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i Introduction

Vu(x) = A'u(x),x € €2

lateral displacement A frequency parameter
domain
P Cf)zph
D
circular frequency L surface density
plate thickness [D flexural rigidity
3
D- Eh :
12(1-v*°)
Young's modulus | %4 Poisson ratio
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* Free vibration of plate
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True and spurious eigenvalues

————— Exact solution
——-——-- Redl-part BEM
e
— =] ” -7 —" T
> PRl
ICQI - - - ,l T ’/‘r-(
© 7 e S T
"5 -7 : /‘{/T.YS
g - e
< s yd 15
> 0 -~
E — // T I/ T
c
E‘ // /./
g // /l S
o ¥
_ /,/'ll'
_ / S T: true eigenvalue
S: spurious eigenvalue
I | I | I

Frequency parameter
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i Boundary integral equations for plate eigenproblems

(1) Displacement u(x) = [ {-U (s, )v(s) + (s, )m(s) =
—M (s, X)8(s) +V (s, x)u(s)} dB(s), xeQ
(2) Slope 0(X) = IB{—U , (S, X)V(S) + O, (s, Xx)m(S) K9 (;
—M,(s,X)0(s) +V, (s, X)u(s)} dB(s), xeQ
(3) Normal moment m(X) = L{ U (s, X)V(8) + O _ (s, X)m(S) Km@()
—-M_ (s, X)0(s) +V_ (s, X)u(s)} dB(s), xeQ Kv ()
(4) Effective shear force  v(x) = [ {-U,(s,)(s)+©,(s,x)m(s) <

—M ., (s,X)8(s) +V, (s, X)u(s)} dB(s), xeQ
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‘;H Operators

K=

K,()=wW()+{1-v)

2

0"()
0

-0 (0
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Kernel functions

Fundamental solution
VU (s,X)— AU _(5,X) =5(Xx—9)

U_(s,X) :E;/IZ(H(E”(M) +H?(iAr))
Kernel functions _
U (s, X) = Re[ (H DA +HZ 1))
@(s,x) =K, (U (s,X))
M(s,X)=K_(U(s,X))

V(s,x) =K, (U(s,X))
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i Mathematical analysis (Continuous system)

For clamped circular plate (u=0 and ¢=0)

_ S p b, b
v(s) ao+nzzl(an cos(ng) + b, cos(ng)) v(s)
m(s) = po + Y (P, cos(nNg) + g, cos(ng)) m(s)
n=1

Null-field integral equations
0= jB{—u (s, X)V(S) + O(S, X)M(S)
—M (s, X)0(s) +V (s, X)u(s)} dB(s), xeQ°
0= jB{—u (S, X)V(S) + O, (s, X)m(S)

—M,(s,X)0(s) +V, (s, x)u(s)} dB(s), xeQFf i
B
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i Expansion formulae

0= jB{—u (s,:¥)[ag+ Y (an cos(ng) + by, cos(ng))] + O(s,X)[ po + Y (P COS(Ng) + d cos(ng))]dB(s)
n=1

n=1
0= jB{ ~Ug(s,)[ag+ ) (an cos(ng) + by cos(ng))] + @y (s, [ po + Y (Pn cos(ng) + d cos(ng))]dB(S)
n=1 n=1
Degenerate kernel
LAp)1 (Ap)cos(M(g—g)), p>p

K
o [EUP O 5
YK, G, (Ap)cosmg—¢)), p>p

Y (Jr) = miYm ()3, (Ap)cos(m(g~¢)), p>p
| Y, (40)3, (2p)cosm(—¢), p>p
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i Relationship

_ lYn (la)‘Jn (la) B Kn(ﬂ*a)l n (la) _
> PN Ga)d (e K. (a)l (a) T

_1Y,(4a)d,(4a) - K, (1a)l ,(4a) B
> =03 Gaydta) K. Ga)l (a)

_1Vi(a),(ia) - Kp(ia)l(ia) .
—> P0= V)3 (Ga) - K ()l (da) e

_lYn (ﬂ“a)‘]n(la)_ Kn(la)ln(ia) _
> %=y Gayda) K. Ga)l (a)
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i Eigenequation

1Y,(1a)J,(1a) -K,(4a)l,(1a) _ 1Y (1a)d,(1a) - K[ (4a)l,(1a)
1Y, (1a)d,(1a)-K,(1a)l/ (1a) 2 Y. (1a)Jd/ (1a) - K, (1a)l ,(1a)

| Kna (la)Yn (Aa) - Ky (la)Ynﬂ(/Ia)]{ lnia (1a)J n (Aa) +1 n (1a)Jd n+1(ﬂ’a)} =0

Spurious Eigeneguation True Eigenequation
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i Mathematical analysis (Discrete system)

For clamped circular plate( u=0and =0 )

0=[UI{\} +[®]{n} v(s)
0=[U,1{} +[©,]{m} m(s)

V
-

U ©
M=, 6
o 0 _14Nx4N
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Circulant

% 4 & &HNa

ZZN—]. ZO Z]_ tee ZZN—Z

Ul=Zno Zona 20 0 Zones
L 4 Z2 &3 SN % DN

=] 12 u@d.adadis-U@dyadans

m=012,...,2N -1
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The properties of the circulant

IN-1 27ZTT]€

[U]—Z:Zag Zzez'\',

(= O,iZLiZ,...,i(N ~1),N

27z€
—e 2N (=0+14+2..+N-1 N

or /=012..,2N-1

il = lim Z%i:os(mmm[ -U(a,é,,a,0)]arg

N—>oo

~ jo cos(/¢)[-U (a,¢,a,0)]ad¢
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‘_H Eigenvalues of the four matrics

(U] i == T3IN,(2)3, (42) K (22 (a)]
(O] ' ——m (42)J;(18) - K, (2a)! | (1a)]

U] == NG, (a) - K (a)l (22)]
[0,] K= T2 Y/ (A8)3; (28) ~ K (Za)l , (Aa)]

0 =02142,...+(N ~1),N
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Eigenvalue decomposition

U]=0z, @ [O] =Dz, O™
y 0 0 - 0 0 0 ] 0 0 - 0 0 0 ]
o 4 0 - 0 0 0 0 4 0 - 0 0 0
0o 0 4Y - o0 0 0 0o 0 4 . 0 0 0
=@ T T : Lol =@ i T : Dol
0O 0 0 - 4¥ o0 0 O 0 0 - 49 0 0
o 0 0 -« 0 49, 0 o 0 0 - 0 4%, 0O
0 0 O 0 7 0 0 0 - 0 7
[U,]=dz, ®* [0,]=0%, &
0 0 - 0 0 0 | K0 0 - 0 0 0 |
o «x 0o -~ 0 0 O 0 «° 0 O 0 O
O 0 «% .. 0 0 O o 0 « ... 0 0 ©
I 5 - I : - g
O 0 O V0 0 O 0 O 0 0
0O 0 O 0o «%, O O 0 O 0 %, O
0 0 O o 0 & 0 0 O© 0 0
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i Determinant

[SM] =

det SV ] = det

DT O DT D
oL, O Px, O
D 0] %, Z,
_O o _te 2(99_
_ZU Z@ _

Zug 2@)9_ (=—(N-1)

® O
0 O

H (lLl[U] [6]

T

—H, K

[6] [U])
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i Eigenequation

det[SM ]

- _1(”&_1) p gjf {[Y,(22)J, (4a) - K, (2a)1 , (2a)][Y; (1a)J; (1a) - K; (2a) | ; (Aa)]
_ -1Y,(1a)Jd;(1a) - K,(Aa)l ,(1a)][Y,(1a)d,(1a) - K, (Aa)l ,(1a)]}

- fg_l) 1 gz‘; [K,..(12)Y,(1a) - K, (1)Y,,,(1)]

{l,.(48)d, (1) +1,(1a)d 1 (1)}

(K1 (48)Y, (4a) - K, (A1a)Y,, (A1a){1 .1 (18)d, (4a) + 1, (4&8)d 1 (4&)} =0

Spurious Eigeneguation True Eigenequation
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Spurious eigenequations using the real-part BEMs

Egs. number Spurious eigenequation using the real-part BEM
u, 9 K4+1Yz - KzYm =0
(1) and (2)
u,m L-(K)Y,., —K,,Y,)—240K )Y, =0
(1) and (3)
u ’V 2 2 2
(1) and (4) l (1_ V)(Kﬂle - KMlY/,) - ZAPK/Y/ +A P (K/,JrlYﬂ + Kﬁth) =0
6, m 2 2 2 _
CA=-v)(KY, =K, Y,)=220KY, + 2 p°(K,,,Y, +K)Y,,;) =0
(2) and (3)
g .,v 22p(02KY, + 2 p?K, Y, 1) =222 p2 (K, .Y, + K,Y,.,)
(2) and (4) +[20-(3-v) 1 =2p L (1- D](K,Y,, - K,..Y,) =0
m,v A02p(-1+ O)[1—L@A-v) = Ap]K Y, +[ 14 (1-v)2 + 2 p* = 20(1—v)(~1+ 20)I(K, Y, — K 1Y)
(3) and (4) - 42[3— by +v? — 22p1=V)I(K Y11 —KpY)) - 212/02(1— v)(L~ 52)(K(4Y(z+1 +KqY))+ 223p3(1— V)K41Y1 =0
where ¢=0+1+2+3.... And true eigenequationis !wad +1,J,,=0
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G.E. V() =21ux), xeQ

v

BIE
v
BEM
B.C.
+ u=0 =0

O0=[U}{v} +[@{m}
0=[Ugl{V} +[@g]{m}

—t>

Construction of [SM]
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U ®
Up Oy

v

detfSM]= ("'« —1"x")

=—(N-1)

[SM]{

}4N><4N

v
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Determinant v.s Frequency parameter
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Clamped plate using real-part BEM

S
<4.905>

Tl
<3.196> <4.6j1>

|

S S S
<2.631> <3.781> <4.647>

S S
<6.010> <7.326>

|
|
| |
| |
|
<5.906> T T

<6.306>
<7.143>

T
<7.798>

T: true eigenvalue

S. spurious eigenvalue

| | |
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True Eigenequation

{I,..(1a)d,(1a)+1,(1a)d, (1a)} =0

/+1

Spurious Eigenequation

[K..(4a)Y, (1) - K, (1a)Y,,(4a)] = O

/+1
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i Conclusions

1. Areal-part formulation has been derived for the eigenproblem
of the clamped plate.

2. For a circular plate, the true and spurious eigenvalues and
eigenequations were derived analytically in continuous and
discrete systems.

3. Since any two equations in the plate formulation (4 equations)
can be chosen, 6 options can be considered.

4. The occurrence of spurious eigensolution only depends on
the formulation instead of the boundary condition.
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The End

Thanks for your kKind attention
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