectively. In contrast, when n = 256 the u" = 0.62125 is
given in [24] by Galerkin methods, where the approximating space S” is the
piecewise constant space. This fact displays the efficiency of MQMs and SEMs.
Finally, to scrutinize the spectral distribution of vector b in u, we compute
all B, = ulb and 0, = arccos(8,/||bl||), and list them in Tables 1.2 and 2.2
in the descending order of |A\;|. We can see that 0 ~ +7 except 0, = —0.102
and #; = 0.000 from Tables 1.2 and 2.2, respectively. This fact conincides with
Theorem 6.5. Besides in Table 3,2, we list all 8, and cosf, = 5 /||b]|, to find
the dominant distribution with cosf; = 0.752, cosf3 = 0.636 and cosf4 = 0.163
because cos?6; +cos?05+cos?6, =0.996569 ~ 1. Hence, the dominate rich vectors
of b happen just at the low frequency eigenvectors uy, ug and uy, also to agree
with Theorem 6.5.

8 concluding remarks

1. New stability analysis is made for the mechanical quadrature methods
(MQMs) for the first kind BIEs in [14-17], based on Cond. and Cond-eff de-
fined in (2.6). The key analysis is the estimates of eigenvalues for the discrete
matrices resulting from MQMs. The main results are

Cond-eff = Cond. = O(h™1). (8.1)

Although the effective condition number is smaller than Cond., the improve-
ments of Cond-eff are insignificant for stability analysis. However, Egs. (8.1)
display an excellent stability for the MQMs. Since the MQMs provide not only
the O(h3) convergence rates but also the excellent stability, the MQMs are
more advantageous over the other methods, such as the Galerkin method, the
collocation method, and the modified quarature method in [2,6,20,23,27].

2. In Section 6, based on matrix analysis, we prove again that the Cond.
and the Cond-eff have the same growth rate for numerical BIEs. Note that
the improvements of stability by the Cond-eff are not as significant as those for
numerical PDE in [18]. Such intrinsic differences result from the fact that the
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operators of BIEs and PDEs are bounded and unbounded respectively. Hence,
the eigenvalues of their discrete matrices have different bounds in (6.6) and
(6.33). Moreover, the analysis of Cond-eff in Section 6.1 is valid for all numerical
methods for BIEs of the first kind [8], the second kind [2], and the boundary
element methods.

3. Numerical experiments are carried out for the arbitrary boundary I" with
Cr # 1 by MQMs and SEM, and the computed results agree with the stability
analysis perfectly. The extrapolation and the SEM techniques are applied to
the first kind BIEs, to greatly improve the solution accuracy.

4. Finally, let us compare the stability analysis in this paper with that in
Christianan and Saranen [8] in more detail. In [8], p.48, the algorithms (2.6)
were also proposed, where the local condition number was called. For typical
BIE of the first kind in Section 3, they have discussed three methods: (1) The
Galerlin method, (2) the collocation method, and (3) the modified quadrature
method, to derive the same growth rates as in (5.12) and (5.13) for smooth prob-
lems under Cr # 1. In this paper, we discuss three types of the first kind BIEs in
Sections 3-5; (1) the typical BIE of the first kind, (2) the case of T" being closed
smooth, and (3) the case of I" being curved polygons and open contours. In Type
(3), since there exist corner singularities, the algorithms and their analysis are
more challenging. Compared with the modified quadratic method in [8], the
MQMs are more advantageous: (1) the high O(h®) convergence rates, (2) wide
applications for three types of the first kind BIEs, and (3) the superconvergence
O(h%) by the Richarson’s extrapolation or the splitting extrapolation. Although
the above analysis has been made in [14-17], but no stability analysis exists for
the MQMs so far. This paper is the first time to explore their stability analyse
(8.1), which grants the MQMs an excellent stability.
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