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Literature review
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(real-part kernel) 
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1982 (real-part kernel)
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Free vibration of plate

-0.003

-0.002

-0.001

0

0.001

0.003

Mathematical analysis of the true and spurious eigensolutions for free vibration of 
plate using real-part BEM -5



MSVLAB

True and spurious eigenvalues

Frequency parameter
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Boundary integral equations for plate eigenproblems
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Operators
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Kernel functions
Fundamental solution
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Mathematical analysis (Continuous system)
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Expansion formulae
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Relationship
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Eigenequation
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Mathematical analysis (Discrete system)
For clamped circular plate(        and        )0=u 0=θ
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Circulant
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The properties of the circulant
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Eigenvalues of the four matrics
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Eigenvalue decomposition
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Determinant
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Eigenequation

)}()()()({

)]()()()([
16

)]}()()()([)]()()()([

)]()()()([)]()()()({[
16

]det[

11

)1(
112

2

)1(
2

2

aJaIaJaI

aYaKaYaKa

aIaKaJaYaIaKaJaY

aIaKaJaYaIaKaJaYa

SM

N

N

N

N

λλλλ

λλλλ
λ
π

λλλλλλλλ

λλλλλλλλ
λ
π

++

−−=
++

−−=

+

−
−

=

′−′′−′−

′′−′′−
−

=

∏

∏

0)}()()()()]{()()()([ 1111 =+− ++++ aJaIaJaIaYaKaYaK λλλλλλλλ

Spurious Eigenequation True Eigenequation

Mathematical analysis of the true and spurious eigensolutions for free vibration of 
plate using real-part BEM -23



MSVLAB

Spurious eigenequations using the real-part BEMs
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Flow chart for clamped plate using the real-part BEM

Ω∈=∇ xxuxu ),()( 44 λG.E.

BIE

BEM
B.C.

}]{[}]{[0 mvU Θ+=

}]{[}]{[0 mvU θθ Θ+=

0=u 0=θ

NNU
U

SM
44

][
×









Θ
Θ

=
θθ

0

)(]det[
)1(

][][][][

=

−= ∏
−−=

ΘΘ
N

N

UUSM κµκµ

True and spurious
eigenvalues

Construction of [SM]
Mathematical analysis of the true and spurious eigensolutions for free vibration of 

plate using real-part BEM -25



MSVLAB

Determinant v.s Frequency parameter

Mathematical analysis of the true and spurious eigensolutions for free vibration of 
plate using real-part BEM -26

2 4 6 8
Frequency parameter

1E-060
1E-059
1E-058
1E-057
1E-056
1E-055
1E-054
1E-053
1E-052
1E-051
1E-050
1E-049
1E-048
1E-047
1E-046
1E-045
1E-044
1E-043
1E-042
1E-041
1E-040
1E-039
1E-038
1E-037
1E-036
1E-035
1E-034
1E-033
1E-032
1E-031
1E-030
1E-029
1E-028
1E-027
1E-026

L
og

ar
ith

m
 v

al
ue

s 
of

 d
et

 [S
M

]

Clamped plate using real-part BEM

T T

T
T T

T

S

S

<4.611>

<5.906>
<6.306>

<7.143>

<7.798>

<2.631> <3.781>

<7.326><6.010>

<3.196>

<4.647>

<4.905>

T: true eigenvalue
S: spurious eigenvalue

S S

S S

0)]()()()([ 11 =− ++ aYaKaYaK λλλλ

Spurious Eigenequation

True Eigenequation

0)}()()()({ 11 =+ ++ aJaIaJaI λλλλ



MSVLAB

1. Introduction

2. Boundary integral equations for plate 
eigenproblems 

3. Mathematical analysis (Continuous system)

4. Mathematical analysis (Discrete system)

5. Conclusions
Mathematical analysis of the true and spurious eigensolutions for free vibration of 

plate using real-part BEM -27



MSVLAB

Conclusions

1. A real-part formulation has been derived for the eigenproblem
of the clamped plate.

2. For a circular plate, the true and spurious eigenvalues and 
eigenequations were derived analytically in continuous and 
discrete systems. 

3. Since any two equations in the plate formulation (4 equations) 
can be chosen, 6 options can be considered. 

4. The occurrence of spurious eigensolution only depends on 
the formulation instead of the boundary condition.
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The End
Thanks for your kind attention
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