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Laplace problem
Two-dimensional  Laplace problem with a 
circular domain

Dxxu ∈=∇ ,0)(2G.E.:

B.C.: Bxuxu ∈= ,)(

where
B

D

ρ
φ
a

φ is the angle along the field point
ρ is the radius of the field point

)(xu is the potential function

2∇ denotes the Laplacian operator
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Trefftz method and MFS

Determine wjDetermine cjMatch B.C.

L U(x,s)=0,             (singularity at s)L u(x)=0,G.E.

,  r=|x-s|uj(x) (T-complete function)Base

Definition

MFSTrefftz methodMethod
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is the number of complete functionsTN
MN is the number of source points in the MFS
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Dxxu ∈=∇ ,0)(2

Source 

sx ~~ −

Collocation point
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Dxxu ∈=∇ ,0)(2G.E.: B.C.: Bxuxu ∈= ,)(

B

D

a φ φaD

B

Interior : Exterior :

∑∑
==

++=
N

n
n

N

n
n nbnaaau

11
0 )sin()cos(),( φφφBoundary Condition:

Two-dimensional Laplace problem with a circular domain

Laplace problem
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∑
+

=

=
12

1
)()(

TN

j
jj xuwxu

Representation of the field solution :

where

12 +TN is the number of complete functions

jw is the unknown coefficient

ju is the T-complete function which 
satisfies the Laplace equation

Trefftz method
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Laplace
Equation

1

)cos( φρ nn

)sin( φρ nn

012 =∇

0)cos(2 =∇ φρ nn

0)sin(2 =∇ φρ nn

2

2

22

2
2 11

φρρρρ ∂
∂

+
∂
∂

+
∂
∂

=∇where

T-complete set function
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By matching the boundary condition at a=ρ
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11

0 )sin()cos(ln),( φφφ

Interior 
problem:

Exterior 
problem: ,

ln
1

00 a
a

a =

Tn
n

n Nnaaa ,...2,1, ==

Tn
n

n Nnbab ,...2,1==

Field solution: Interior :

Exterior :

T-complete set functions : )sin(),cos(,1 φρφρ nn nn

)sin(),cos(,ln φρφρρ nn nn −−

Interior:

Exterior:

Derivation of unknown 
coefficients (Trefftz)
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e
j

N

j
jj DssxUcxu

M

∈=∑
=

,),()(
1

Field solution :
R θ φ

ρ

B
B’

),( φρ=x
),( θRs =

eD

where
MN is the number of source points in the MFS

jc is the unknown coefficient

),( jsxU is the fundamental solution
eD is the complementary domain

s is the source point

x is the collocation point

Method of Fundamental 
Solutions (MFS)
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)ln(),( rsxU =

2
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)(2),(2 sxsxUx −=∇ πδ

sxr −=

Fundamental Solution



Mechanics Sound Vibration Laboratory HRE. NTOU
http://ind.ntou.edu.tw/~msvlab/ 2005/5/18      14

Degenerate kernel :
⎪
⎪
⎩

⎪⎪
⎨

⎧

<−−=

≥−−=
==

∑

∑
∞

=

∞

=

1

1

)),(cos()(1)ln(),;,(

)),(cos()(1)ln(),;,(
ln),,,(

n

ne

n

ni

RnR
n

RU

Rn
Rn

RRU
rRU

ρφθ
ρ

ρφρθ

ρφθρφρθ
φρθ

∑
=

=
MN

j
j Rca

1
0 )ln(

M

N

j
j

n
jn

n Nnn
Rn

ca M

,...2,1,)cos()1(1
1

=−= ∑
=

θ
ρ

M

N

j
j

n
jn

n Nnn
Rn

cb M

,...2,1,)sin()1(1
1

=−= ∑
=

θ
ρ

πφφθφ 20],))(cos()(1)[ln(),(
1 1

<<−−=∑ ∑
=

∞

=

MN

j n
j

n
j

I n
R
a

n
Rcau

πφφθφ 20],))(cos()(1)[ln(),(
1 1

<<−−=∑ ∑
=

∞

=

MN

j n
j

n
j

E n
a
R

n
acau

Interior 
problem:
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Field solution: Interior :
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Derivation of unknown 
coefficients (MFS)
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1. Trefftz method for simply-connected problem

2. MFS for simply-connected problem

0)(:.. 2 =∇ xuEG

DB

a=1

x

y

)3cos()(:.. θ=xuCB
D

B
a=1

Exact solution: )3cos(),( 3 θθ rru = )3cos(1ln),( 3 θθ
r

rcru +=

Numerical example 1
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1. Trefftz method for multiply-connected problem

2. MFS for multiply-connected problem

Numerical example 2
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Outline

Laplace problem
Trefftz method and MFS
Connection between Trefftz
method and MFS
Numerical example
Conclusion
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Conclusion

The proof of the mathematical equivalence 
between the Trefftz method and MFS for 
Laplace equation was derived successfully.
The T-complete set functions in the 
Trefftz method for interior and exterior 
problems are imbedded in the degenerate 
kernels of the fundamental solutions
The sources of degenerate scale and ill-
posed behavior in the MFS are easily 
found in the present formulation.
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The end

Thanks for your kind attention


