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ee | |aplace problem

Two-dimensional Laplace problem with a
circular domain

G.E.: Vu(x)=0, xeD

B.C.: u(x) —u, xeB

where ,
y2 denotes the Laplacian operator

L(X) is the potential function
yo, is the radius of the field point

@ is the angle along the field point
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oo | Trefftz method and MFS
Method Trefftz method MFS
Definition u(x) = ZT:cjuj (X) u(x) =ZMWJ-U(X, s;)
j=1 =1
£
Base U;(X) (T-complete function) U(x,s) =w(r), =[x
G.E. LuU(X)=0, xeD £U(x,9=0, xeD (singularity at s)
Match B.C. Determine c, Determine w;
N 1t is the number of complete functions
N is the number of source points in the MFS
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ee | |aplace problem

Two-dimensional Laplace problem with a circular domain

E.: Vu(X)=0, xeD B.C.: u(x)=u, xeB

nterior :

Boundary Condition: u(a,¢) = a0+ ) ancos(ng) + . basin(ng)

n=1 n=1
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ee | Trefftz method

Representation of the field solution :

2NT +1

u(x) = Z WU, (X)

where

2N; +1  is the number of complete functions

Wi is the unknown coefficient

U, is the T-complete function which
satisfies the Laplace equation
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ee | T-complete set function

1 Vi1=0
\
Laplace

V?p"cos(ng) =0 EC’UGﬁOn

p"sin(ng) _—

V2 p"sin(ng) =0

p" cos(ng)

0 1 0 1 9°
op® pop p°og°
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Derivation of unknown
coefficients (Trefftz)

T-complete set functions : Interior: 1, p"cos(ng), p" sin(ng)

Exterior: Inp, p " cos(ng), p~ " sin(ng)

Ny N7
Field solution: Interior : u'(ag)=ay+ Z ana" cos(ng) + Z bra" sin(n¢)
n=1 n=1

\= \=
Exterior : uE(a,¢):aolna+Zana_” cos(n¢)+ana‘”sin(n¢)

n=1 n=1

By matching the boundary condition at p =a

Interior ag = ao, Exterior o =
problem: o problem:  “0 = 3 °O
an :_n, n:1,2,NT —
a a, =a"an, n=12,.Nt
b —
bh=—  n=12..Ng by=a"n  n=12..Nt
a
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Method of Fundamental
Solutions (MFS)

Field solution :

N
u(x)=> cU(xs), s eD°
-1

where
N,, is the number of source points in the MFS
C, is the unknown coefficient

U(Xs;) is the fundamental solution

D¢ is the complementary domain
S is the source point

X is the collocation point
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ee | Fundamental Solution

VU (X,S) = 276 (X—S)

U

U(x,s)=In(r) r=[x-5s

where

0° 1 0 1 0°

2
Vi, = 52 + p + — 552
P pop p°0¢
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Derivation of unknown
coefficients (MFS)

Ui(RG;p,cé)=|n(R)—i%(§)”COS(n(6’—¢)), R>p

Degenerate kernel : uRo,p¢)=Inr=

e -1 R,
U (Ré’;p,qf):ln(,O)—Zﬁ(;) cos(f-¢)), R<p
n=l
Field solution: Interior : u'(ag)- Zc [In(R) - Z%%)”cos(n(é’j—qﬁ))], O<g<2r

in s =S i@ - LR) cos(no; -
Exterior : US(@#)= cjll@)- Y ~()"cos(n(; -], 0<p<2r

Interior Exterior a0 - Y ¢
2 = 3., In(R) In(a) -
problem: ' problem: .

aap :—Z Cj %(R)”cos(naj), n=12,.Ny

Q|
S

1.1
_—Zc F(R) cos(nd;), n=12,..N, s
N m
2l == cj%(R)"sin(nHj), n=12,.Np
f=il
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Interior:

Exterior:

wj=[K]icf

Trefftz MFS

i InR InR InR
_—Rlcos(Hl) %Rlcos(ﬁz) %005(93)
i) e, )

[}

ke

STEMeos(NG) () cos(NG,) ()" cos(NG) -

1,1y 1,1y 1,1y
_W(E) sin(N&,) W(E) sin(N&,) W(E) sin(Nég;) -+

1 1 1
— Rcos(4y) —Rcos(6y) —Rcos(63)

- Rsin(6;) —Rsin(6,) — Rsin(63)

—1 . _1 . _1 . ..
W(R)'\'cos,(Nal) W(R)'\'cos(Naz) W(R)'\'cos(N93)

_Wl(R)Nsin(NBl) _Wl(R)Nsin(Né?z) _Wl(R)Nsin(NHS)
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By setting 2Ny +1 =

Relationship between the
two methods

Np =
Trefftz
MFES
method
InR
_—1003(8 )
R 2N+1

-1 .
—sin(0.
R ( 2N+1)

1.1
W(E)N cos(Nb,y 1)

9 —
1 ]
~Reos(0an 1)
—Rsin(@2N+1)
‘Wl(R)N cos(N&n+1)
ﬁ(R)N sin(Np 41)
2005/5/18

-1,1 :
W(E)N Sin(N&,y 1)

\CZ N+1 J

2N +1

£ 0 00

e
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Matrix (K

1 1
cos@) cos@,)
sin(@,) sin(@,)
cos(26;) cos(26,)

[Te]:

sin(26,)  sin(26,)

cos(Ng;) cos(NG,) -

:> [To10T1" =

=
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T,)

€0S(@n41)
SiN(@n.41)
© COS(205n.1)
Sin(20;.41)

- COS(N&y,q)

‘ Sin(N92N+1)_

| sin(N@;) sin(N&,) (2ND(2N4])
2N+1 0 ]
0 2N +1
0 2N +1 :
_ 2
: 0
0 0 2N +1
2 JoN+1)x(2N+1)
(2N 1)N+%
+
det[T,] = . #0, N e natural number
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[In(R)

MRl =

Matrix ( K =TT, )

In(@)

In(a)

(e

[TRIE =

0 - 0
0 . 0
0
1,1
2 (R) 11
g el A YA g
2 (R) )
. 101
~+/43\N
N(R)
0
0
0 0
10 :
- 2
—(R
2() 1
_ 2 .
_~(R)?* --- :
2()
. 10
- N
.. —(R
N()
0

LN

N R

-1 N
W(R)

R>>a
N > o

R<< a
N - o

J@2N+1)x(2N+1)

J(2N+D)x(2N+1) | |
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ee | Numerical example 1

G.E.:V°u(x)=0
B.C.:u(Xx) =cos(30)

B

Exact solution: u(r,0) =r°cos(39) u(r,d) :clnr+igcos(39)

,
1. Trefftz method for simply-connected problem

2. MFS for simply-connected problem
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Trefftz method

Trefftz method for the simply-connected problem

Interior problem

Exterior problem

Exact solution

Numerical solution

Exact solution

Numerical solution
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oo | MFS

MFS for simply-connected problem

Interior problem

Exterior problem

Exact solution Numerical solution

Exact solution Numerical solution

5 Points: .77Z@ ”’///////

B.C.
aliasing ,ZZ ((
9 Points:
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Exact solution
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Exact solution (r=2)
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ee | Numerical example 2

G.E.:V°¢=0 ﬁ
1 16,0 +1+8pcos¢}

Exact solution:  u(p ¢)——| e Ued)=o 2{p 16180054

=1

1. Trefftz method for multiply-connected problem
2. MFS for multiply-connected problem
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oo | Trefftz method

Trefftz method for multiply-connected problem

Concentric circle

Eccentric circle

Exact solution

Numerical solution

Exact solution

Numerical solution

26 Points

26 Points

6 Points

14 Points

26 Points
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MFS

MFS for the multiply-connected problem

Concentric circle

Eccentric circle

Exact solution

Numerical solution

Exact solution

Numerical solution

Inner circle: 20 points
outer circle: 60points

Inner circle: a,=0.9 outer
circle :8,=2.6

Inner circle: 20 points
outer circle: 60points

Inner circle: 20 points
outer circle: 60points

u(o, 4) =Ti2><

16p° +1+8pcosa

Inner: 20points; outer: 60points; inner a,=0.9

outer a,=2.6 outer a, =3.0

p°+16+8pcosa

—outer: GOpU.?‘.‘Cs; tter-a,2.6

Inne¥=-

0
inner a,=0.5 inner a; =0.3

zzzzzzz
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ee | Conclusion

The proof of the mathematical equivalence
between the Trefftz method and MFS for
Laplace equation was derived successfully.

The T-complete set functions in the
Trefftz method for interior and exterior
problems are imbedded in the degenerate
kernels of the fundamental solutions

The sources of degenerate scale and ill-
posed behavior in the MFS are easily
found in the present formulation.
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The end
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