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Abstract

In this thesis, the spurious eigenequations for the simply and multiply-connected plate eigen-
problems are studied in the continuous and discrete systems. Since any two boundary integral
equations in the plate formulation (4 equations) can be chdaséfl,) options can be con-
sidered instead of only two approaches (single-layer and double-layer methods, singular and
hypersingular equations) are adopted for the eigenproblems of the membrane and acoustic
problems. The occurring mechanism of the spurious eigenequation for the simply-connected
and multiply-connected plate eigenproblems in the real-part, imaginary-part and complex-
valued formulations were studied analytically. For the continuous system, degenerate kernels
for the fundamental solution and the Fourier series expansion for the boundary density are
employed to derive the true and spurious eigenequations analytically for a circular plate. For
the discrete system, the degenerate kernels for the fundamental solution and circulants result-
ing from the circular boundary are employed to determine the spurious eigenequation. True
eigenequation depends on the cases while spurious eigenequation is embedded in each for-
mulation for simply-connected and multiply-connected plates. The spurious eigenvalues for
the multiply-connected plate eigenproblem is the true eigenvalue of the associated simply-
connected problem with the radiasvhich is the inner boundary of the multiply-connected
domain. Also, we provide three methods (SVD updating technique, Burton & Miller method
and CHEEF (CHIEF) method) to suppress the occurrence of the spurious eigenvalues for the
free vibration of simply and multiply-connected plate eigenproblems. Several examples were

demonstrated to check the validity of the formulation.
Keywords: boundary element method, free vibration of plate, Fourier series, degenerate

kernel, circulants, spurious eigenvalues, SVD technique of updating term, Burton & Miller

method, CHEEF method, CHIEF method.
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Chapter 1 Introduction

1.1 Motivation of the research

For the simply-connected problems of interior acoustics or membrane, either the real-part or
imaginary-part BEM instead of the complex-valued BEM results in spurious eigenequations.
Tai and Shaw [72] first employed BEM to solve membrane vibration using a complex-valued
kernel. De Mey [36, 37], Hutchinson and Wong [45] employed only the real-part kernel
to solve the membrane and plate vibrations, respectively, free of the complex-valued com-
putation in sacrifice of occurrence of spurious eigenequations. Kaetigh [52, 53] and

Yeih et al. [78] independently linked the relation of multiply reciprocity method (MRM) and
real-part BEM. Wong and Hutchinson [47] have presented a direct BEM for plate vibration
involving displacement, slope, moment and shear force. They were able to obtain eigenval-
ues for the clamped plates by employing only the real-part BEM with obvious computational
gains. However, this saving leads to the spurious eigenvalues in addition to the true ones for
free vibration analysis. One has to investigate the mode shapes in order to identify and reject
the spurious ones. Shaw [69] commented that only the real-part approach was incorrect since
the eigenequation must satisfy the real-part and imaginary-part equations at the same time.
Hutchinson [46] replied that the claim of incorrectness was perhaps a little strong since the
real-part BEM does not miss any true eigenvalue although the solution is contaminated by
spurious ones according to his numerical experience. However, no proof was provided. Pre-
cently, Kuoet al. and Cheret al. have proved the fact through a circular case for the real-part
and imaginary-part BEMs, respectively. If we usually need to look for the eigenmode as well
as eigenvalue, the sorting for the spurious eigenequations pay a small price by identifying the
mode shapes. Cheat al. [18] commented that the spurious modes can be reasonable which
may mislead the judgement of the true and spurious ones, since the true and spurious modes
may have the same nodal line in case of different eigenvalues. This is the reason why Chen
and his coworkers have developed many systematic techniguesjual formulation [18],
domain partition [9], SVD updating technique [17], CHEEF method [10], for sorting out the
true and the spurious eigenvalues. Nigtal. [62] also stated that “One must take care to use

the complete Green'’s function for outgoing waves, as attempts to use just the real (singular)

1



or imaginary (regular) part separately will not provide the complete spectrum”. As quoted
from the reply of Hutchinson [46], this comment is not correct since the real-part BEM does
not lose any true eigenvalue. The reason is that the real-part and imaginary-part kernels sat-
isfy the Hilbert transform pair. They are not fully independent. To use both parts, real and
imaginary kernels may be not economical. Complete eigenspectrum is imbedded in either
real or imaginary-part kernel. The Hilbert transform is the constraint in the frequency do-
main corresponding to the casual effect in the time-domain fundamental solution. The phys-
ical meaning of the real-part kernel is the standing wave [39]. Tai and Shaw [72] claimed
that spurious eigenvalues are not present if the complex-valued kernel is employed for the
eigenproblem. However, it is true only for the case of problem with a simply-connected do-
main. For multiply-connected problems, spurious eigenequation still occurs even though the
complex-valued BEM is utilized. This finding and the spurious eigenvalues have been veri-
fied in the membrane and acoustic problems [21, 31]. The spurious eigenvalues occurs in two
aspects as shown in Figure 1-1: one is for the simply-connected eigenproblem by using the
real-part or imaginary-part BEM; the other is for the multiply-connected eigenproblem even

though the complex-valued BEM is utilized.

In this thesis, the spurious eigenequation for the simply and multiply-connected plate eigen-
problems will be studied. Since any two boundary integral equations in the plate formulation
(4 equations) can be chosénC;) options can be considered instead of only two approaches
(single and double layer method, or singular and hypersingular equations) are adopted for the
eigenproblems of the membrane and acoustic problems. The occurring mechanism of the
spurious eigenequation for the simply and multiply-connected plate eigenproblems in each
formulation will be studied analytically in the continuous and discrete systems. Also, we
will provide three methods (SVD updating technique, the Burton & Miller method and the
CHEEF (Combined Helmholtz Exterior integral Equation Formulation) or CHIEF (Com-
bined Helmholtz Interior integral Equation Formulation) method to suppress the occurrence
of the spurious eigenvalues for the free vibration of simply and multiply-connected plate

problems.



1.2 Organization of the thesis

The frame of this thesis is shown in Figure 1-1. Two kinds of the eigenvalue problems, simply
and multiply-connected cases are both considered. The occurring mechanism and its treat-

ment for the spurious eigenvalues are covered.

In the Chapter 2, the eigenproblem for the simply-connected plate is solved by using the
boundary element method. The true and spurious eigenequations for the simply-connected
plate eigenproblem is derived by using the real and imaginary-part BEMs. Since any two
boundary integral equations in the plate formulation (4 equations) can be clio€f)

options can be considered. The occurring mechanism of the spurious eigenequation for the
plate eigenproblem in each formulation is studied analytically in the continuous and discrete
systems. Three types of plates subject to clamped, simply-supported and free boundary con-
ditions are illustrated to check the validity of the present formulations. Four alternatives
(SVD updating technique, the Burton & Miller method, the complex-valued BEM and the
CHEEF method) are adopted to suppress the occurrence of the spurious eigenvalues for the
simply-connected problem in the Chapter 3. A clamped circular plate case is demonstrated
analytically in the continuous and discrete systems. In the Chapter 4, the eigenproblem for the
multiply-connected plate is solved by using the complex-valued BEM. Since any two bound-
ary integral equations in the plate formulation (4 equations) can be ch©$él}) options

can be considered. The occurring mechanism of the spurious eigenequation for the multiply-
connected plate eigenproblem in each formulation is studied analytically in the continuous
and discrete systems. Three types of plates subject to C-C, S-S and F-F (C, S and F mean
clamped, simply-supported and free boundary conditions, the first and second indices denote
the outer and inner boundaries, respectively) are demonstrated analytically in the continuous
and discrete systems. Nine numerical examples of plates subject to C-C, C-S, C-F, S-C, S-S,
S-F, F-C, F-S and F-F are illustrated to check the validity of the present formulations. In the
Chapter 5, three alternatives (SVD updating technique, the Burton & Miller method and the
CHIEF method) are adopted to suppress the occurrence of the spurious eigenvalues for the

multiply-connected problem when the complex-valued BEM is used. One clamped-clamped



annular plate is demonstrated analytically in the discrete systems. Finally, we draw out some

important conclusions items by item and reveal some further topics in the Chapter 6.



Chapter 2 Boundary element method for the free vibration

of simply-connected plate

Summary

In this chapter, the eigenproblem for the simply-connected plate is solved by using the bound-
ary element method. The true and spurious eigenequations for the plate eigenproblem are de-
rived by using the real and imaginary-part BEMs. Since any two boundary integral equations
in the plate formulation (4 equations) can be chos$e(d;7) options can be considered. The
occurring mechanism of the spurious eigenequation in the plate eigenproblem in each for-
mulation is studied analytically in the continuous and discrete systems. For the continuous
system, degenerate kernels for the fundamental solution and the Fourier series expansion for
the boundary densities are employed to derive the true and spurious eigenequations analyti-
cally for a circular plate. For the discrete system, the degenerate kernels for the fundamental
solution and circulants resulting from the circular boundary are employed to determine the
spurious eigenequation. Three types of plates subject to clamped, simply-supported and free

boundary conditions are illustrated to check the validity of the present formulations.

2-1 Boundary integral equations for plate eigenproblems

The governing equation for free flexural vibration of a uniform thin plate is written as follows:
Viu(z) = Mu(z), z €9, (2-1)

whereu is the lateral displacement! = ‘”2]’30’1, A is the frequency parameter,s the circular

3 .
Eh in

frequency,p, is the surface density) is the flexural rigidity expressed d3 = 057

terms of Young’'s modulug’, the Poisson ratie and the plate thickneds, and(2 is the

domain of the thin plate. The integral equations for the domain point can be derived from the



Rayleigh-Green identity [54] as follows:

u(z) = /U(s z)v(s) dB(s )—I—/B@(s,a:)m(s) dB(s)

(2-2)
/M S, ) +/BV(s,x)u(s) dB(s), x €,
6(z) = /Ug(s x)v(s) dB(s)—l—/ Op(s,z)m(s) dB(s)
y (2-3)
/ My(s, x) —i—/BVg(S x)u(s)dB(s), x €
m(x) = /U (s,z)v(s) dB(s)+/ O (s, x)m(s) dB(s)
b (2-4)
/M s, )0 )—i—/BVm(s z)u(s)dB(s), x€Q
v(x) = U (s,x)v(s)dB(s) + [ Ou(s,x)m(s)dB(s)

_/BMU(S,:U)Q(S) dB(s)—i—/BVU(s,:v)u(s) dB(s), z€Q,

where B is the boundaryu, #, m andv mean the displacement, slope, normal moment,
effective shear forces andx are the source and field points, respectivély©, M andV
kernel functions will be elaborated on later. By moving the field point to the boundary, the
EQgs.(2-2)-(2-5) reduce to

aulz) = — PV, / U(s,2)u(s) dB(s) + P.V. / (s, 2)m(s) dB(s)
5 5 (2-6)
- P.V./BM(S,I)G(S) dB(s) +P.V./BV(s,x)u(s) dB(s), x € B,
af(x) :—P.V./ Uy(s,z)v(s) dB(s )—I—PV./ Op(s,z)m(s) dB(s),
B B (2_7)
—P.V/BMG(S,J;)@(S) dB(s)+P.V./BV9(s 2)uls) dB(s), « € B,
am(z) =— P.V./ Un(s,z)v(s)dB(s) +P.V./ Om(s,z)m(s)dB(s)
B B (2_8)
—P.V./BMm(s,x)Q(s) dB(s)+P.v./va(s 2)u(s) dB(s), = € B,
av(x) :—P.V./BUU( z)v(s) dB(s )+PV./B@v(s,x)m(s) dB(s) 29

—P.V./ M,(s,z)0(s) dB(s )+PV./ Vo(s,x)u(s)dB(s), x € B,
B B
whereP.V. denotes the principal value, and= % for a smooth boundary point. The kernel
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functionU (s, x) is the fundamental solutiofi. (s, z) which satisfies
ViU (s,2) — NU.(s,2) = —6(x — 5). (2-10)

whered(x — s) is the Dirac-Delta function. Considering the two singular solutiaRéXr)
andK,(Ar), which are the zeroth-order of second kind Bessel and modified Bessel functions,
respectively) [47] and two regular solution (A\r) and (A7), which are the zeroth-order

of first kind Bessel and modified Bessel functions, respectively) in the fundamental solution,
we have

L

= al00) +ih ) + 2(Ko(Ar) +ilo())] (@-11)

U.(s,x)

wherer = |s — z| andi?> = —1. The other three kernel§)(s, z), M(s,z) andV (s, z), are

defined as follows:

O(s,z) = Ko(U(s,)), (2-12)
M(s,x) = Ky (U(s,x)), (2-13)
V(s,x) = K,(U(s,x)), (2-14)

wherefCy(+), K., (-) and/C,(-) mean the operators defined by

Ko(-) = %, (2-15)
) =090 + (-1 20, (2-16)
k(=0 0o 2 Ty @217)

wheren andt are the normal vector and tangential vector, respectively. The opetdfors

K., andkC, can be applied t&/, ©, M andV kernels. The kernel functions can be expressed

as:
O(s, ) = KolU(s,2)) = 22, (2-18)
M(s,x) = Kn(U(s,z)) = vV2U(s,2) + (1 — u)%, (2-19)
Vis.a) = Kuls,0) = P00 L@y a0



The displacement, slope, normal moment and effective shear force are derived by

0(z) = Kolu(x)), (2-21)
m(x) = Kn(u(a)), (2-22)
o(@) = Ky (u(x)). (2-23)

Once the field point locates outside the domain, the null-field BIEs of the direct method in
the Eqgs.(2-6)-(2-9) yield

0= /U(s x)v(s)dB(s) + /B@(s,a:)m(s) dB(s)

(2-24)
/Ms:c +/BV(S:(:)()dB()m€Qe,
0=— /Ug(s z)v(s)dB(s )—I—/ Op(s,z)m(s) dB(s)
B (2-25)
/Mgsx +/B‘/9(sx)()dB()a:€Q€,
/U S, ) +/@m(sx)()dB()
B (2-26)
/M s,x)f )+/BVm(sx)()dB()x€Qe
0= /U (s,x)v(s)dB(s )+/ O, (s, x)m(s) dB(s)
B (2-27)
/M S, ) /BVU(S,x)u(s) dB(s), © € Q°,

where()¢ is the complementary domain. Note that the null-field BIEs are not singular, since
x and s never coincide. When the boundary is discretized inb constant elements, the
linear algebraic equations of the Eqs.(2-24)-(2-27) by moving the field pouhdse to the

boundaryB can be obtained as follows:

= [Ul{v} + [©{m} + [MI{0} + [V{u}, (2-28)

= [Usl{v} + [Og]{m} + [My]{6} + [Vol{u}, (2-29)

= [Un[{v} + [Om]{m} + [Mn[{0} + [Vin]{u}, (2-30)

= [U.{v} + [0.{m} + [M, {0} + [Vo[{u}, (2-31)

where[U], [O], [M], [V], [Usl, (O], [Mo], [Vo], [Unl, [Om], [Min], [Vin], [U], [©4], [M,] and

[V,] are the sixteen influence matrices with a dimensioa®fby 2N, {u}, {6}, {m} and
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{v} are the vectors of boundary data with a dimensio2/éfby one. The real or imaginary-

part BEM for solving the eigenfrequencies of plates is proposed for saving half effort in
computation instead of using the complex-valued BEM. Imaginary-part BEM can also avoid
the singular integrals. By employing the real or imaginary-part fundamental solution, the
spurious eigenequations in conjunction with the true eigenequation are obtained for the free
vibration of plate. To verify this finding, the real-part and imaginary-part BEMs for solving
the eigenproblem of simply-connected plate are demonstrated analytically for the continuous

and discrete systems in the following subsections.

2-2 Mathematical analysis using the real-part BEM

For the real-part BEM, the kernel functi@i(s, x) is the real-part of the fundamental solution
U(s,z) = Re[U.(s, )] = &[YO(M) + %KO(M)}. (2-32)

In order to obtain the true and spurious eigenequations for plate vibration in the real-part
BEM, the degenerate kernel is adopted to analytically derive the true and spurious eigenequa-
tions in the continuous and discrete systems of a circular plate. For the continuous system, the
spurious eigenequation is derived by using the degenerate kernel and Fourier series. For the
discrete system, mathematical analysis for the spurious eigenequation is done by using the
degenerate kernel and circulants. Three cases (clamped, simply-supported and free plates)
are demonstrated analytically in the continuous and the discrete systems, respectively, in the

following subsections.

2-2-1 Continuous system

Case 1. Clamped circular plate
For the clamped circular plate & 0 andé = 0) with a radiusz, we can obtain the eigenequa-

tion in the continuous formulation. The moment and shear forge) andv(s) along the



circular boundary, can be expanded into Fourier series by

[e9]

m(s) = Y _(picos(nd) + ¢isin(nd)), s € B, (2-33)
n=0

v(s) = Z(a;cos(n@ + besin(ng)), s € B, (2-34)
n=0

where the superscript¢” denotes the clamped caseis the angle on the circular boundary,
at, be, pS andg: are the undetermined Fourier coefficients. Substituting the Egs.(2-33) and
(2-34) into the Eqgs.(2-24) and (2-25), we have

0=— /o ' Uls, x)[Z(aicas(na) + b¢ sin(ne))] dB

n=0

o o (2-35)
+/ @(s,x)[Z(pflcos(na) + ¢¢sin(ng))]dB, v € B,
0 n=0
0=-— / ’ Uy (s, x)[Z(achos(ng_zﬁ) + b sin(ng))] dB
’ "0 (2-36)

2m e
+ [ euls )3 picos(nd) + disinud))] dB. x € B
0 n=0
The kernel functions/ (s, z), O(s, x), Us(s, ) andBO,(s, z), can be expanded by using the
expansion formulae,

Vi) = > Y(Ap)Tm(Ap) cos(m(¢ — 6)), P> p,
Yo(Ar) = e (2-37)
Yer) = > Yi(Ap)Jm(Ap) cos(m(é — ¢)), p >,

m=—0o0

KO = 3 En(O0)In(30) cos(m(@ — 8)), 7> p.
Ko(Ar) = m=_ oo (2-38)
KSO‘T) = Z Ko (Ap) L (XD) cos(m(& — ), p>0,

m=—0o0

whereJ,, andI,, denote the first kind of thenthrorder Bessel and modified Bessel functions,
Y,, and K,,, denote the second kind of timeth-order Bessel and modified Bessel functions.
The superscripts ¢ ” and “ e ” denote the interior pointA > p) and the exterior point
(o < p), s = (p,¢) andz = (p, ¢) are the polar coordinates sfandzx, respectively. In this
casep = p = a anddB(s) = a d¢ for the circular plate with a radius Similarly, the other

kernels can also be expanded into degenerate forms. By using the degenerate kernels (all the
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complex-valued degenerate kernels can be found in the Appendix 1) into the Eq.(2-35) and
by employing the orthogonality condition of the Fourier series, the Fourier coefficignts

be, pS andq, satisfy

o 1[Ya(Aa)Jn(Aa) + 2K (Aa)I,(Aa)] B ]
o = X Wa(ha) o) + 2K, () ()] ™ n=012. ., (2-39)
o 1Ya(Aa)Jn(Aa) + 2K, (Aa) I (Aa)] B ]
= NV (ha) T (ha) + %Kn(Aa)I,g(Aa)]b"’ n=012.... (2-40)
Similarly, the Eq.(2-36) yields
o L[Yi(Aa)Jn(Aa) + 2K (Aa) I (Aa)] B ]
P S VIO 00 + 2K OOt T 0k (@A)
NN L ONACIRS U HGLIGIR n=012,.... (2-42)

T =N a) T () + 2K’ ") (ha)
To seek nontrivial data for the generalized coefficients op¢, b$ andg:, we can obtain the

eigenequation by using either the Egs.(2-39) and (2-41) or the Eqgs.(2-40) and (2-42)
Yo(Aa)Jy(Aa) + 2K, (Aa)I,(Aa)  Y)(ha)J,(Aa) + 2K, (Aa)I,(Aa)
Y, (Aa)J! (Aa) + %Kn()\a)fjl()\a) B Y!(Aa)J! (Aa) + %K;L()\a)],g()\a)
After recollecting the terms by using the recurrence relations of the Bessel function in the

(2-43)

Appendix 2, the Eq.(2-43) can be simplified to
[Kni1(Aa)Yn(Aa) — Yo (Aa) Ky (Aa) { Liv1(Aa) J,(Aa) + Jpi1(Aa)l,(Aa)} =0 (2-44)

The former part in the Eq.(2-44) inside the middle bracket is the spurious eigenequation while
the latter part inside the big bracket is found to be the true eigenequation after comparing with
the exact eigenequation [58]. All the eigenequations for the simply-connected circular plate

in Leissa’s book can be found for comparison in the Appendix 3.

Case 2. Simply-supported circular plate
For the simply-supported circular plate € 0 andm = 0) with a radiusa, we can obtain
the eigenequation in the continuous formulation. Similarly, the moment and shearfgice,

andu(s) along the circular boundary, can be expanded into Fourier series by

o0

0(s) = Z(picos(ng_b) + ¢sin(ng)), s€ B, (2-45)
n=0
v(s) = i(aicos(na) + bisin(ng)), s € B, (2-46)

11



where the superscripts” denotes the simply-supported casds the angle on the circular
boundarya?, b7, p? andg; are the undetermined Fourier coefficients. Substituting the Egs.(2-
45) and (2-46) and using the degenerate kernel$(of ), M(s,z), Uy(s, z) and My(s, x)

into the Eq.(2-24), we have

R e em o GRS
R irenEs e U RE
where
ol (Aa) = A27"(Aa) + y[%AJ;(Aa) (P n0a) (2-49)
al (\a) = NI”(a) + y[éAJ;(Aa) - (S)an(/\a)]. (2-50)
Similarly, the Eq.(2-25) yields,
= e + F o "0 @S
%= @fﬁifiﬁii? : 22(283522(&32 O

To seek nontrivial data for the generalized coefficients;op: , b; andg;, we can obtain the

nvn

eigenequations as

Yo(Aa)Ju(Aa) + 2K, (Aa)l,(Aa) _ Yi(Aa)J,(Aa) + 2K, (Aa)l,(Aa) (2-53)
Y,(Aa)ayl(Aa) + 2K,(Aa)ak(Ma)  Y!(Aa)o(Aa) + 2K (Aa)od (Aa)

n

After recollecting the terms by using the recurrence relations of the Bessel function in the
Appendix 2, the Eq.(2-53) can be simplified to

K1 Aa)Y,(Aa) — Y, 1(ha)K,,(Aa

(K1 (Aa)Y, (M) = Yo (Aa) K (M) .50

{(1 = v),(Aa)Jni1(Aa) + I11(Aa)J,(Aa) — 2 al,(Ma)J,(Aa)} =0
The former partin the Eq.(2-54) inside the middle bracket is the spurious eigenequation while
the latter part inside the big bracket is found to be the true eigenequation after comparing with

the exact eigenequation [58].
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Case 3. Free circular plate
For the free circular platex{ = 0 andv = 0) with a radiusz, we can obtain the eigenequation
in the continuous formulation. Similarly, the displacement and sle@g,andf(s) along the

circular boundary, can be expanded into Fourier series by

[e.e]

u(s) = 3 (phcos(nd) + alsin(nd)), s € B, (2-55)
n=0

0(s) = Z(aﬁcos(na) + bl sin(ng)), s e B, (2-56)
n=0

where the superscript f ” denotes the free case, is the angle on the circular boundary,
al, vl, p/ andq/ are the undetermined Fourier coefficients. Substituting the Egs.(2-55) and

(2-56) and using the degenerate kerneld&tfs, z), V (s, x), My(s,z) andVy(s,z) into the
Eq.(2-24), we have

a)ol (Aa) 2Kn(Aa)ag(Aa)]

f_ [ n( 7
I T T Va8 0a) + 2K, (Ma)BL(ha) + L2 Ve (a)rd () + 2K, Qa)rd a)]] ™
n=0,1,2,...,
(2-57)
;o [Yn(Aa)a (Aa) Ky (Aa)ag, (Aa)] o
T T V(a8 (M) + ZKa(Ma)BL(ha) + [Y (Aa)y(Aa) + ZKn(Aa)yh(Aa)]] ™
n=0,1,2,....
(2-58)
where
B7(\a) = X3J" (\a) + u[é)\zJ,’l’()\a) - (Z)QAJ;()\a) — %)\J,’L(/\a) + (Z%Q)Jn()\a)], (2-59)
" 1 2 11 Nio\ 1 y 2n?
BL(\a) = NI (\a) + V=AM (Aa) = (2)°ALL(Aa) = AL (Aa) + (5 ) In(Aa)], (2-60)
77 (Aa) = —nQ%Jn(Aa) + 2J'(Aa)}, (2-61)
vE(a) = —n2[a—121n(/\a) + 2[’()@)]. (2-62)
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Similarly, the Eq.(2-25) yields,

[Y’()\a)J (Aa) + 2K! (A\a)I,(\a)]

P = VA 0a) 7 2R, 008 0a) f”[;fu 1 Ova) + 2RO O] ™
n=0,1,2,...,
(2-63)
S V1 (M) Ju(Aa) + 2K (Aa) T (Aa) "
"7 T VOB () + 2K, (a)BL (M) + L2V ()] (ha) + 2K, (Ma)r Q)]

n=0,1,2,....
(2-64)

To seek nontrivial data for the generalized coefficients/of/, b/ andg/, we can obtain the

eigenequation

[Ya(Aa)a (M) K (Aa)ay, (Aa)]
Y. (Aa)3(Aa) + 2K, (Aa) B} (Aa) + [ n(Aa)y; (Aa) + 2K, (Aa)vi(Aa)]] (2-65)
_ [n( a)Jn(Aa) + 2K{z(M)fn(M)]
Y, (Aa)3](Aa) + 2K} (Xa) B} (Aa) + 22V (Aa)y;] (Aa) + 2K, (Aa)y; (Aa)]

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(2-65) can be simplified to

[Knr1(Aa)Yn(Aa) = Yo (Aa) Kn(Aa)]

{Aa(l —v)[—4n*(n — 1)L, (Aa)Jn(Aa) — 2X°a" 1,11 (Aa) Jpi1 (Aa)] (2-66)
+2nA%a*(1 — v)(1 — n)(Ie1(Na) Ju(Aa) — I,(Aa)Jni1(Aa))

+ [n?(1 — v)2(n®* — 1) + Ma*|(Inp1(Ma) Ju(Ma) + I,(Aa) Jny1(Ma))} = 0

The former part in the Eq.(2-66) inside the middle bracket is the spurious eigenequation
which also appears in the clamped and simply-supported cases as shown in the Egs.(2-44),
(2-54) and (2-66). It indicates that the spurious eigenequations of the Egs.(2-44), (2-54) and
(2-66) are the same since the same formulation (null-field formulation of the Egs.(2-24) and
(2-25)) is used. This reveals that spurious eigenequation depends on the formulation instead
of the specified boundary condition. It is noted that the true eigenequation of free plate does
not agree with that of the Leissa’s result [58]. However, the same true eigenvalues are ob-

tained numerically between the present and Leissa’s results. After finding the eigenvalues
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according to the Leissa’s eigenequation, the eigenvalues are not consistent to the data in his
book. After careful check, the eigenequation in the Leissa’s book was a misprint where the
index in the numerator of the right hand side of the equation shouldibstead of/ [42].

The eigenequation in the bigger bracket of the Eq.(2-66) can be simplified to be equivalent to

the Leissa’s result as shown in the Table 2-1.

2-2-2 Discrete system

Case 1. Clamped circular plate
For the clamped circular plate < 0 andd = 0) with a radiusa, the Egs.(2-28) and (2-29)

can be rewritten as

{0} = [UKv} + [©]{m}, (2-67)
{0} = [Us] {v} + [B0] {m}, (2-68)

By assembling the Eqgs.(2-67) and (2-68) together, we have
v
[SM°] = {0}, (2-69)
m

where the superscript” denotes the clamped case and

[SM?] = voe . (2-70)
UG @0 AN xX4N

v
For the existence of nontrivial solution r{

}, the determinant of the matrix versus
m

eigenvalue must be zero, i.e.,
det[SM¢| = 0. (2-71)

Since the rotation symmetry is preserved for a circular boundary, the influence matrices for

the discrete system are found to be the circulants with the following forms into the Eq.(2-67),
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we have

20 21 Z2 ttt Z9N-1
Z2N-1 ) 21 t*t Z2N-2
[U] = Z9N-2 R2N-1 R0 °°° R2N-3 (2'72)
z Z 23 e Z
! 2 3 O lonxen

The coefficients of each element can be obtained by using degenerate kernel

(m+3)A¢ _ _ _ _
Zm = / [_U(aa ¢a a, ¢)] ad¢ ~ [_U(aa ¢m7 a, ¢)} CLA¢7 m = 07 17 2a T 72N —1
(

—3)A¢
(2-73)
whereA¢ = 2%, ¢ = mA¢. By introducing the following bases for the circulants),
([Con])*, ([Con])?, - -+, ([Con])*N !, we can expand matriX/] into
[U] = 20[1] + z1([Con])' + 22([Con])? + - - + zan 1 ([Con]) ¥ 7, (2-74)
where _ -
010 --- 0
Ooo0o1--- 0
[Con]=1| . . . . : (2-75)
100 --- 0
| 4 2N x2N
Based on the similar properties for the matrice§dfand|[Cyy], we have
,uEU] :zo—i—zlocg—i—onz?+---+22N_104?N_1, (=0,1,2,--- 2N — 1. (2-76)

WhereuLU} ando, are the eigenvalues fof7] and[Cyy], respectively. It is easily found that

the eigenvalues for the circularits, y], are the roots forn*” = 1 as shown below:
- 27h

=€, (=0,+1,+2,--- . £(N—1),Nor{=0,1,2,--- 2N —1.  (2-77)

The eigenvector for the circulaffyy] is

{oc} = a? : (2-78)

J 2Nx1



Substituting the Eq.(2-77) into the Eq.(2-76), we have

2N—-1 2N—-1

) =D 2 = Y e (= 0,41,£2,- -, £(N — 1), N. (2-79)
According to the definition fot,, in the Eq.(2-73), we have
Zm = ZoN—m, m=0,1,2,--- 2N —1. (2-80)

Substitution of the Eq.(2-80) into the Eq.(2-79) yields

N—-1 2N—1
W = 2ot (a4 D 40P ) = Y cosmtAB) (28D
m=1 m=0

Substituting the Eq.(2-73) into the Eq.(2-81) for = 0 without loss of generality, the

Reimann sum of infinite terms reduces to the following integral

2N—-1 2
! = lim Y cos(mbAG)[~U(a, é,5a,0)] ~ / cos((0)[~U (a, §,,;a,0)] ads,
e m=0 0
(2-82)
By using the degenerate kernel 0 s, ») and the orthogonal conditions, the Eq.(2-82) re-
ducesto
p) = T Vi(a) Ji(Aa) + ZKE()\a)Ig()\a)] (=0,41,42, .- £(N —1),N.
(2-83)
Similarly, we have
2
o = 4A 1Y, (ha) T (Na) + SKOa)[j(Aa)],  £=0,£1,£2 (N 1), N.
(2-84)
il = 4A 1Y (a) T (ha) + QKZ()\a)]g()\a)] (=0,4£1,+2,--- ,£(N — 1), N.
(2-85)
2
k) = 4 1Y (a) T (Na) + SK Q) [(a)],  =0,£1,£2 £V~ 1), N.
(2-86)

whereuf], HLU] and/@L@] are the eigenvalues @], [Uy] and[©,] matrices, respectively. Since

the four matricesU], [©], [Uy] and[O,] are all symmetric circulants, they can be expressed
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U] = o5y® ' = @

O] = dLe® ' =

[Up] = &Sy, ' = @

Ho 0 0
0o 47 o
U

0 0 u[,l]
0 0 0
0 0 0
0 0 0
S
0 49 o
(S

0 0 u[_l]
0 0 0
0 0 0
0 0 0
000
0 /i[lU} 0

U

0o o «Y
0 0 0
0 0 0
0 0 0

18

0 0 0
0 0 0
0 0 0
(U]
H(n-1) 0 0
U]
0 I (n—1) 0
0 0y
0 0 0
0 0 0
0 0 0
[©]
H(N-1) 0 0
[©]
0 B (N—1) 0
0 0 uy
0 0 0
0 0 0
0 0 0
[U]
K(N-1) 0 0
U]

4 2N X2N

4 2N x2N

2N xX2N

(2-87)

(P_l

(2-88)

(2-89)



S )
000 0 0 0
o
0o 7 o 0 0 0
o
0o 0 x° 0 0 0
-1 . . . . . . . -1
[Op] = PXg, &7 = @ : : : . : : : o
[©]
0 0 0 Ky 0 0
[©]
0 0 0 0 .y 0
o
0 0 0 - 0 0 Ky
L 4 2N x2N
(2-90)
where
1 1 0 1 0 1
Lo cos(3R) () eos(PTH sin(225) cos(3)
1 ! cos(3%) sin(3%) cos(AHRL) sin( ) cos(4%)
V2N : ; . : :
1 COS(%%%_Q)) sin(”(i%_”) Cos(7r(41\7—24]\)7(1\r—1)) Sin(w(4N—24§\)’(N—1)> cos("(“N_]\f)(N))
1 COS<2W(3JI\\571)) Sin<2w(311\\7/71)) cos("(“N;zI\),(N’l)) Sin<w(4N—22A),(N—1)) COS(W(4N27N2)(N))
(2-91)

By employing the Eqgs.(2-87)-(2-90) for the Eq.(2-70), we have

O, P! PP !
[SM¢) = 1 1 , (2-92)
oYy, @ PYg, P ANy
the Eq.(2-92) can be reformulated into
—1
d 0 2 > d 0
[SMe] = v.oe . (2-93)
0 @ Yu, Ze, 0 o

0

By using the property of the determinant in the Appendix 4, the determinaSt\éf|,x .4n

IS
Yo e N
det[SM*] = det = I s - ws™), (2-94)
Yu, e, =—(N-1)
since® is orthogonal. By employing the Egs.(2-83)-(2-86) for the Eq.(2-94), we have
N 7T26L2
det[SM¢| = H 602
(=—(N-1)

(Vi) 0a) + 2K L)Y/ (a) Ji(Ma) + = K Aa) (o)

~ Vi) i) + 2 Kol O]V () e(Aa) + > Ki(a) ()]}
(2-95)

19
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By using the recurrence relations of the Bessel function in the Appendix 2, the Eq.(2-95) can
be simplified into

2

det(SM) =[] =5 [Ken(Aa)Ye(Aa) — Yerr(Aa) Ko(Aa)]

= (N-1) 82 (2-96)
{Ir;1(Aa)Je(Aa) + Jepr1(Aa)(Aa)} =0
Zero determinant in the Eq.(2-96) implies that the eigenequation is
[Ker1(Aa)Ye(Aa) = Yepr(Aa) Ke(Aa) { Ly 1(Aa) Je(Aa) + Jeri(Aa)I(Aa) } = 0, 2-97)

(=0,41,42,--- ,+(N — 1), N.
After comparing with the analytical solution for the clamped circular plate [58], the true
eigenequation for the continuous system can be obtained by approa€hirte the discrete
system to infinity. The former part in the Eq.(2-97) inside the middle bracket is the spurious
eigenequation while the latter part inside the big bracket is found to be the true eigenequa-
tion. The result of the Eq.(2-97) in the discrete system matches well with the Eq.(2-44) in the

continuous system.

Case 2. Simply-supported circular plate

For the simply-supported circular plate € 0 andm = 0) with a radiusz, we have

[SM?] = [ v ] : (2-98)
Ug 4N x4N

where the superscripts' ” denotes the simply-supported case. Since the rotation symmetry
is preserved for a circular boundary, the eigenvalues of the influence matrices for the discrete

system can be found by using the circulants as shown below:

pM! = =5 Miha)af (ha) + 2K/(Ma)al(Aa)], £=0,41,42, (N —1),N. (2-99)
T
2

KM = —% [Y/(Aa)af (M\a) + —K)(ha)al(Aa)], €=0,41,£2,--- ,£(N —1),N. (2-100)
s

WhereuLM] andﬁ;EM] are the eigenvalues ¢#/] and [M,] matrices, respectively. Since the

two matriceg M| and[M,] are all symmetric circulants, they can be expressed by

[M] = &X,,07, (2-101)
[My] = &%y, 7. (2-102)
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By employing the Eqgs.(2-87), (2-89), (2-101) and (2-102) for the Eq.(2-98), we have

T
[SMS}[(I) 0} [EU EM] [q) O] . (2-103)
0 @ || Sy, Su | |0 @

0

By using the property of the determinant in the Appendix 4, the determindft\éf| . an

is
Yy XM ST o
det[SM?®] = det = H (e 'Ky =y Ky ), (2-104)
YU, g t=—(N-1)

since® is orthogonal. By employing the Egs.(2-83), (2-85), (2-99) and (2-100) for the Eq.(2-
104), we have

n2a?

N

(=—(N-1)

{[Ye(Aa)Je(Aa) + %Kg(Aa)Ig(Aa)]m’(Aa)ag (\a) + % Kl)(Aa)al(Ma)] (2-105)

~ 0] () + = KeAa)ad (a)][¥7(Aa) Je(Aa) + = K} Aa) L)}

By using the recurrence relations of the Bessel function in the Appendix 2, the Eq.(2-105)

can be simplified into

wa

det[SM*) =[] o Ker1(Aa)Ye(Aa) = Vi (Aa) Ko(Aa))
(=—(N-1) (2-106)

{1 = v)[,(Aa)Jpi1(Aa) + Iy (Aa)Je(Aa) — 2Xalp(Aa)Je(Aa)} =0

Zero determinant in the Eq.(2-106) implies that the eigenequation is

[Ker1(Aa)Ye(Aa) — Y1 (Aa) Ke(Aa)]
{1 = ) ,(Ma)Jni1(Ma) + L (Ma)Je(Aa) — 2Xal,(Aa)Jp(Aa)} = 0, (2-107)
(=0,41,42,--- (N —1),N.
After comparing with the analytical solution for the simply-supported circular plate [58],
the true eigenequation for the continuous system can be obtained by appro&cimrige

discrete system to infinity. The former part in the Eq.(2-107) inside the middle bracket is

the spurious eigenequation while the latter part inside the big bracket is found to be the true
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eigenequation. The result of the Eq.(2-107) in the discrete system match well with the Eq.(2-

54) in the continuous system.

Case 3. Free circular plate
For the free circular plate:{ = 0 andv = 0) with a radiusz, we have

M VvV
My Vy

(2-108)

9

[SM7] = {

4N x4N

where the superscript f ” denotes the free case. Since the rotation symmetry is preserved

for a circular boundary, the eigenvalues of the influence matrices for the discrete system can

be found by using the circulants as shown below:

vl _ ﬂ[y;g()\a)@]()\a) + %KE()\a)Bg()\a)

Hy T2
. fAV ; (2-109)
+ YVe(Aa)v/ (Aa) + ZKe(Aa)yh(Aa)],  £=0,41,42,-- ,£(N — 1), N.
a ™
Ta 2
m =~V Q)8 (ha) + ZK(Aa)5{ (Aa)
m (2-110)

1— 2
+— 1/ (Ma)yl (Ma) + SKi(da)yl(M\a)], €= 0,£1,42,--- ,+(N — 1), N.
T

Whereug/] andnLV} are the eigenvalues ¢f| and[V,] matrices, respectively. Since the two

matrices|V'] and[Vj,] are all symmetric circulants, they can be expressed by
V] = o%y @7, (2-111)
V] = o5y, 07, (2-112)

By employing the Egs.(2-101), (2-102), (2-111) and (2-112) for the Eq.(2-108), we have

[SMf][(D 0] [ZM EV] ® 0] . (2-113)
0 @ ||y Sy ||o0 @

0

By using the property of the determinant in the Appendix 4, the determinaft\of |4 4
IS

DI N
det[SM!] =det | 0 "M | = IT s = e, (2-114)
2U EM@ {=—(N-1)

0

22



since® is orthogonal. By employing the Egs.(2-99), (2-100), (2-109) and (2-110) for the
Eq.(2-114), we have

N 2.2

det[SM] = H ra

163
t=—(N-1)

(V0) ) + = KQa) L]V (Aa)ad (Aa) + = Kf(Aa)af (ha)]

~ Vi(Aa)ai (M) + %Kg()\a)aé D[V (Ma) J(\a) + %Kg()\a)lg()\a)]}.
(2-115)

By using the recurrence relations of the Bessel function in the Appendix 2, the Eq.(2-115)

can be simplified into

det}sM] =[] %
(=—(N-1)
[Ker1(Aa)Ye(Aa) = Vi (Aa) Ky(Aa)]
{a(l — )[40 (0 — DI, (Ma) Je(Aa) — 222?141 (Na)Joy1(Na)]
+200%a*(1 — v)(1 — ) (L1 (Ma) Je(Aa) — L(Aa)Jp1(Aa))

IR — )22 — 1) + Mat] (I (0a) Je(Aa) + Li(Aa) Jer (Aa))} = 0.

(2-116)
Zero determinant in the Eq.(2-116) implies that the eigenequation is
[Ker1(Aa)Ye(Aa) — Yy (Aa)Ki(Aa)]
{a(l — v)[—402 (0 — 1) I;(M\a)J,(Na) — 2X%a T4 (Aa) Jyp1(Na)]
+200%a*(1 — v)(1 — O)(Ipy1(Na) Je(Na) — Ii(Ma) o1 (Da)) (2-117)

+ [(1 = v)*(* = 1) + XNa*) (L1 (Ma) Je(Aa) + I(Ma) Jey1(Ma))} =0
=0,+1,4£2,--- ,£(N — 1), N.
After comparing with the analytical solution for the free circular plate [58], the true eigenequa-
tion for the continuous system can be obtained by approactimghe discrete system to in-

finity. The former part in the Eq.(2-117) inside the middle bracket is the spurious eigenequa-

tion while the latter part inside the big bracket is the true eigenequation. The result of the
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EqQ.(2-117) in the discrete system match well with the Eq.(2-66) in the continuous system. Af-
ter comparing the Eq.(2-97) with the Eqs.(2-107) and (2-117), the same spurious eigenequa-
tion (Ky1(Aa)Ye(Aa) — Yiii(Aa)Ky(Aa)] = 0) is simultaneously embedded in the ¢
formulation no matter what the boundary condition is.

Since any two equations in the plate formulation (the Egs.(2-28)-(2-31)) can be cb@sén,
options of the formulation can be considered. If we choose different combinations of the for-
mulae for any one of the the clamped, simply-supported or free circular plate cases, we can
obtain the same true eigenequation but different spurious eigenequations. At the same time,
the clamped, simply-supported and free circular plates result in the same spurious eigenequa-
tion, once the same formulation is chosen. The occurrence of spurious eigenequation only
depends on the formulation instead of the specified boundary condition. True eigenequation
depends on the specified boundary condition instead of the formulation. All the resluts are

summarized in the Table 2-2.

2-3 Mathematical analysis using the imaginary-part BEM

For the imaginary-part BEM, the kernel functiéf(s, ) is the imaginary-part of the funda-
mental solution

U(s,) = ImlUe(5,2)] = 535l oW) + 2 Do) (2-118)
In order to obtain the true and spurious eigenequations for plate vibration using the imaginary-
part BEM, the degenerate kernel is adopted to analytically derive the true and spurious
eigenequation in the continuous and discrete systems of a circular plate. For the continu-
ous system, the spurious eigenequation is derived by using the degenerate kernel and Fourier
series. For the discrete system, mathematical analysis for the spurious eigenequation is done
by using the degenerate kernel and circulants. Three cases (clamped, simply-supported and
free plate) are demonstrated analytically in the continuous and the discrete systems, respec-

tively, in the following subsections.
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2-3-1 Continuous system

Case 1. Clamped circular plate
For the clamped circular plate & 0 andé = 0) with a radiusz, we can obtain the eigenequa-
tion in the continuous formulation. The moment and shear forge) andv(s) along the

circular boundary, can be expanded into Fourier series by

m(s) = i(picos(n%) +qsin(ng)), s € B, (2-119)
n=0

v(s) =Y (aicos(ng) + bsin(ng)), s € B, (2-120)
n=0

where the superscript¢” denotes the clamped caseis the angle on the circular boundary,
at, b, p¢ andq¢ are the undetermined Fourier coefficients. Substituting the Eqgs.(2-119) and
(2-120) into the EQgs.(2-24) and (2-25), we have

0=— /0 ’ Ul(s, x)[Z(achos(m—b) + besin(ng))] dB
+ ' @(s,x)[Z(p%cos(na) + ¢¢sin(ng))]dB, z € B,

0 n=0

(2-121)

0=— /0 ' Us(s, x)[Z(a;cos(na) + b sin(ng))] dB

. - (2-122)
—i—/ @g(s,x)[Z(pflcos(na) + ¢¢sin(ng))]dB, v € B.
0

n=0
The kernel functions/ (s, z), ©(s, x), Us(s, ) andBOy(s, ), can be expanded by using the
expansion formulae,
J(Ar) = Z T (AP) T (Ap) cos(m(é — ¢)), P> p,
Jo(Ar) = S (2-123)
TS = Y Tn(Ap)Jm(AD) cos(m(é — ), p> P,

m=—0o0

L) = > (=)™ In(Ap)Im(Ap) cos(m(é — ¢)), 7 > p,
Io(Ar) = " (2-124)
I§r) = Y (=1 In(Ap) I (AD) cos(m(é — ¢)), p > P,

m=—00

Similarly, the other kernels can also be expanded into degenerate forms. By using the degen-

erate kernels into the Eq.(2-121) and by employing the orthogonality condition of the Fourier
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series, the Fourier coefficient§, b¢, pS andq:, satisfy

|
—_
N—
3
:')\4
P

Q
SN—
:')\4
>

Q

00RO 4 2 L ORO) _
Pn = [Jo(Xa)J,(Aa) + 2(=1)"L,(Aa) I, (Aa)] ™ =012, (2-125)
10000 + 2D L00LO], _
W= [J,(Na)J! (Aa) + %(—1)”In(Aa)];L()\a)]b"’ =0.12.... (2-126)
Similarly, the Eq.(2-122) yields,
10000 L2 R0 _
P = X0 Z00) + 2 ) T SR (2D
10000 + 2D 0L _
b= X a1 0a) + 2D L Ga L oa) M0 Re (2128

To seek nontrivial data for the generalized coefficients’op?, b¢ andqS, we can obtain the

nvn

eigenequation by using either the Eqgs.(2-125) and (2-127) or the Eqgs.(2-126) and (2-128)

Jn(Aa)Ju(Aa) + 2(=1)"I,(Na) I, (Aa) T, (Aa)Jn(Xa) + 2(=1)"1} (Aa)I,(\a)
Jo(Aa)J(Aa) + 2(=1)"L(Aa) I (Aa) T, (Aa)J;(Aa) + 2(=1)"I},(Aa) I}, (Aa)

(2-129)

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(2-129) can be simplified to
In1(Aa)Jn(Aa) + Jni1(Aa) [n(Aa) {1 (Aa) Jn(Aa) + Jnia(Aa) In(Aa)} = 0 (2-130)

The former part in the Eq.(2-130) inside the middle bracket is the spurious eigenequation
while the latter part inside the big bracket is found to be the true eigenequation after com-
paring with the exact eigenequation [58]. The true eigenequation in the Eq.(2-130) by using
the imaginary-part BEM is the same as the former one in the Eq.(2-44) by using the real-
part method. In this case, it is interesting to find that the true and spurious eigenequation
are the same. We can also comment that no spurious eigenvalue occurs although the spu-
rious multiplicity appears. This case is similar to the membrane case with eigenequation
Jn(Aa)J,(Aa) = 0 as shown in Table 2-3 when the imaginary-part BEM is employed to
solve the Dirichlet problem [12].

Case 2. Simply-supported circular plate

For the simply-supported circular plate & 0 andm = 0) with a radiusa, we can obtain
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the eigenequation in the continuous formulation. Similarly, the moment and shearfeice,

andw(s) along the circular boundary, can be expanded into Fourier series by

o0

0(s) = Y _(phcos(nd) + g;sin(nd)), s € B, (2-131)
n=0

v(s) = i(a‘;cos(na) + bisin(ng)), s € B, (2-132)
n=0

where the superscripts ” denotes the simply-supported casds the angle on the circular
boundarya?, b7, p? andg; are the undetermined Fourier coefficients. Substituting the Egs.(2-
131) and (2-132) and using the degenerate kerndlg afz), M (s, z), Uy(s, z) andMy(s, x)

into the Eq.(2-24), we have

[Ju(Aa)Ju(Aa) + 2(=1)2(Aa) L, (Aa)

P T O@ad0a) + 2L Oaal e TR (5

= e LI
Similarly, the Eq.(2-25) yields,

= et 1 %Eiiizfiﬁiiii?&?ﬂ o MEOLZ (2139

o+ Ep g 70 @199

To seek nontrivial data for the generalized coefficients}op; , b andg’, we can obtain the

nvn

eigenequations as
Jo(Aa)J,(Aa) + 2(=1)"I,(Aa)[,(Aa)  J)(Aa)Jn(Aa) + 2(=1)"I)(Aa)],(Aa)

_ ™
2

Jn(Aa)a (Aa) + %(—1)"In(Aa)a{L(Aa) N Ji(Aa)oyl (Aa) + 2(=1)"1) (Aa)al(Xa)
(2-137)

After recollecting the terms by using the recurrence relations of the Bessel function in the
Appendix 2, the Eq.(2-137) can be simplified to

[In1(Aa) S (Aa) + Jpp1(Aa) I, (Aa)]

{(1 =v)I,(Aa)Jpi1(Aa) + Ihi1(Aa)J,(Aa) — 2Xal,(Aa)J,(Aa)} =0

(2-138)

The former part in the Eq.(2-138) inside the middle bracket is the spurious eigenequation
while the latter part inside the big bracket is found to be the true eigenequation after com-

paring with the exact eigenequation [58]. The true eigenequation in the Eq.(2-138) by using
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the imaginary-part BEM is the same as the former one in the Eq.(2-54) by using the real-part

method.

Case 3. Free circular plate
For the free circular platex{ = 0 andv = 0) with a radiusz, we can obtain the eigenequation
in the continuous formulation. Similarly, the displacement and sle@g,andf(s) along the

circular boundary, can be expanded into Fourier series by

o0

u(s) = Z(pftcos(na) + ¢lsin(ng)), s€ B, (2-139)
n=0

0(s) = Z(a,{cas(na) + bl sin(ng)), s € B, (2-140)
n=0

where the superscript f ” denotes the free case, is the angle on the circular boundary,
al, b, p/ andg/ are the undetermined Fourier coefficients. Substituting the Egs.(2-139) and

(2-140) and using the degenerate kerneld/k, ), V (s, z), My(s, x) andVy(s, x) into the
Eq.(2-24), we have

of = [Ja(Aa)ay (Aa) + 2(=1)"In(Aa)ay, (Na)] ”
" (a3 (ha) + 2(-1)" L (Aa)BE(Aa) + 2T (M) (Aa) + 2(=1)" T, (Aa)yh (Aa)]]
n=0,1,2,...,

(2-141)

o JaO@)aiMa) + 2 (=)L, (Ma)ah (ha) .
" [T (Aa) + 2(-1)" L, (Aa)BE(Aa) + 15 T (Aa)y] (Aa) + 2 (1), (Aa)vh (Aa)]]
n=20,1,2,....

(2-142)

Similarly, the Eq.(2-25) yields,

[T (Aa) Jn(Aa) + 2(=1)" L}, (Aa) In(Aa)]

f_ T f
P = T 0B a) + 2(—1) T, (Aa)BL(Aa) + 2T, (M)l (Ma) + 2 (—D)r I )yt (ha)]]
n=0,1,2,...,

(2-143)
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[7(Aa)Jn(Aa) + 2(—1)"T}, (Aa)In(Aa)] !

fo_ 7
T T 08 0a) + 2(-1) 1, 0a)BL0a) + 2L (a)r] () + %(—1)”%@@)%(%@)]][)"’
n=01,2,....
(2-144)

To seek nontrivial data for the generalized coefficients/op/, b/ andg/, we can obtain the

eigenequation

[Jn(Aa)ar(Aa) + 2(=1)"In(Aa)ay, (Aa)]
DL (Aa)Bi(Aa) + 222 [Ta(Aa)vl (Aa) + 2 (=1)" L (Aa) i (Aa)]]
[Jp(Aa)Jn(Aa) + 2 (=1)" T}, (Aa) [ (Aa)]
D (Aa)Bi(Aa) + 22T (Aa)y] (Aa) + 2 (=1) T, (Aa) v (Aa)]]

(2-145)

[Ta(Xa) B (Aa) + 2(—

>l|l\9

" [(Aa)BI(Na) + 2(—

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(2-145) can be simplified to

[[n1(Aa)Jn(Aa) + Jpi1(Aa) 1, (Aa)]

{Aa(l = v)[-4n*(n — 1), (Aa)Jp(Aa) — 2X%a" 1,11 (Aa) Jn i1 (Na)] (2-146)
+2n2\2a*(1 — v)(1 — n)(Ly1(Aa) J,(Aa) — I,(Aa) i1 (Aa))

+ [n?(1 —v)*(n* — 1) + Ma*|(Lp1(Xa) Ju(Ma) + I,(Aa) Jny1(Ma))} = 0

The former part in the Eq.(2-146) inside the middle bracket is the spurious eigenequation
which also appears in the clamped and simply-supported cases. It indicates that the spurious
eigenequations of the Eqgs.(2-130), (2-138) and (2-146) are the same since the same formula-
tion (null-field formulation of the Egs.(2-24) and (2-25)) is used. This indicates that spurious
eigenequation depends on the formulation instead of the specified boundary condition. The
true eigenequation in the Eq.(2-146) by using the imaginary-part BEM agrees well with the
former one in the Eq.(2-66) by using the real-part BEM.

2-3-2 Discrete system

Case 1. Clamped circular plate

For the clamped circular plate & 0 andf = 0) with a radiusa, we have
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U ©
Uy @9

(2-147)

[SM] = [
AN xX4N
where the superscript# ” denotes the clamped case. Since the rotation symmetry is pre-

served for a circular boundary, the eigenvalues of the influence matrices for the discrete sys-

tem can be found by using the circulants as shown below:

2
ul! = — 5100 T0a) + = (=1 L0 L)l €= 0,1, %2, £(N = 1), N.
(2-148)
le] _ Ta / 2, / _
ne =y [eQa)j(a) + ~ (D) L) (Aa)], €= 0,212, E(N —1),N.
(2-149)
vy Ta.. 2 a7 _
fe ' = =y i) Jia) + ~ (1) T0a) (M), £=0,£1,£2,-+  £(N — 1), N.

(2-150)
e _ Ta . ! 2 1\l ! _ B
Ky = [J,(\a)J)(\a) + %( D (Aa)j(Aa)], £=0,%£1,42,--- +(N —1),N.
(2-151)
Whereuf)}, /@LU} andmL@] are the eigenvalues @], [Uy] and[©y] matrices, respectively. Since

the four matricesU], [©], [Uy] and[Oy] are all symmetric circulants, they can be expressed

by
U] = oXy@” (2-152)
[Up] = &2y, (2-153)
[04] = PX,d” (2-154)

By employing the Egs.(2-152)-(2-154) for the Eq.(2-147), we have

[SM) = . (2-155)
0 @ ||y Se, 0 @

0
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By using the property of the determinant in the Appendix 4, the determinaft\éf| . an

is

Yy X N
det[SM€] = det A H (uLU]/@LG] — ,uL@}/{EU]), (2-156)
EUe E@e (=—(N-1)
since® is orthogonal. By employing the Eqs.(2-148)-(2-151) for the Eq.(2-156), we have
N 7T2CL2
det[SM°] = H

) 1672

(=—(N-1
2 2
{I7e(a)(Aa) + = (=1) L(Aa) L(Aa)][J;(Aa) y(Aa) + —(=1) [i(Aa) [(Aa)]
2 2
= [1(Aa)Ji(Aa) + = (=D L) [[(Aa)][Jy(Aa) Je(Aa) + —(=1) Tj(Aa) [o(Aa)]}
(2-157)
By using the recurrence relations of the Bessel function in the Appendix 2, the Eq.(2-157)

can be simplified into

N 2
det[SM¢] = O Tes1(Ma) Je(Aa) + Jepa (Aa) [o(Aa)]
z:_l(_NI_l) SN2 L ¢ o+ ¢ (2-158)

{]g_,_l()\a)Jg(/\a) + Jg+1()\a)]g()\a)} =0

Zero determinant in the Eq.(2-158) implies that the eigenequation is

[Lpr1(Aa)Je(Aa) + Jer1(Aa) [ (Aa)[{Lpr1(Aa)J(Aa) + Joep1(Aa)l(Aa)} = 0, (2-159)
(=0,41,42,--- ,+(N — 1), N.
After comparing with the analytical solution for the clamped circular plate [58], the true
eigenequation for the continuous system can be obtained by approa¢hmghe the dis-
crete system to infinity. The former part in the Eq.(2-159) inside the middle bracket is the
spurious eigenequation while the latter part inside the big bracket is found to be the true
eigenequation. The result of the Eq.(2-159) in the discrete system matches well with the

EQ.(2-130) in the continuous system.

Case 2. Simply-supported circular plate

For the simply-supported circular plate £ 0 andm = 0) with a radiusz, we have

U M
[SM*] = : (2-160)
Ug My
AN xX4N
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where the superscripts' ” denotes the simply-supported case. Since the rotation symmetry
Is preserved for a circular boundary, the eigenvalues of the influence matrices for the discrete

system can be found by using the circulants as shown below:

a1 =~ a)ad (ha) + %(71%1[@@)@5&@)], (= 0,41,42 - £(N —1), N,
(2-161)

M = —% [J)(Aa)a (Aa) + %(-1)%@@@@@], 0=0,+1,42, .- £(N —1),N.
(2-162)

[M]
¢

WhereugM] andk, ' are the eigenvalues ¢}/] and [M,] matrices, respectively. Since the

two matriceg M| and[M,] are all symmetric circulants, they can be expressed by

[M] = &%,,07, (2-163)
[My] = Xy, BT (2-164)

By employing the Egs.(2-152), (2-153), (2-163) and (2-164) for the Eq.(2-160), we have

[SMS}[q) 0] [EU EM] [q) O] . (2-165)
0 || Sy, Su | |0 @

By using the property of the determinant in the Appendix 4, the determinaftéf| . an
is
Xuo Xu T o]
det[SM?] = det = H (e 'Ky =y Ky ), (2-166)
YU, X, t=—(N-1)
since® is orthogonal. By employing the Egs.(2-148), (2-150), (2-161) and (2-162) for the
Eq.(2-166), we have
N 2 2
det[SM?®] = II ra

163
t=—(N-1)

(0@ 0a) + (-1 L0 L) Aadaf ) + (1) T/ (Aa)af (Aa)]
~ [ea)ad () + 2 (-1 Ia)al Q)L (Aa)e(Aa) + = (-1 T L))
(2-167)
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By using the recurrence relations of the Bessel function in the Appendix 2, the Eq.(2-167)

can be simplified into

N
det[SM?] = 22 [Ia(Aa) Je(ha) + Jepr(Aa) L(Aa))
Zzl(_N[D S et ¢ o+ ¢ (2-168)

{(1 =v);(Aa) i1 (Aa) + L1 (Aa)Jo(Aa) — 2 aly(Ma)J,(Aa)} =0

Zero determinant in the Eq.(2-168) implies that the eigenequation is

[Ler1(Aa)Je(Aa) + Jps1(Aa)lo(Aa)]
{1 =v)[,(Aa) i1 (Aa) + L1 (Aa)Jo(Aa) — 2 aly(Aa)Ji(Aa)} = 0, (2-169)
0 =0,41,42, -, +(N —1), N.

After comparing with the analytical solution for the simply-supported circular plate [58],
the true eigenequation for the continuous system can be obtained by appro&chirge
discrete system to infinity. The former part in the Eq.(2-169) inside the middle bracket is
the spurious eigenequation while the latter part inside the big bracket is found to be the true
eigenequation. The result of the Eq.(2-169) in the discrete system match well with the Eq.(2-

138) in the continuous system.

Case 3. Free circular plate

For the free circular plate:{ = 0 andv = 0) with a radiusa, we have

MV
My Vi

(2-170)

Y

[sa] = {

AN xX4N
where the superscript f ” denotes the free case. Since the rotation symmetry is preserved
for a circular boundary, the eigenvalues of the influence matrices for the discrete system can

be found by using the circulants as shown below:

= _;%[Jg(mmg (\a) + %(—H%(Aa)ﬁé (Aa)
1—v
+

[Je(Na)vi (Aa) + %(—1%@@@)%@@)], 0=0,+1,42,--- ,£(N — 1), N.
(2-171)
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| Do

(=1)I3(Aa)3; (Aa)

1 _
- (—D'I)(Aa)7i(Aa)], £=0,%1,42 -+ £(N —1),N.

3 oA

+ [T (Aa)v/ (Aa) +
(2-172)

WhereuLV] and/fLV} are the eigenvalues @] and[V,] matrices, respectively. Since the two

matrices|V'| and[Vj,] are all symmetric circulants, they can be expressed by

V] = &5y o7, (2-173)
V] = &%y, 87, (2-174)

By employing the Egs.(2-163), (2-164), (2-173) and (2-174) for the Eq.(2-170), we have

[SMf]{(D O] [ZM EV] [(D 0] . (2-175)
0 || %y Sv||o o

By using the property of the determinant in the Appendix 4, the determind&féf |,y 4y
IS

Yy % N
detfsM ] =det | ° T = T (e - @R, (2-176)
ZU@ EMQ {=—(N-1)

since® is orthogonal. By employing the Eqgs.(2-161), (2-162), (2-171) and (2-172) for the
Eq.(2-176), we have

N r2g2
det[SM] = H 60
(=—(N-1)

{200 H00) + = (-1 L) Aa)]lf(Aa)a? (\a) + = (-1 Ti(Aaaf (Aa)]

~ [ea)af (ha) + 2 (1) La)al M)l O (a) + = (1) T L)}
(2-177)

By using the recurrence relations of the Bessel function in the Appendix 2, the Eq.(2-177)
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can be simplified into

N
det[SM7] = H %
(=—(N-1)

o1 (Ma)Je(Aa) + Jop1(Ma)[o(Aa)]

{a(l —v)[—402(0 — DI, (Ma) Je(Aa) — 222141 (Na) Jos1(Na)]
+200%a%(1 — v)(1 — 0)(Ipe1(Na) Jo(Aa) — I (Aa)Jeer (Na))

+ [(1 = v)*(* = 1) + Na*) (L1 (Na) Je(Aa) + Ii(Ma) Jey1(Ma))} = 0.

(2-178)
Zero determinant in the Eq.(2-178) implies that the eigenequation is
[Los1(Aa)Je(Aa) + Jep1(Aa)I(Aa)]
{a(l — v)[—402(0 — 1) I;(Ma) Jy(\a) — 22%a® T4 (Aa) Ty (Na)]
+ 26/\2a2(1 - V)(l - E)(Ig_i_l ()\G)Jg()\a) - Ig(/\a)Jg+1()\a)) (2'179)

+ [ = v)* (2 = 1) + A a1 (Na) Je(Na) + Ii(Aa) Jpr(Ma))} =0
—0,41,42,--- ,4£(N — 1), N,

After comparing with the analytical solution for the free circular plate [58], the true eigenequa-
tion for the continuous system can be obtained by approachimghe discrete system to in-

finity. The former part in the Eqg.(2-179) inside the middle bracket is the spurious eigenequa-
tion while the latter part inside the big bracket is the true eigenequation. The result of the
EQ.(2-179) in the discrete system match well with the Eq.(2-146) in the continuous sys-
tem. After comparing the Eq.(2-159) with the Eqgs.(2-169) and (2-179), the same spurious
eigenequation[{y.1(A\a)J,(Aa) + Jey1(Na)I,(Aa)] = 0) is simultaneously embedded in the

u, # formulation no matter what the boundary condition is.

Since any two equations in the plate formulation (the Egs.(2-28)-(2-31)) can be cb@sén,
options of the formulation can be considered. If we choose different combinations of the for-
mulae for any one of the the clamped, simply-supported or free circular plate cases, we can
obtain the same true eigenequation but different spurious eigenequations. At the same time,
the clamped, simply-supported and free circular plates result in the same spurious eigenequa-

tion, once the same formulation is chosen. The occurrence of spurious eigenequation only
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depends on the formulation instead of the specified boundary condition. True eigenequation
depends on the specified boundary condition instead of the formulation. All the resluts are

summarized in the Table 2-4.

2-4 Numerical results and discussions

Circular plate (clamped, simply-supported and free (C, S and F) boundary conditions)
A circular plate with a radius of one meter = 1 m) and the Poisson ratio = 0.33 are con-
sidered. The boundary is discretized into ten constant elements. Since any two equations in
the plate formulation (the Egs.(2-28)-(2-31)) can be chosgrt, ) options of the formulation
can be considered. By using the real-part and imaginary-part BEMs, the numerical results

are shown below:

Real-part BEM:

Based on the six real-part formulations, the determinantS &f| versus frequency parame-

ter \ for the clamped, simply-supported and free circular plates are shown in Figures 2-1
2-3, respectively. In each figure, we find that the true eigenvalues depends on the specified
boundary condition (C, S and F) instead of the six formulations (a, b, ¢, d, e and f). The spu-
rious eigenvalues are embedded in each formulation as shown in Figures23l which

satisfy the spurious eigenequations in the Table 2-2. For example, if we use@ti@mu-

lation to solve the circular plates subject to different boundary conditions (Figures 2-1.(a),
2-2.(a) and 2-3.(a)), the spurious eigenvalues appear at the positions which satisfy the spu-
rious eigenequatioffss,1(Aa)Yz(Aa) — Y1 (Aa)Ke(Aa)] = 0 as embedded in Eqgs.(2-44),
(2-54), (2-66), (2-97), (2-107) and (2-117). In order to distinguish the spurious eigenvalues,
Figures 2-4.(a)-(f) show the determinant[6f)/| versusA using the formualtiond.g. u, ¢

andu, m formulation) to solve the the circular plates subject to different boundary conditions.

It is found that any one of the clamped, simply-supported and free cases results in the same
spurious eigenvalues, once the formulation (a, b and,@-formulation; d, e and f «, m

formulation) is employed. The numerical results reconfirm that the occurrence of spurious
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eigenvalues only depends on the formulation instead of the specified boundary condition. All

the spurious eigenequations in the real-part BEM are summarized in the the Table 2-2.

Imaginary-part BEM:

Based on the six imaginary-part formulations, the determinajt bf| versus frequency pa-
rameter\ for the clamped, simply-supported and free circular plates are shown in Figures
2-5 ~ 2-7, respectively. In each figure, we find that the true eigenvalues depends on the
specified boundary condition (C, S and F) instead of the six formulations (a, b, c, d, e and
f). The spurious eigenvalues are embedded in each formulation as shown in Figures 2-5
2-7, which satisfy the spurious eigenequations in the Table 2-4. For example, if we use the
u, # formulation to solve the circular plates subject to different boundary conditions (Figures
2-5.(a), 2-6.(a) and 2-7.(a)), the spurious eigenvalues appear at the positions which satisfy the
spurious eigenequatidty., 1 (Aa)Jy(Aa) + Joi1(Aa)l(Aa)] = 0 as embedded in Egs.(2-130),
(2-138), (2-146), (2-159), (2-169) and (2-179). In order to distinguish the spurious eigenval-
ues, Figures 2-8.(a)-(f) show the determinanisf/] versus\ using the formualtiond.g. u,

0 andu, m formulation) to solve the circular plates subject to different boundary conditions.

It is found that any one of the clamped, simply-supported and free cases results in the same
spurious eigenvalues, once we use the formulation (a, b and & formulation; d, e and f

- u, m formulation). The numerical results reconfirm that the occurrence of spurious eigen-
values only depends on the formulation instead of the specified boundary condition. All the

spurious eigenequations in the imaginary-part BEM are summarized in the Table 2-4.
The numerical results of the true eigenvalues agree well with the data in Leissa [58] by using

the real and imaginary-part BEMs as shown in the Tables 2-5, 2-6 and 2-7 for the clamped,

simply-supported and free circular plates, respectively.
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2-5 Concluding remarks

The real and imaginary-part BEM formulations have been derived for the free vibration of
plates. For a circular plate, the true and spurious eigenequations were derived analytically
by using the degenerate kernel, Fourier series and circulants in the continuous and discrete
systems. The eigenvalues were determined numerically. Since any two equations in the
plate formulation (4 equations) can be choséf,(6) options can be considered. The oc-
currence of spurious eigenequation only depends on the formulation instead of the specified
boundary condition, while the true eigenequation is independent of the formulation and is
relevant to the specified boundary condition. All the results are shown in the Tables 2-2
and 2-4. Three cases were demonstrated analytically and numerically to see the validity of
the present method. Although the circular case lacks generality, it leads significant insight
into the occurring mechanism of true and spurious eigenequation. Here, the proof is only
limited to the circular case, it is a great help to the researchers who may require analytical
explanation to understand why the spurious eigenequation occurs. The same algorithm in
the discrete system can be applied to solve arbitrary-shaped plate numerically without any
difficulty. Nevertheless, mathematical derivation in the continuous and discrete systems can
not be done analytically. How to avoid the occurrence of the spurious eigenvalues will be

addressed in the next chapter.
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Chapter 3 Treatment of the spurious eigenvalues for

simply-connected eigenproblems

Summary

In this chapter, four alternatives (SVD updating technique, the Burton & Miller method,
the complex-valued BEM and the CHEEF method) are adopted to suppress the occurrence
of the spurious eigenvalues for the simply-connected eigenproblem of plate in the real and
imaginary-part BEMs. A clamped case is demonstrated analytically in the continuous and

discrete systems.

3-1 SVD updating technique
3-1-1 Continuous system

A conventional approach to detect the nonunique solution is the criterion of satisfying all
the EQs.(2-28)-(2-31) at the same time in the real-part BEM. For the clamped plate (

0 and# = 0), the moment and shear force:(s) andwv(s)) along the circular boundary,

can be expanded into Fourier series as shown in the Egs.(2-33) and (2-34) in the Chapter
2. By substituting the degenerate kernels into the Egs.(2-24)-(2-25) and by employing the
orthogonality condition of the Fourier series, the Fourier coefficiefits’ , p¢ andq’ satisfy

the Egs.(2-39)-(2-42) as shown in the Chapter 2. If we employ the Eq.(2-26) to sovle the
same eigenproblem, we obtain the Fourier coefficiefit$s, p¢ andq satisfying

n (Aa)Jn(Aa) + 2oy (Aa) I, (Aa)

e la ] . - _
"7 Y a) () + 2aK ()T, (ha)] ™ n=012... (@
o oy (Aa)Ju(Ma) + 2a (Aa) I, (Ma)] B
%= [a¥ (ha) 4 (ha) + 20k )5 0a)] n=012... 0 (32
Similarly, the Eq.(2-27) yields,
o _ 0@ 00) + 265 00) Q) a0a) + B0 (M0 Jn(Ma) + 298 Q)TN
"B Q) (Aa) + 26K (M) Aa) ] (M) + 1Y (M) T (M) + 29K )LL) (3.3)
n=20,1,2,...,
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= 1By (Aa)Jn(Aa) + 25, (Aa)(Aa) In(Aa) + 152 1y (Aa)Ju(Aa) + 295 (Aa) T (Aa)]
" BY (M) (Aa) + 28K (Aa)(Aa) T, (Aa) + 24 [v) (Aa) T (Aa) + 24K (Na) LAl T (3.4

When the eigenvalues satisfy the true eigenequation of
{In+1(/\a)Jn<>‘a) + Jn-i—l(/\a)jn(/\a)} =0, n=0,%£1,%£2,--- ’:l:(N - 1)7 Na (3'5)

the Egs.(2-39), (2-41), (3-1) and (3-3) can be simplified to

e 1(Aa)
Pn = 3T a)

a,, n=0,1,2,.... (3-6)
In this case, we obtain the nontrivial data of the true boundary mode in the column vector
form by employing the Eq.(3-6) as shown below:

ag
PG5
af
by
Py
qf

- o o o o o o
o O o o o ©

a$, 1 0
= acﬁ + b?u (3'7)

be, 0 1

Ph In(Aa)) /A5, (Aa) 0

n 0 In(Aa)) /A5, (Aa)

(&
AN

(&
b3y

C
Pan

o O o o
o o o o

C
4N

wherea? andb¢ are arbitrary. The column vector of the true boundary modes are the same by
using any one of the Egs.(2-39), (2-41), (3-1) and (3-3). In case of the spurious eigenvalue,
the Egs.(2-39), (2-41), (3-1) and (3-3) can not obtain the commom term. After recollecting
any two terms of the Egs.(2-39), (2-41), (3-1) and (3-3) by using the recurrence relations of
the Bessel function in the Appendix 2, it is found that all the results can be simplified to six
different spurious eigenequations as shown in the Table 2-2. The same true eigenequation is

commonly imbedded in the six real-part formulations. The only possibility to seek nontrivial
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data for the generalized coefficients is only the common one (true eigenequation in the Eq.(3-

5)) to be zero.

This indicates that only the true eigenequation of the clamped circular plate is sorted out
since the true eigenequation is simultaneously embedded in the six real-part formulations.
The result matches well with the Egs.(2-44) and (2-97) in the continuous and discrete sys-
tems, respectively. Since we solve the same problem by using the imaginary-part BEM, only
the true eigenequation of the clamped circular plate is sorted out for the same reason that
the true eigenequation is simultaneously embedded in the six imaginary-part formulations.
This is the mathematical meaning of the SVD technique of updating term in the continuous

system. We will apply the SVD updating technique in the discrete system.

3-1-2 Discrete system

In the discrete system, the approach to detect the spurious eigensolution is the criterion of
satisfying all the Eqgs.(2-28)-(2-31) at the same time in the real-part BEM. For the clamped
plate ¢« = 0 andf = 0), the Eqgs.(2-28)-(2-31) reduce to

0= [UHv} + [O]{m}, (3-8)
0 = [Us[{v} + [Bg]{m}, (3-9)
0= [Unl{v} + [Om]{m}, (3-10)
0= [Uu]{v} + [©u]{m}. (3-11)

After rearranging the terms, the Egs.(3-8) and (3-9) can be assembled to

[SMf]{ ° }{0}, (3-12)

m

where

.
[SMY] = . (3-13)
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Similarly, the Egs.(3-10) and (3-11) yield

v
[SMQC] = {O}v (3'14)
m
where
U, ©,,
[SMS] = . (3-15)
U, 6,

Since the real-part BEM misses the imaginary-part information, we can reconstruct the inde-
pendent equation by differentiation. To obtain an overdetermined system, we can combine

the Eqgs.(3-12) and (3-14) by using the SVD technique of updating term as shown below:

v
[C] = {0}, (3-16)
m
where
SM¢
[C] = . (3-17)
SMS
8N x4N

Since the eigenequation is nontrivial, the rank of the ma@rixnust be smaller tha#V, the
4N singular values for the matri}C] must have at least one zero value. The explicit form for
the matrix[C] can be decomposed into

® 0 0 0 Sv Ze
0 & 0 0 Sy, O T 0

(0] = Yo =60 [ . } ‘ (3-18)
00 @& 0 Su. Yo, o o |
000 @ SN xX8N ZU“ Ze” 8N x4N

Based on the equivalence between the SVD technigue and the least-squares method in math-
ematical essence, the least squares form leads to

T

o d
[C]7[C] = ’ } [D]anxan [ 0 ] (3-19)
0 @ 0o &
ANXAN ANXAN

where

(3-20)

Yv Xy, Xu, Xu, Yy, e,
Yo 2o, Xeo. e, AN X8N
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If the determinant of the matrifC]” [C] is zero, we can obtain the nontrivial solution. Since
® is orthogonal, the determinant of the matfiX|”[C] is equal to the determinant of the
matrix [D]. By calculating the determinant of the matfi®], we have

N

detlD] = ]

(=—(N-1)
Ul [ o] [U Ul ~[© o] -lU Ul <[© el (U
(6 = ™+ (G = PG+ (6 = ey

G o] .[U Ul sle o] (U Ul e o] (U
(v 67 = G+ (8 — w0+ (68 = ¢8R,

(3-21)

where¢!”], (19, 51° ands"! are the eigenvalues of the matrigs,.], [©..], [U,] and[©,)],
respectively. The only possibility for the zero determinant of the maiPpoccurs when the
sixterms k2~ k), (16—, (51—l 61, (¢ =16

(k59 — k1511 and (¢[7151°" — ¢I¥61]) are all zeros at the same time for the saime

Here we can find that the six terms exactly result in the six different spurious eigenequations
as shown in the Table 2-2, and the same true eigenequation is commonly imbedded in the six
real-part formulations. The only possibility for the zero determinant of the mdiiixs the

common term (true eigenequation in the Eq.(3-5)) to be zero.

This indicates that only the true eigenequation of the clamped circular plate is sorted out in
the SVD updating matrix since the true eigenequation is simultaneously embedded in the six
real-part formulations (the Eq.(3-21)). The result matches well with the Egs.(2-44) and (2-
97) in the continuous and discrete systems, respectively. Since we solve the same problem
by using the imaginary-part BEM, only the true eigenequation of the clamped circular plate
is sorted out for the same reason that the true eigenequation is simultaneously embedded in

the six imaginary-part formulations.

3-2 Burton & Miller method and the complex-valued BEM

In the exterior acoustics of Helmholtz equation by using the dual BEM, Burton & Miller uti-

lized the product of hypersingular equation with an imaginary constant and added the singular
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equation to deal with the fictitious-frequency problem which results in a non-uniqueness so-
lution. We will extend this concept to suppress the appearence of the spurious eigenequation

of simply-connected plate in the real-part or imaginary-part BEM.

3-2-1 Continuous system

For the clamped circular plate with a radiwscombination of the Egs.(2-24) and (2-26) with

an imaginary number by using the real-part BEM yields

0—— /B U (s,2) + iUn(s, 2)Jo(s) dB(s) + /B (O(s,2) + iO(s, 2)Jm(s) dB(s) (3-22)

Similarly, the Egs.(2-25) and (2-27) yield,

0=— /B[Ug(s, x) + iU, (s, z)]v(s) dB(s) + /B[@g(s,x) +1i0,(s,z)|m(s)dB(s) (3-23)

The moment and shear force,(s) andwv(s) along the circular boundary, can be expanded
into Fourier series as shown in the Egs.(2-33) and (2-34) in the Chapter 2. By using the
degenerate kernels into the Eq.(3-22) and by employing the orthogonality condition of the
Fourier series, the Fourier coefficients b, p., andg;, satisfy

. [Ya(Aa)Jn(Aa) + K (\a)I,(\a)] +i[a) (Aa)J,(Aa) + %aff()\a)]n()\a)] .

Pn = [Y.(Aa)J!(Aa) + 2K, (Aa) I} (Aa)] + i[a) (Aa)J,(Aa) + 20 (Aa) I, (Aa)] n:
n=0,1,2,...,
(3-24)
‘= [Ya(Aa)Jn(Aa) + 2K, (Aa) I, (Aa)] + i[al (Aa)J,(Aa) + 2ak (Xa) I, (Aa)] e
" Ya(ha) i (Aa) + 2K, (Aa) I (Aa)] + o) (Aa) L (Aa) + 2k (Aa) I, (Aa)] (3-25)
n=20,1,2,

Similarly, the Eq.(3-23) yields,
o AlYi(Aa)Jn(Xa) 4+ 2K, (Aa) I, (Aa)]
P TN a7, (ha) + 2K () T, ()
+i[8)Y (Aa) J,(Aa) + 285 (A\a) I, (Ma) + 222 [ (Aa) T, (Aa) + 24/ (Na) (Na) I, (/\a)]]ac
+i[BY (Aa)J},(Aa) + 28K (Aa) I}, (Ma) + 22 [0 (M) T, (Aa) + 24K (Na) I, (Aa)]] ™
n=0,1,2,...,

(3-26)
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o AlYa(Aa)J,(Aa) + %K{l()\a)fn(ka)]
I TNV (ha) T, (a) + 2K, (a) T, (Aa)]
+ilBy (Aa) Ju(Aa) + 265 (Aa) [, (Aa) + 22y (Aa) Jn(Na) + 29 (Aa)(Na) [, (Xa)]]
+i[BY (Aa) ) (Aa) + 26K (Xa) I} (Aa) + 27y (M) J),(Na) + 29K (Na)T,(Aa)]] ™

n=0,1,2,....

(3-27)

To seek nontrivial data for the generalized coefficients’op?, b¢ andqS, we can obtain the

n ’n

eigenequation by using either the Eqgs.(3-24) and (3-26) or the Egs.(3-25) and (3-27)

AY!(Xa)J,(Aa) + %K;L()\a)ln()\a)]

MY (Aa)J,(Aa) + 2K (Aa) I, (Aa)]

+i[A) (\a)J,(Aa) + 265 (\a) [, (Aa) + 221 (Aa) o (Aa) + 2955 (Ma)(Aa) [, (Aa)]]
+i[BY (A\a)J},(Aa) + 26K (Aa) I}, (Aa) + 5210 (Aa) J) (Aa) + 24K (Xa) I (Ma)]]

Y, (Aa)Ju(Aa) + 2K (Aa) I (Aa)]

[Yi(Aa)J},(Aa) + 2K (Aa) I}, (Aa)]

+i[A)y (\a)Ju(Aa) + 265 (Aa) [ (Aa) + 221y (Aa) o (Aa) + 2955 (Aa)(Aa) [, (Ma)]]
+i[BY (A\a)J},(Aa) + 26K (Na) I}, (Aa) + 2210 (Aa) J) (Aa) + 24K (Xa) I (Ma)]]

(3-28)

AV
CANY (N

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(3-28) can be simplified to
[A(N) + iBA){Lnr1(Aa) Jn(Aa) + Jnii(Aa) I (Aa)} = 0 (3-29)

Since the termA(\) + ¢B(\)] is never zero for any, we can obtain the true eigenvalues by
using the real-part BEM in conjunction with the Burton & Miller concept. Nevertheless, if
we combine the:, § andm, v formulations oru, v andf, m formulations, the method fails.
The reason is that the, v andd, m formulation have the same spurious eigenequation. It
occurs thatA(\) (B(A\)) may always be zero for any, this results in the spurious eigen-
value since the other coefficienB(\) (A(\))) may be zero. Only the combination of m
andd, v real-part formulation can obtain the true eigenvalues. All the explicit forms of the
[A(X) +iB(\)] are shown in the Table 3-1 by using the real-part BEM. Similarly, we can use
the imaginary-part BEM in conjunction with the Burton & Miller concept to solve the same

problem. Only the combination af, m and6, v imaginary-part formulations can obtain the
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true eigenvalues. All the results of thé(\) + :B(\)] are shown in the Table 3-2 by using
the imaginary-part BEM.

Since the real (resp. imaginary)-part BEM misses imaginary (resp. real)-part information, we
can reconstruct the independent equation by adding the other real (resp. imaginary)-part BEM
multiplied by an imaginary unit. By employing the Burton & Miller concept to combine the
real and imaginary-part for the same formulatien §. «, 6 formulae), the complex-valued

BEM can be treated as a special case of Burton & Miller method. This indicates that Burton
& Miller method and the complex-valued BEM are mathematical equivalent if we choose the
same formulationd. g. u, 6 formulae). In this case, we construct the real-part formulation

(u, 6 formulae) and combine withe, v formulae by multiplying an imaginary unit.

Now, we consider the complex-valued BEM to solve the same problem by using

U(s,7) = Us, ) = g l%60w) + o) + = (KofAr) +i(Ar))] (330

By using the degenerate kernels into the Eq.(3-22) and by employing the orthogonality con-
dition of the Fourier series for the clamped case, the Fourier coefficiénts, p;, andg;
satisfy
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Similarly, the Eq.(3-23) yields,

. 1YI(Aa)J,(Aa) + 2K, (Aa)],(Aa)] + i[J,(Aa) T, (Aa) + 21, (Aa)],(Aa)]

. n

Pn =X Y (Aa)J:(Aa) + 2K (Aa) Il (Aa)] + i[Jn(Aa) J, (Aa) + gIn(Aa)I,Q(Aa)] "

n n

(Aa)J,(Aa) + 2K, (Aa) L, (Aa)] + i[J,(Aa) Jn(Aa) + 21, (Xa) ], (Aa)]
(Aa)Ji(Aa) + 2K/ (Aa) I (Aa)] + i[J,(Aa)J, (Aa) + 21, (Aa) I, (Aa)] ™

=

I
> =
SR

(3-34)

To seek nontrivial data for the generalized coefficients’op¢, b$ andg:, we can obtain the

nvn

eigenequation by using either the Egs.(3-24) and (3-33) or the Egs.(3-32) and (3-34)

[Ya(Aa)J,(Aa) + 2K, (Aa) I, (Aa)] + i[J,(Aa) Jn(Aa) + 21, (Aa) I, (Aa)]

[Ya(Aa)J!(Aa) + 2K, (Aa) I} (Aa)] + i[J,(Aa) T, (Aa) + 21,(Xa) I} (Aa)] (3-35)
_ Y (Aa)Jn(Aa) + 2K, (Aa) I, (Aa)] + i[J,(Aa) Jn(Aa) + 21, (Aa) I, (Aa)]

[Y!(Xa)J!(Aa) + 2K1 (Xa) I} (Aa)] + i[J,(Aa) T, (Aa) + 21,(Aa) I} (Aa)]

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(3-28) can be simplified to

Since the termA(\) + ¢B(\)] is never zero for any, we can obtain the true eigenvalues by
using the complex-valued BEM. All the explicit forms of th&(\) + iB(\)] are shown in
the Table 3-3 by using the complex-valued BEM.

3-2-2 Discrete system

By combining the Egs.(3-12) and (3-14) with an imaginary number in the real-part BEM, we

have

[[SMf]Jri[SMQC]]{ ! }0. (3-37)
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The determinant of thg5 M| + i[SMS] is obtained by using the circulant as

det[[SM{] +i[SMg] =[] [AQ) +iBO){Ten(ha) Je(Aa) + Jera(Aa) [e(Aa)}

f=—(N-1)

(3-38)
Since the termA(\) 4+ iB(\)] is never zero for any,, we can obtain the true eigenvalues
by using the real-part BEM in conjunction with the Burton & Miller concept. Nevertheless,
if we combine theu, § andm, v formulations oru, v andf, m formulations, the method
fails. The reason is that the v andf, m formulation have the same spurious eigenequa-
tion. It occurs thatd(\) (B(\)) may always be zero for any, this results in the spurious
eigenvalue since the other coefficiert(\) (A()\))) may be zero. Only the combination of
u, m andd, v real-part formulation can obtain the true eigenvalues. All the explicit forms of
the[A(\) 4 iB(\)] are shown in the Table 3-1 for the real-part BEM. Similarly, we can use
the imaginary-part BEM in conjunction with the Burton & Miller concept to solve the same
problem. Only the combination of, m andé, v imaginary-part formulation can obtain the
true eigenvalues. All the explicit forms of the(\) + iB(\)] are shown in the Table 3-2 for
the imaginary-part BEM.

Since the real (resp. imaginary)-part BEM misses the imaginary (resp. real)-part information,
we can reconstruct the independent equation by adding the other real (resp. imaginary)-part
BEM with multiplication an imaginary unit. By employing the Burton & Miller concept to
combine the real and imaginary-part for the same formulat®ond. «, 6 formulae), the
complex-valued BEM can be treated as a special case of Burton & Miller method. This in-
dicates that Burton & Miller method and the complex-valued BEM are mathematical equiv-
alent if we choose the same formulatian (g. «, # formulae). In this case, we construct

one real-part formulation( 6 formulae) and combine with, v formulae by multiplying an

imaginary number.

Now, we consider the complex-valued BEM to solve the same problem using

(s, ) = Uls, ) = 5 l0%60w) + o) + = (KoAr) +i ()] (339
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For the clamped circular plate & 0 andd = 0), we have

[SM]{ ! } —0. (3-40)

We can also obtain the determinant of {l§é/] by using the circulant as

det[SM] =[] {Zs1(Aa)Je(Aa) + Jera(Aa)Io(Aa) }[A + iB] (3-41)
=—(N-1)

Since the termA(\) + iB(\)] is never zero for any, we can obtain the true eigenvalues by

using the complex-valued BEM. All the explicit forms of th&()\) + iB(\)] are shown in
the Table 3-3 for the complex-valued BEM.

3-3 CHEEF method

3-3-1 Continuous system

By substituting the degenerate kernels in the real-part BEM of the Eqgs.(2-37) and (2-38) for
the interior point(0 < p < a) and the relationship between the Fourier coefficients of the
Eq.(2-39) intou formula in the Eq.(2-6), we have
u(p, b) :{Jn()‘p) [Yn(/\a)(yn(Aa)JnH()\a) —Yor1(Aa)Jy(Aa)) _2 %Kn()‘a)(InJrl()\a)Yn()‘a) + Yn+1()‘a)ln()‘a))]
8A2[Y, (Aa)J! (Aa) + 2K, (Aa) I, (Aa)]
1 (Ap)[Yn (Aa) (Jn1(Aa) K (Aa) — Kny1(Aa)Jn(Aa)) — %Kn()‘a)(gl +1(Aa) Ky (Aa) + %KnJrl (Aa)In(Aa))]

Ton

8N (Y (Aa) T}, (Ap) + 2 Kn(Xa) I}, (Ap)]

+

}

(p5 cos(ng) + g sin(ng)), 0 < p < a, 0 < ¢ < 27.

(3-42)
For the exterior pointa < p), the null-field integral equation yields
_[1n(a) i1 (Aa) + Tn(Aa) Joa (Aa) |2V (Aa) K (Ap) — 2Kn(Aa)Y, (Ap)]
8N (Vs (Aa) T} (Aa) + 2 Ky(Aa) L}, (Aa)] (3-43)

(pncos(ng) + q,sin(ng)), a < p, 0 < ¢ < 2.

When the true eigenvaluk satisfies the Eq.(3-5), we can find that the field of the interior
(p < a) and exterionla < p) points are the nontrivial solution and null-field, respectively.

It is found that the solution of the exterior poifit < p) is not a null-field for the spurious
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eigenvalue. This provides us a clue to filter out the spurious eigenvalue. By this way, the
exterior point can be chosen to obtain an independent constraint in the null-field equation in
order to suppress the occurrence of the spurious eigenvalues for the simply-connected plate
eigenproblem. In another words, the Eq.(3-43) can be a discriminant for the spurious eigen-

value once the null-field equation is not satisfied.

In this section, we employ the CHEEF method to deal with the problem of spurious eigenval-
ues. Firstly, we choose a CHEEF poipt, ¢;) outside the domaifu < p;, 0 < ¢; < 2m).
By substituting the CHEEF point into the Eq.(3-43), we have

[Ta(Aa) L1 (Aa) + Tn(Aa) Jnr1 (Aa)] (25 (Aa) K1 (Ap1) — 2K (Aa)Yog1 (Apy)]
8X2[Y, (Aa)J,(Aa) + 2K, (Aa) I, (Aa)]

(pycos(ne1) + gy sin(ng))
(3-44)

Comparing the Eq.(3-44) with the true eigenequation in the Eq.(3-5), the Eq.(3-44) shows the
consistency of the null-field when< p;. For the spurious eigenvalue, the Eq.(3-44) can not
be satisfied onc&’,(\a) K,,(Ap1) — K, (Aa)Y,(Ap1)] # 0. By this way, the Eq.(3-44) can
provide the independent constraint to detect the spurious eigeneqpatian) K, 1 (Aa) —
K,(Aa)Y,11(Aa)] = 0if [Yo(Aa)K,(Ap1) — K,n(Aa)Y,(Ap1)] # 0. Because one added
point supplies at most one constraint, an additional point is required for the eigenvalues of
multiplicity two, in order to obtain sufficient constraints. Therefore, we add another point
(p2, ¥2) in the complementary domaia < p;, 0 < ¢; < 2m). Substituting the field point

(p2, ¢o) into the Eq.(3-43), we have

_[Jn()‘a)]n-i-l()‘a) + In()‘a)Jn+1(/\a)][%Yn<)‘a)Kn<>‘p2) - %Kn(/\a>yn()‘p2)]
8A2[Y,, (Aa)J! (Aa) + %Kn()\a)lr’l(/\a)] (3-45)

(ps.cos(ngse) + ¢ sin(negs))

To seek nontrivial data for the generalized coefficientgiofindg’ by using the Egs.(3-44)
and (3-45), we have

_ {%Yn()‘a)Kn(/\pl) -
{%Yn()‘a)Kn(APQ) -

Y (Aa)Kn(Ap1)

W] '
Y, (Aa) K, (Ap2)

Kn(Xa)Y,(Ap1)}sin(ng:)
Kn(Aa)Yy(Ap2)}sin(ngz)
(3-46)
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If the determinant of the matriff¥’] is zero, the coefficientg; and ¢’ can be arbitrary;
i.e., the EQs.(3-44) and (3-45) do not provide two independent constraints. In this case, the

intersection anglép; — ¢,) between the two selected points satisfying
Sinn(gy — ¢s) =0, OF ¢p1 — o = —, n=1,2,3,-, (3-47)
n

makes the two equations dependent. Besides, the CHEEF ppints) and(ps, ¢») should

not satisfy|Y,,(Aa) K, (Ap1) — K, (Aa) Y, (Ap1)] = 0and[Y,, (Aa) K, (Ap2) — K, (Aa)Y,(Ap2)] =

0. Therefore, we must avoid this point in order to effectively filter out the spurious eigenval-
ues of multiplicity two.

Here, we extend the concept of the CHEEF method from interior acoustics to the plate vi-
bration. The details for the CHEEF method will be elaborated on the discrete system in real

computations.

3-3-2 Discrete system

Consider the eigenproblem for the clamped plate, the Egs.(2-24) and (2-25) can be rewritten

as

U © v
= {0}4N><1 ) (3-48)
U9 @9 m
d ANX4N 4N x1
By moving the field point: to be the CHEEF point outside the domain, we have
ve e ! 0 3-49
UOC @g - _{}4N><1’ (3-49)
4 2N x4N 4N x1

where the superscrigt denotes the CHEEF point in the null-field equation and the subscript
N, (> 1) indicates the number of additional CHEEF points. Combining the Eqgs.(3-48) and

(3-49) together to obtain the overdetermined system, we have

v
[C7] = {0}(4N+2Nc)x1 ) (3-50)

4N x1
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where

U ©

Ug @g
= |—— (3-51)
Uce ec¢
U; og

L 1 (4N+2Ne)xaN

Therefore, an overdetermined system is obtained to ensure a unique solution. According to

the successful experience of CHEEF technique for interior acoustics, we can overcome the
spurious-eigenvalue problem for the simply-connected plate eigenproblem by using the real
or imaginary BEM. Also, the optimum number of the CHEEF points and their appropriate

positions will be addressed in the numerical results.

The concept of the CHEEF method and SVD technique of updating term are the same in
constructing an overdetermined system to solve a unique solution. From the computation
point of view, CHEEF method used the minimum number of dimension than that of SVD
technique of updating term although it may take risk for the failure CHEEF points. In an-
other words, it works to overcome the spurious eigenproblems by using only real-part or
imaginary-part formulation, if we provide enough constraints by adding the CHEEF points.
Because the CHEEF method has used the Hilbert-transform relation between the real-part
and imaginary-part kernels. Therefore, the conventional method (complex-valued BEM) to
solve the eigenproblem seems to overlook the Hilbert-transform relation and take too much

computation.

3-4 Numerical results and discussions

Circular plate (clamped, simply-supported and free boundary conditions)

A circular plate with a radius of one metér = 1m) and the Poisson ratio = 0.33 are
considered. The circular boundary is discretized into ten constant elements. Since any two
equations in the plate formulation (the Egs.(2-28)-(2-31)) can be ch66€f) options of

the formulation can be considered. The numerical results of the four methods to suppress the
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spurious are shown below:

SVD updating technique

Figures 3-1.(a)-(f) show the determinant of fli§” [C] versus\ for the clamped, simply-
supported and free circular plates using the six real-part formulations in conjunction with the
SVD technique of updating term. It is found that the spurious eigenvalues are filtered out and
only the true eigenvalues appear as predicted in Eq.(3-21) for the clamped case. Figures 3-
2.(a)-(f) show the determinant of th€]” [C] versus\ for the clamped, simply-supported and

free circular using the six imaginary-part formulations in conjunction with the SVD technique

of updating term. Similarly, only the true eigenvalues are obtained without contaimination of

the spurious eigenvalues. Good agreement is made.

Burton & Miller method and the complex-valued BEM

Figures 3-3~ 3-5 show the determinant of tH&' M| versusA for the clamped, simply-
supported and free circular plates using the six real-part formulations in conjunction with
Burton & Miller concept. The failure cases are shown in the (a), (c), (d) and (f) cases as
predicted in the Table 3-1. Only the combination:©fn andé, v formulation can obtain the

true eigenvalues in Figures 3-3.(b), 3-3.(e), 3-4.(b), 3-4.(e), 3-5.(b) and 3-5.(e) as predicted
in the Table 3-1, sincel(A) and B(\) can not be zero at the same time. For the case by
using theu, 6 formualtion in conjunction then, v formulations after multiplying an imagi-

nary number for solving the circular plates subject to different boundary conditions (3-3.(a),
3-4.(a) and 3-5.(a)), the spurious eigenvalues occur siig¢ may be zero for the spurious
eigenvalues and () is always zero in the Table 3-2. Figures 3-63-8 show the determi-

nant of the[S )] versus\ for the clamped, simply-supported and free circular plates using
the six imaginary-part formulations in conjunction with the Burton & Miller concept. The
failure cases are shown in the (a), (c), (d) and (f) as predicted in the Table 3-2. It must be
noted that the spurious eigenvlaues still occur in Figures 3-8(a) and 3-8(f) for the free circu-
lar plate by using the imaginary-part BEM in conjunction with the Burton & Miller concept.
The spurious eigenequations @f § andm, v imaginary formulation are imbedded in the
term A()\) by using the combination af, § andm, v imaginary formulation, and the spuri-

ous eigenequation of:, v imaginary formulation are the same with the true eigenequation
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of the free circular plate. The true and spurious eigenvalues are very close in the plot range
(0 < X < 8) by usingu, 8 andm, v imaginary-part formulations in conjunction with the Bur-

ton & Miller concept. Only the combination af, m and#, v formulation can obtain the true
eigenvalues in the Figures 3-6.(b), 3-6.(e), 3-7.(b), 3-7.(e), 3-8.(b) and 3-8.(e) as predicted in
the Table 3-1, sincd () andB(\) can not be zero at the same time. For the case by using the
u, # formualtion in conjunction the, v formulations after multiplying an imaginary number

for solving the circular plates subject to different boundary conditions (3-6.(a), 3-7.(a) and
3-8.(a)), the spurious eigenvalues occur siA¢®) may be zero for the spurious eigenvalues
since B(\) is always zero in the Table 3-2. By using the complex-valued BEM, th€'$ix
formulations can obtain the true eigenvalues. Figures~3311 show the determinant of

the [SM| versusA for the clamped, simply-supported and free circular plates using the six

complex-valued BEM. No spurious eigenvalue appears.

CHEEF method

Figures 3-12.(a)-(c) show the minimum singular vaty®f the [C*| versus) for the clamped
circular plate by using the real-parnt, ) formulations in conjunction with zero (without
CHEEF point), one and two CHEEF points, respectively. The first CHEEF peind,) lo-

cates af1.50,7/4). Itis interesting to find that only one CHEEF point can not suppress the
appearance of all the spurious eigenvalues (3.78, 4.90 and 6.01) as shown in Figure 3-12.(b).
By adding another CHEEF poirips, ¢») which locates a{1.45,297/36), and the angle

(¢1 — ¢2) between the two selected pointshis/9, only the true eigenvalues are obtained

as shown in Figure 3-12.(c) by using the two valid CHEEF points. Similarly, Figures 3-
12.(d)-(f) show the minimum singular valde of the [C*] versus\ for the simply-supported
circular plate by using the real-part,) formulations in conjunction with zero (without
CHEEF point), one and two CHEEF points. The CHEEF pofpts¢;) and(p», ¢2) locate
at(1.50,7/4) and(1.45,297/36), and the anglés; — ¢-) between the two selected points is

57 /9. Good agreement is made by using the CHEEF method. Only the true eigenvalues are

obtained.

For clamped, simply-supported and free circular cases, the SVD technique of updating term,

54



the Burton & Miller method ¢, m andé, v formulations), the complex-valued BEM and the
CHEEF method can obtain the same true eigenvalues. All the numerical resluts of the eigen-
values agree well with the data in Leissa [58]. From the computation point of view, CHEEF
method use the minimum number of matrix dimension although it may take risk for the failure
CHEEEF points. The internal Hilbert-transform relation between the real and imaginary-part
kernels has been imbedded. The complete information (real-part and imaginary-part) in the
complex-valued BEM is not fully required after comparing with the real-part (imaginary-
part) BEM in conjunction with the CHEEF technique. After obtaining the true eigenvalues,
we can also obtain the interior modes for plate vibration. The former six interior modes for
the clamped circular plate are shown in Figures 3-13 by using the Eq.(3-42). The numerical
results of the former six interior modes for the clamped circular plate are shown in Figures

3-14 and 3-15 by using the real-part and complex-valued BEMs.

3-5 Concluding remarks

Four alternatives (SVD updating technique, the Burton & Miller method, the complex-valued
BEM and the CHEEF method) were adopted to suppress the occurrence of the spurious eigen-
values for the clamped plate in the real-part and imaginary-part BEMs. The SVD updat-
ing technique was employed to deal with the problem of spurious eigenvalue occurring in
the simply-connected plate eigenproblem. Then, the numerical experiments of the clamped,
simply-supported and free circular plate problems were performed to demonstrate the valid-
ity of the remedies. The role of the Burton & Miller method for spurious-eigenvalue problem
instead of fictitious-frequency problem of exterior acoustics of simply-connected plate has
also been examined. By choosing the valid CHEEF points, we can suppress the occurrence
of the spurious eigenvalues for the clamped plate in the real-part or imaginary-part BEM.
For clamped, simply-supported and free circular cases, the SVD technique of updating term,
the Burton & Miller method ¢, m andé, v formulations), the complex-valued BEM and the
CHEEF method can obtain the true eigenvalues and the results agree well with the data in

Leissa [58].
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Chapter 4 Boundary element method for the free vibration

of multiply-connected plate

Summary

In this chapter, the eigenproblem for the multiply-connected plate is solved by using the
boundary element method. The true and spurious eigenequations for the plate eigenproblem
are derived by using the complex-valued BEM. Since any two boundary integral equations
in the plate formulation (4 equations) can be chos$e(d;7) options can be considered. The
occurring mechanism of the spurious eigenequation for the plate eigenproblem in each for-
mulation is studied analytically in both the continuous and discrete systems. For the continu-
ous system, degenerate kernels for the fundamental solution and the Fourier series expansion
for boundary densities are employed to derive the true and spurious eigenequations analyti-
cally for an annular plate. For the discrete system, the degenerate kernels of the fundamental
solution and circulants for the influence matrices resulting from the annular boundary are
employed to determine the spurious eigenequation. Three types of plates subject to C-C, S-S
and F-F (C, S and F mean clamped, simply-supported and free boundary conditions, the first
and second indices denote the outer and inner boundaries, respectively) are demonstrated an-
alytically in the continuous and discrete systems. Several examples of plates subject to C-C,
C-S, C-F, S-C, S-S, S-F, F-C, F-S and F-F are illustrated to check the validity of the present

formulations.

4-1 Mathematical analysis using the complex-valued BEM

In the Chapter 2, either real-part or imaginary-part BEM results in the spurious eigenval-
ues for the simply-connected domain. Although a complex-valued BEM can avoid the ap-
pearence of the spurious eigenvalues for simply-connected domain as shown in the Chapter

3, the spurious eigenvalues may occur for the multiply-connected domain [21, 31]. Here, the
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kernel functionlU (s, z) is the complex-valued fundamental solution as shown below:

U(s,x) =Ud(s,z) = &[(Yb()\?”) +iJo(Ar)) + %(Ko()\r) +ily(Ar))]. (4-1)
In order to derive the true and spurious eigenequations for multiply-connected plate using
the complex-valued BEM, the degenerate kernel is adopted to analytically derive the true and
spurious eigenequations in the continuous and discrete systems of an annular plate. Here,
the same boundary conditions on the outer and inner boundaries (C-C, S-S and F-F) are con-
sidered. Three cases are demonstrated analytically in the continuous and discrete systems as

shown in the following subsections.

4-1-1 Continuous system

Case 1. Annular plate clamped on both the outer and inner boundaries

To consider an annular plate clamped on the the outer ci¥¢lé; = 0 andfd; = 0) and

the inner circleB, (u; = 0 andd, = 0), whereu, 6, u, andf, are the displacement and
slope on theB; and B,, respectively. The radii of the outer and inner circles @aandb,
respectively. We can obtain the eigenequation in the continuous formulation. The moment
and shear forcen, (s), ma(s), vi(s) andvy(s) along the circular boundary, can be expanded

into Fourier series by

e}

m(s) = Zo<pi‘:ncos<n$> +qisin(ng)), s € By, (4-2)

mo(s) = i(pg‘fncos(na) -+ qgfnsin(na)), s € Bo, (4-3)

vi(s) = i(afncos(na) + bicnsm(ng_b)), s € By, (4-4)
n=0

vg(s) = i(agfncos(na) + bgcnsm(na)), s € Bo, (4-5)
n=0

where the superscriptéc ” denotes the clamped-clamped casés the angle on the circular
boundary,ags,, b5, pss, andg, (i = 1,2) are the undetermined Fourier coefficients on
(« = 1,2). When the field point locates aB;, substitution of the Eqgs.(4-2) - (4-5) into the
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EQs.(2-24) and (2-25) yields

o0

Us, z)[Y_ (a5, cos(ng) + b5, sin(ng))] dB(s)

(s,2)[>_(as5,cos(ng) + b5, sin(ng))] dB(s)
’ Y (4-6)

J
J
ot
J

S

O(s, 2)[Y (15, cos(ne) + i, sin(nd))] dB(s)

O(s, 2)[Y_ (5, cos(nd) + q55,sin(nd))] dB(s), v € B,

2 n=0

o

(s,2)[Y_ (a5, cos(ng) + 5, sin(ng))] dB(s)

J
Fsiuns

&

Usg(s, x)[Z(ag’fncos(na) + bgcnsm(na))] dB(s)
i " (4-7)

+ [ @uls,)[ 30 cos(nd) + sin(nd)] dB (s
B n=0
+ [ Buls,2) D (p5cos(nd) + g5, sin(nd))] dB(s), = € By,
Bs n=0
When the field point locates oh,, substitution of the Egs.(4-2) - (4-5) into the Egs.(2-24)
and (2-25) yields

o)

0=— /B U(s,)[> (a5, cos(n) + b sin(nd))] dB(s)

n=0
9

U(s,x) [Z(ag‘fncos(na) + bgcnsm(ng_b))] dB(s)
’ o (4-8)

O(s, 2)[Y (15, cos(ne) + i, sin(nd))] dB(s)

O(s, x)[Z(pgfncos(na) + 5, sin(ne))| dB(s), x € B,

2 n=0

+

S o 5

+
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Usg(s, x)[Z(a‘fncos(nE) + b‘{cnsm(na))] dB(s)

(s, 2)[>_ (a5, cos(ng) + b5, sin(ng))] dB(s)

n;O (4_9)
Oy(s, z)[>_(pi%,cos(ng) + gi°,sin(ng))] dB(s)
T /B Ou(s, 23 (p,cos(nB) + 45, 5in(n))] dB(s), = € By,

n=0

|
ST 5 5
=

By using the degenerate kernels in the Appendix 1 into the Egs.(4-6)-(4-9) and by employing

the orthogonality condition of the Fourier series, the Fourier coefficigfjtsandpf;, (i =

1,2) satisfy A
cc
al,n 1 0
cc
TM®) s d " _) 0 (4-10)
n |4x4 ce -
pl,n 0
cC O
( P2n ) 4 \ ) axt
where
(M) =
— [ UGpiepeosne)aB(s) = [ Utspaapicosne)a(s) [ OGpiapcosme)aB(s) [ O(spa api)cosng) dB(s)
I, I I, I
- U(sp1,zp2)cos(ng) dB(s) - U(sp2,zp2)cos(ng) dB(s) O(sp1,zp2)cos(ng) dB(s) O(sp2,zp2)cos(ng) dB(s)
Bi B By Bo
—/B Us(sp1,251)cos(ng) dB(s) —/B Ug(sp2, @ p1)cos(nd) dB(s) /B ©¢(sp1,p1)cos(ng) dB(s) /B 00 (s B3, o p1)cos(ne) dB(s)
1 2 1 2
—/ Ug(sp1, @ p2)cos(ng) dB(s) —/ Uo(sp2, @ p2)cos(ng) dB(s) / 09 (s 51, p2)cos(nd) dB(s) / ©¢(sp2, @ p2)cos(nd) dB(s)
B By Bj By

(4-11)

Also, the coefficients of;;, andqss, (¢ = 1,2) have the same relationship in the matrix form.

For the existence of nontrivial solution for the generalized coefficientg ofpss,, b5, and

qs5, (i = 1,2), the determinant of the matrix versus the eigenvalue must be zero, i.e.,
det|TM:] = 0. (4-12)

By using the properties of the determinants in the Appendix 5, we can simplify the Eq.(4-11)

to

det[T M) = det([S™][T<]) (4-13)
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where

(Yo(Aa) + iJn(Aa))
iT,(AD)

(Y, (Aa) +iJ),(Aa))
iJ), (D)

[ axa =

and
Jn(Aa)

Y.(Aa)
I,(\a)
K, (Aa)

[T axa =

In

J/

n

0 (Kn(Aa) + il,(Aa))
(\D) iL,(\D)

0 (K] (Aa) + il (Aa))
(\b) il (\D)

T JL(Aa) T (D)
Y,(\b) Y!(ha) Y!(\D)
K,(\b) I (Ma) I(\b)
L,(\b) K/ (Xa) K (M\b)

0
L,(\b)
0
I (\b)

4x4

4x4

(4-14)

(4-15)

It is noted that the matrikl'°| denotes the matrix of true eigenequation for the C-C case and

the matrix[S“Y] denotes the matrix of spurious eigenequation inithé formulation. Zero

determinant in the Eq.(4-11) implies that the eigenequation is

det([S,][T3]) = 0,

n=0,+1,42 - ,£(N —1),N.

(4-16)

After comparing with the analytical solution for the annular plate [58], the former matrix

[S“] in the Eq.(4-16) results in the spurious eigenequation while the latter ni@ffixre-

sults in the true eigenequation. The spurious eigenequation in Eq.(4-14) will be elaborated

on later.

Case 2. Annular plate simply-supported on both the outer and inner boundaries

To consider an annular plate simply-supported on both the outer é&qle; = 0 andm, =

0) and the inner circlés; (u, = 0 andmsy = 0), whereuy, m1, u, andms, are the displacement

and moment on th&; and Bs, respectively. The radii of the outer and inner circlesaaad

b, respectively. We can obtain the eigenequation in the continuous formulation. The slope

and shear force}, (s), 02(s), vi(s) andwvy(s) along the circular boundary, can be expanded
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into Fourier series by

o0

01(s) = Z(pfncos(na) + qfsnsm(na)), s € By, (4-17)
n=0

ba(s) = D (pucos(nd) + g35sin(ng)), s € By, (4-18)
n=0

v1(s) = Z(a‘ffncos(na) + b‘isnsm(na)), s € By, (4-19)
n=0

[e.9]

vo(s) = Z(ag’sncos(ng_b) + b;snsm(na)), s € By, (4-20)

n=0

where the superscript s ” denotes the simply-supported-simply-supported casis, the

angle on the circular boundamwy;;,, b;5,, p;5, andg;s, (i = 1,2) are the undetermined Fourier

coefficients onB; (i = 1,2). When the field point locates o, substitution of the Egs.(4-
17) - (4-20) into the Eqgs.(2-24) and (2-25) yields

o0

0=— /B Uls, x)[Z(a‘fncos(na) + b‘isnsm(ng_b))] dB(s)

n=0
oo

- / U(s, x)[Y_ (a3, cos(ng) + b3, sin(ng))] dB(s)
o n=0 (4-21)

- [ MG 2)[>_(pi.cos(nd) + qi%,sin(ng))] dB(s)

-/ M (s, 2)[Y_(p3i,cos(nd) + ¢35,sin(nd))| dB(s), = € By,
0=— /B Up(s, 2)[>_(a}%,cos(nd) + b3, sin(ng))] dB(s)

n=0
oo

_ / Us(s,2)[>_ (a3, cos(n@) + b3, sin(n@))] dB(s)
o n=0 (4-22)

[e.e]

- | Mas, 2)[>_(pi5,cos(ne) + g5, sin(ng))] dB(s)

[e.9]

— | My(s, )Y _(p3,cos(nd) + g57,5in(ng))| dB(s), = € By,

B2 n=0

When the field point locates aB,, substitution of the Eqgs.(4-17) - (4-20) into the Eqs.(2-24)
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and (2-25) yields

0=— /B Uls, x)[Z(afncos(ngb) + b33, sin(ng))] dB(s)

= [ Uls.)[ 3 (a5 c08(nB) + b5, sin(nd)] dB (s
" "0 (4-23)

- [ MG D) _(p3,cos(nd) + q5%,sin(ng))] dB(s)

— [ M(s,z)>_(p3,cos(nd) + 3, sin(nd))] dB(s), x € By,
Bs n=0

0=— /B Up(s, 2)[>_(a}%,cos(nd) + b3, sin(ng))] dB(s)

_ / Us(s,2)[>_ (a3, cos(n@) + b33, sin(n@))] dB(s)
o n=0 (4-24)

-/ Mo(s,2)[Y_ (pi5,co8(nd) + q3%,sin(ne))] dB(s)

— | My(s, )Y _(p3,cos(nd) + g53,5in(ng))| dB(s), x € By,

Ba n=0

By using the degenerate kernels in the Appendix 1 into the Egs.(4-21)-(4-24) and by em-

ploying the orthogonality condition of the Fourier series, the Fourier coefficightandp;;,
(1 = 1, 2) satisfy

( 3 ( )
ai’, 0
as’, 0
[T M| 4x4 ’ = (4-25)
P 0
kpgf”)4x1 \O/4><1
where
(TM;°] =

/ U(sp1,zp1)cos(ng) dB(s) / U(spa, op1)cos(ng) dB(s) / M(sp1,op1)cos(ng) dB(s) / M(spa, @ p1)cos(ne) dB(s)
By Bo By Ba

/ U(sp1,@p2)cos(ng) dB(s) / U(s B2, @ p2)cos(ng) dB(s) / M(sp1,@p2)cos(ng) dB(s) / M(sp2, @ p2)cos(ng) dB(s)
N /. g /.

Ug(sp1,zp1)cos(ng) dB(s) Ug(sp2,zp1)cos(neg) dB(s) Mg (sp1,xp1)cos(nd) dB(s) Mg (sp2,xp1)cos(neg) dB(s)
By By By Bgy

Ug(sp1, @ p2)cos(ng) dB(s) / Uy (s 2, @ p2)cos(ng) dB(s) / Moy (sp1, @ p2)cos(nd) dB(s) / Mo (s 2, @ p2)cos(ng) dB(s)
By Ba By Bay

(4-26)

Also, The coefficients of;5, andg;;, (i = 1,2) have the same relationship in the matrix form.

For the existence of nontrivial solution for the generalized coefficientsiofp:;,, b;5, and
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q;5, (@ = 1,2), the determinant of the matrix versus the eigenvalue must be zero, i.e.,
det[TM;:°] = 0. (4-27)

By using the properties of the determinants in the Appendix 5, we can simplify the Eq.(4-26)

to
det[T M) = det([S,][T;]) (4-28)
where ) )
Jo(Aa)  J,(\b)  al(Xa)  al(AD)
T 10 = Yo(Aa)  Y,(Ab) aY(Xa) oY (A\b) (4-29)
I,(Aa) K,(A\b) ol(Aa) ol (\b)
I K.(\a) L, (\b) af(Na) af(\b) 1o

It is noted that the matriX7’**] denotes the matrix of true eigenequation for the S-S case.

Zero determinant in the Eq.(4-26) implies that the eigenequation is
det([SY)[T*]) =0, n=0,£1,42,--- ,+(N —1),N. (4-30)

After comparing with the analytical solution for the annular plate [58], the former matrix
[S49] in the Eq.(4-30) is the same as Eq.(4-14) which results in the spurious eigenequation

while the latter matriX7'**] results in the true eigenequation.

Case 3. Annular plate free on both the outer and inner boundaries

To consider an annular plate free on both the outer cisldm; = 0 andv; = 0) and

the inner circleBy (m, = 0 andvy, = 0), wherem,, v{, ms andv, are the moment and
shear force on thé3; and B,, respectively. The radii of the outer and inner circles are
andb, respectively. We can obtain the eigenequation in the continuous formulation. The

displacement and slope; (s), ua(s), 01(s) andd,(s) along the circular boundary, can be
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expanded into Fourier series by

o0

u(s) = Z(p{f;cos(na) + q{ism(na)), s € By, (4-31)
n=0

uz(s) = Y _(pycos(nd) + a3,sin(ng)), s € By, (4-32)
n=0

01(s) = Z(a{f;cos(na) + b{];sm(na)), s € By, (4-33)
n=0

O(s) = Z(aépﬁlcos(m—b) + bg{LSZn(na)), s € By, (4-34)

n=0

where the superscriptf'f ” denotes the free-free caseis the angle on the circular boundary,

all, b7, p!? andg/! (i = 1,2) are the undetermined Fourier coefficientsBn(i = 1,2).

,n! “i,n

When the field point locates aB,;, substitution of the Egs.(4-31) - (4-34) into the Eqs.(2-24)
and (2-25) yields

o0

0=— ; M (s, x)[Z(a{f;cos(na) + b{{lsm(na))] dB(s)

e}

-, M(s,2)[> (ab! cos(nd) + bj],sin(ng))] dB(s)

(4-35)

o0

n / V(s,)[> (ol cos(nd) + qfsin(n))] dB(s)

n=0
)

+ / V(s,2)[S (whcos(nd) + it sin(nd))| dB(s), © € B,

n=0
0=— [ My(s,2)[>_(al’,cos(nd) + b]]sin(ng))] dB(s)
B n=0

_ My(s, :p)[Z(agicos(na) + bgj;sm(na))] dB(s)
b n=0 (4-36)

o

T / Vas, 2)[>_(0fscos(nd) + al’,sin(n))] dB(s)

n=0
o9

+ /B Vas, 2)[S (b cos(nd) + . sin(nd))| dB(s), = € B,

n=0

When the field point locates aB,, substitution of the Eqgs.(4-31) - (4-34) into the Eqs.(2-24)
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and (2-25) yields

0=-— ; M (s, x)[Z(a{{lcos(nqﬁ) s Sm(nqﬁ))] dB(s)

o0

— [ M(s,2)> _(ab! cos(ng) + b sin(ng))] dB(s)
" =0 (4-37)
+ [ Vs, Yol heostnd) + affsin(uiz))] dB (s

+ / V(s,2)[S (whcos(nd) + . sin(n))| dB(s), © € B,

0= [ Molo o)X (alhcosd) + ¥ sin(nd)] a5
- Mg(s,x)[Z(%ncos(ngb) bffsm(nqb))] dB(s)

B2 n=0

(4-38)

o

+/B Ve(s,x)[Z(p{f;cos( ¢)+q sm(mb))] B(s)

" / Vis, 2)[>_ (o¥scos(nd) + afl,sin(nd))] dB(s), = € Bs,

n=0

By using the degenerate kernels in the Appendix 1 into the Egs.(4-35)-(4-38) and by em-
ploying the orthogonality condition of the Fourier series, the Fourier coefficiéftandp;”,
(1 = 1, 2) satisfy

4 N\ 4 3\
ff
aiy, 0
ff
M “2n _) Y
[TM)7 4x4 = (4-39)
pl,n 0
1t 0
(P2 ) 4 ) axa
where
Ml =
7./B M(sp1,xzp1)cos(neg)dB(s) 7/B M(spao,zp1)cos(ng) dB(s) /B V(sp1,zp1)cos(ng)dB(s) ./B V(sp2,xzp1)cos(ng) dB(s)
1 2 1 2
—/ M(sp1, @ pa)cos(ne) dB(s) ’/B M(s g3, @ pa)cos(ng) dB(s) /B V(sp1,op2)cos(ne) dB(s) /B V(sp2, @ p2)cos(ng) dB(s)
2 1 2
/B1 My (sp1,@p1)cos(nd) dB(s) —/B2 Mg (sp2, @ p1)cos(ng) dB(s) /B1 Vo(s1,251)cos(ne) dB(s) /B2 Vo(s B2, @ p1)cos(ne) dB(s)
— [ Mo(spi.wpa)cosne) dB(s)  — [ My(spazma)eos(né)dB(s) [ Vo(spiiwpa)cos(ng) dB(s) [ Vo(spawpa)cos(ng) dB(s)
By By By By

(4-40)

Also, the coefficients !/ andq// (i = 1,2), have the same relationship in the matrix form.

For the existence of nontrivial solution for the generalized coefficients fafp!7, b/ and

,n?! T,n
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q{ji (= = 1, 2), the determinant of the matrix versus the eigenvalue must be zero, i.e.,
det[TMI7] = 0. (4-41)

By using the properties of the determinants in the Appendix 5, we can simplify the Eq.(4-40)

to
det[TM]'] = det([S2)[T47)) (4-42)
where
[ 0l(ha) () BI(0a) + 247 (a)  BIOW) + 247 () |
7 a¥(Aa) a¥ (M) BY (M) + E2qY (Aa)  BY(Ab) + U524Y (D) 443
! al(Aa) al(Ab)  BL(Aa) + 9S24I (Na)  BLAD) + S5 ()
| ol (M) (W) B (ha) + 29K (Aa) BEOD) + S52AE () |

It is noted that the matriX7’//] denotes the matrix of true eigenequation for the F-F case.

Zero determinant in the Eq.(4-40) implies that the eigenequation is
det([S“)[TH ) =0, n=0,£1,42,--- ,£(N —1),N. (4-44)

After comparing with the analytical solution for the annular plate [58], the former matrix
[S“9] in the Eq.(4-44) is the same as Eq.(4-14) which results in the spurious eigenequation

while the latter matri¥7'//] results in the true eigenequation.

4-1-2 Discrete system

Case 1. Annular plate clamped on both the outer and inner boundaries

To consider an annular plate clamped on the outer cisléu; = 0 and#; = 0) and the
inner circle By (u; = 0 andfy, = 0), whereu,, 01, u, andf, are the displacements and
slopes on theB; and B,, respectively. The radii of the outer and inner circles @a@nd

b, respectively. When the outer and inner boundaries are both discretizézlNintonstant

elements, respectively, the Eq.(2-28) by using the complex-valued BEM can be rewritten as
0 Ull U12 U1 011 612 mq

_ 1 (4-45)
0 U2l U22 vy @21 022 M
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wherem, v, ms anduv, are the column vectors of the normal moment and effective shear
force onB; andB, with a dimensior2 N x 1, the matrice$U1ij] and[Oij] mean the influence
matrices ofU and© kernels which is obtained by collocating the field and source points on
B, andB; with a dimensior2 N x 2N, respectively. Similarly, the Eq.(2-29) can be rewritten

as

0 Ullg U129 U1 @119 @129 mi
= + (4-46)
0 U21y U22 (5 021, 022 Mo
where the matricef/ij,] and[©ijy] mean the influence matrices of thg and©, kernels
which is obtained by the field and source points locatingrand B; with a dimension
2N x 2N, respectively. By assembling the Egs.(4-45) and (4-46) together, we have

4
U1

sae)d b = o), (4-47)

ma

m
\ 1)

where the superscriptéc ” denotes the clamped-clamped case and

Uil Ul2 ©11 012

U2l U22 021 ©22
[SM] = . (4-48)
Ully Ully, ©11, ©12

| U21y U224 ©21 ©22 |

For the existence of nontrivial solution, the determinant of the matrix versus eigenvalue must
be zero, i.e.,

det[SM] = 0. (4-49)

Since the rotation symmetry is preserved for a circular annular boundary, the influence ma-
trices for the discrete system are found to be the circulants. We can obtain the influence
matrices (U11], [U12], [O11], [©12], [U21], [U22], [©21], [©22], [U1ly], [U124], [O11,],

[©12¢], [U21y], [U224], [©214] and[©22]) which are all symmetric circulants. The eigenval-
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ues of the influence matrices for the discrete system are

MLUH] _ 4)\2 [n(/\a)Je()\a) n 2K4(/\a)fe()\a)} (4-50)

+ilJ(Aa) J(\a) + %(— VIO LA, £ = 0,41, +(N — 1), .
113 = T (ha)JiAD) + 2 KoM o) s
+ [ Jo(Aa) Js(\b) + %(— VI (Ma)I,(Ab)], £ = 0,41,--- ,£(N —1),N.
pe =T Vi (a) JiAa) + iKg(Aa)I@(Aa)]
+ilL(a) i (a) + %(-1%@@@1@@@], (=041, £(N—1),N.

(4-52)

p =TV 1,00 D) + 2 Ko (Aa) [4D)]
A m (4-53)

+ z[Jg(/\a)J’()\b) %(—1)‘3][()@)]2(%)], (=041, £(N—1),N.

ul ) = — TS IVe(Aa) (D) + QKE()\a)Ig(Ab)] s
+i[Jo(Aa) Jo(Ab) + g(— ) Iy(Aa)Io(Ab)], € = 0,41, -+, £(N — 1), N.
% = TRV LD) + 2 Ke(AD)L(O)

) (4-55)
LoD J(AD) + = (=1 T (D) L(AD)], £ = 0,1, (N — 1), N,

WO =T 0a) Ty (AD) + 2K (Aa) (M)
4)\ v (4-56)

+i[J)(Aa) J(Ab) + %(—1)%@@)1@(%)], (=0,%£1,---,£(N —1),N.
P =V OBLLO0) + 2 KO0 LOW)

- z[Jé()\b)Jg(Ab) %(—1)512(%)1@%)], (=0,%1,---,+£(N —1),N. oD
W = = U ) ) + 2K2(Aam(m>]

+ilTiOa) Je(Aa) + %(— VIO (Aa)], € = 0,41, -+, +(N — 1), N.

(4-58)

HLUH} _ Zi [Y/(Aa) Jo(AD) + Ké()\a)fg()\b)] (4-59)

i) T (D) + %(— VI L(AB)], € = 0,41, (N — 1), N.
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2
el :%a[yﬁf(m)t]g(m) + K (Aa)f;(Aa))

5 (4-60)
+i[Jy(Aa)J;(Aa) + %(—1)412()@)[2()\@)], (=0,+1,--- ,£(N — 1), N.
12 b / / /
S =T ) THO) + 2 K Aa) )]
: (4-61)
+i[Jy(Aa) J;(Ab) + ;(—1)512(Aa)12(xb)], (=0,41,--- , (N —1),N.
2 = TV ) JHO0) + 2 Ko () (W)
T (4-62)

i) TIO) + %(-1)414@@)12@@)], (= 0,41, £(N —1),N.

W = TN TD) + 2 KABT(AD)
I3 , (4-63)
[ JAB)TAD) + = (=) LB (W), £ = 0,1, (N = 1), N.

2
RPN T2V () () + K (Aa) [ (WD)

g (4-64)
+i[Jy(Aa) J(Ab) + ;(—1)512@61)12(%)], (=0,41,--- , (N —1),N.
2 TV O0)O0) + 2 KO L)
() (4-65)

+ [ J,(Ab)J,(Ab) + %(—1)%(%)1@(%)}, (=0,41,--- ,£(N —1),N.

U1l U12 o011 012 U21 U22 021 022 Ul1l U12 011 012
whereplV!ll, (U121 ol ferel  fom) o o) e o foiz - le] ey

iV k022192 and k9% are the eigenvalues of the matrided 1], [U12], [011], [©12],
[U21], [U22], [©21], [©22], [U11g], [U124], [O114], [©124], [U214], [U224], [©214] and[©22]
, respectively. Since the matrices are all symmetric circulants, the méitvix| in the Eq.(4-

48) can be decomposed into

- ~ ~ AT
® 0 0 0 Yun  Xyiz Yenn  Xei2 ® 0 0 0
(SM] = 0 ® 0 0 Yy Yy Ye2 Ye2 0 ® 0 0
0O 0 & 0 Y1, XUi2, 2ell, 2612 0O 0 & 0
00 0 @) | Xy, v, ez, ez, | | 00 0 @
4-66)
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Since® is orthogonal, the determinant @& M ““|sy «sn iS

Xun

5
det[SM*] = det | ~ 2

211,

Yo,

Y12
EUQQ
Y12,

222,

Yoi1
Ye21
Yoi1,

Yoo,

Yoi2
Y22
2012,

Ye22,

4 8N x8N

(4-67)

By extending the relationship in the Appendix 4 and employing the properties of the deter-

minants in the Appendix 5, we can simplify the Eq.(4-67) to

[ w1 12] (el [@12]
Foy Hy oy Fy

N [U21)  [U22] Iu[em] [©22]

ccl ¢ J4 ¢ 14 _
det[SM*] = H det U] 012 [en] (612 (4-68)

t=—(N-1) o Ry R R

21 [U22]  [e21]  [e22]

| kg Ky oy J s

By employing the Egs.(4-50)-(4-63) for the Eq.(4-68), decomposition of the matrice yields

det[SM*] = H det([S3°)[T5<)) (4-69)
1)
where
[ VO0a) +ik(a) 0 (KuAa)+il(ha) 0 ]
1559],.0 = Ue()\-b) Jo(AD) Ue()\['?) Iy(AD) (4-70)
(Y/(Aa) +iJy)(Aa)) 0 (Kj(Aa)+ilj(Aa)) O
i JJ(AD) JI(AD) iI}(AD) L) |,
and ) -
Je(Aa)  J(Ab) - Jy(Aa)  Jy(AD)
T s = Yi(Aa)  Yi(Ab)  Y{(Aa) Y/(AD) @-71)
L(Aa) K,b) Ij(Aa)  I)(Ab)
| Ke(ha) L) Kj(Aa) Kj(0) |

It is noted that the matrik/°| denotes the matrix of true eigenequation for the C-C case and
the matrix[S2?] denotes the matrix of spurious eigenequation imthé formulation. Zero

determinant in the Eq.(4-69) implies that the eigenequation is

det([SPP][T¢]) =0, €=0,%£1,4£2,--- ,£(N —1),N. (4-72)
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After comparing with the analytical solution for the annular plate [58], the former matrix
[Sy9] in the Eq.(4-72) results in the spurious eigenequation while the latter ni&fixre-
sults in the true eigenequation. The results of the Eq.(4-71) in the discrete system match well

with the former one in the continuous system.

Case 2. Annular plate simply-supported on both the outer and inner boundaries

To consider an annular plate simply-supported on both the outer éfqle; = 0 andm, =

0) and the inner circlé3; (u; = 0 andmy = 0), wherem; andm, are the normal moments

on By and B,, respectively. When the outer and inner boundaries are both discretized into

2N constant elements, respectively. By using the complex-valued BEM, we have

Ull U2 M1l MI12
U2l U2 M2l M22
[SM*] = . (4-73)
Ull, Ull, M1l, M12,

U21y U229 M21y M?22

4 8NX8N

where the superscriptss ” denotes the simply-supported-simply-supported case. Since the
rotation symmetry is preserved for a circular annular boundary, the influence matrices for
the discrete system are found to be the circulants. We can obtain the influence matrices
([M11], [M12], [M21] and [M22]) which are all symmetric circulants. The eigenvalues of
the influence matrices for the discrete system are

,uLMlH = [Yg(/\a)az (Aa) + K[()\G)O{é(}\@)]

4>\2 ) (4-74)
+i[Ji(Na)af (Na) + ;(—1)41}()@)04@()\@)], ¢=0,%£1,--- ,=(N —1),N.

P02 — T8 Vi) (W) + 2 Ke(Aa)at ()
(4-75)

FilT(Aa)al () + %(—1%@@@)%@@)], (=041, ,£(N —1),N.

a2 = TS el () L) + Zaff () L)
(4-76)
il () Je(\b) + ;(71) Al (M) L(\D)], € =0, %1, -, £(N — 1), N.
P12 = T o) () Jua) + 2ol (M) (Aa)]
(4-77)

+ i (Aa) Je(Na) + %(—1) al(N\a)I(Na)], £=0,%1,--- ,£(N — 1), N.

71



2
s = = TV Oa)a] (0a) + ZK((a)af (Aa)]

A (4-78)
2
+i[J)(Ma)af(Na) + = (=) I)(Ma)al(Ma)], £ =0,41,--- ,£(N —1),N
T
W12 = Ty (a)ad () + > KG(Aa)af (AD)]
A , " (4-79)
+ i[Jj(Aa)af (Ab) + = (=) Ij(Aa)ad (Ab)], £ = 0,41, , (N — 1), N
T
A = = T () JHO0) + af ()T (0)]
M . (4-80)
+ i (Aa) JJ(Ab) + =(=1) al (Na)I)(Ab)], £ = 0,41, , (N — 1), N
s
W12 = T 0Y (B JHNB) + ol (D) IHAD)
4 -~ (4-81)
+ i (Ab)JJ(AD) 4+ = (=1) ak (AD)I)(AD)], £ = 0, %1, -+ ,+(N — 1), N
T
wherey M M2 el Iv22] ] IMR) IR ang M2 are the eigenvalues of

the matriceg M 11], [M12], [M21], [M22], [M11y], [M124], [M21,] and[M 22| , respec-
tively. Since the matrices are all symmetric circulants, the maftiX**] in the Eq.(4-73)

can be decomposed into

[SM™] =

o o o

Since® is orthogonal, the determinant i M **]gn «sn IS

d@t[SMss]angN = det

o o B o

Yun
Y2t
Y11,

a1,

Xun
EUQI
Xui1,

Yo,

XUz
222
212,

222,

Y12
EUQQ
Y12,

222,

Xun
Y21
Y,

M2,

Yoi1
Ye21
Yoi1,

Ye21,

X2
Y22

212,

2 M2,

Yoi2
Y22
2012,

Yo22,

o o o

o O KB O

4 8Nx8N

o B o O

B o o o

(4-82)

(4-83)

By extending the relationship in the Appendix 4 and employing the properties of the deter-

72



minants in the Appendix 5, we can simplify the Eq.(4-83) to

n] (12 [M11] [M12]
Hy Hy Hy Hy
N [U21] pv2 2y 2
ss] _ ¢ ¢ ¢ i
det|SM™] = H det [Ull] U12]  [M11]  [M12] (4-84)
t=—(N-1) Ry R R R
U21]  [U22]  [M21]  [M22]
| Ky Ky Ky Ky 1 s

By employing the Eqs.(4-74)-(4-81) for the Eq.(4-84), decomposition of the matrice yields
det[SM*] = H det 01 (T9)) (4-85)

where

Je(Aa)  Jo(Ab)  af(Aa) o
Vi) i) af(ha) af (M)
Ii(Aa) KyA\b) al(ha) o
I Ki(Ma) I, (Ab) af(ha) alf(A\b)

[T )axa = (4-86)

4 4x4
It is noted that the matriX7;*] denotes the matrix of true eigenequation for the simply-

supported-simply-supported case. Zero determinant in the Eq.(4-85) implies that the eigenequa-

tion is
det([SP][T5¢]) =0, £=0,%£1,£2,--- ,£(N —1),N. (4-87)

After comparing with the analytical solution for the annular plate [58], the former matrix
[S¥%] in the Eq.(4-87) results in the spurious eigenequation while the latter ni@ftixre-
sults in the true eigenequation. The results of the Eq.(4-86) in the discrete system match well

with the former one in the continuous system.

Case 3. Annular plate free on both the outer and inner boundaries
To consider a circular annular plate free on both the outer ciBglémn; = 0 andv; = 0)
and the inner circlé3, (m, = 0 andv, = 0), wherev; andwv, are the effective shear forces

on B; and B,, respectively. When the outer and inner boundary are both discretize2i¥nto
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constant elements, respectively By using the complex-valued BEM, we have

M1l M12 V11 V12
M21  M22 V21 V22
[SMIT) = : (4-88)
M1ly M1ly V11, V12,

M21, M22, V21, V22,

SN x8N

where the superscript ff ” denotes the free-free case. Since the rotation symmetry is
preserved for a circular annular boundary, the influence matrices for the discrete system are
found to be the circulants. We can obtain the influence matri¢gs ], [V'12], [V/21] and

[V22]) which are all symmetric circulants. The eigenvalues of the influence matrices for the
discrete system are

pl M =8 () (87 (M) + 4 — "o (3a)) + %Ka(ka)(ﬂé () + 4 — 2t (ra))]

C4N2
il 0@ 0a) + 7 0a) + 2 n0a @ 0a) + 510w, @-89)

(=0,+1,--- ,£(N —1),N.

b -
v :&[W(Aa)(ﬂﬂ)\b) + b )

3 O0) + 2K (308 + L5 )

b6 00) + S 0m) + 2 noa @ on + o), 490

0=0,+1,---,+(N —1),N.

2 =T )+ S )i+ 288 0+ D )

il ) + 57 0apn00) + 200 0a) + S5 0 non), @90

(=0,+1,--- ,+(N —1),N.
(1-v)

a7 =T o0+ LY )0 + 28 o) +

il 00+ S 0mnon + 20t on + S onnow), @492)

0=0,4+1,--- ,£(N —1),N.

A1 =Ty 0a) (8 00) + 57 0a)) + 2 K100 (3 0a) + ot )

il 0@ 0a) + 1 0a) + 2 cnoa@ion + 10w, @99)

0=0,%1,--- ,+(N —1),N.

Sl . )

il 00 + S 0m) + 2nnoa@ion + S o), @99

¢=0,%1, -+ ,+(N —1),N.

V12 T 0y 87 ) + L Y37 0n) + %Ké(w(ﬁé o) +
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0 = 221087 ) + S i) + 285 ) + C 0 a )

il 00 + 57 0an 500 + 21 0a) + L5t 0annon), @99

=041, -, (N —1),N.

= 2210y o)+ 0y o) + 2 o)+ L5 o)
(1-v)

+il(87 (AD) + A 00 + 20 on) + S onnon), @99

0=0,+1,42,--- ,£(N — 1), N.

WherepLVm, ,ugvm]’ M;vm], MLVM, Hg/n}’ Hng}’ ﬁgvm and x

the matricegV'11], [M12], [V21], [V22], [V 114], [V124], [V21y] and[V22] , respectively.

Since the matrices are all symmetric circulants, the maffix//] in the Eq.(4-88) can be

V2?1 " are the eigenvalues of

decomposed into

- - r < r AT
® 0 0 0 Yy Xmiz Xvil 2viz ® 0 0 0
S0 0 @ 0 0 Yp21 Xwmee Xyl Xy 0 ® 0 0
0 0 & 0O YMi1ly 2MI12y 2Vl 2V12 0 0 & 0
1000 0 ® || Sum, Sz, Svay, Svap, | [0 0 0 @ |
(4-97)

Since® is orthogonal, the determinant A/ /gy s is

ZM11 EM12 EVll E\/12

by by by by
det|SMIT) = det M21 M22 val V22 (4-98)

YMil, BM12, 2Vil, 2Vi2,

YM21, M2, V21, 2V,

By extending the relationship in the Appendix 4 and the employing properties of the deter-
minants in the Appendix 5, we can simplify the Eq.(4-98) to

(M1l [M12] (vl [V12] |
Hy Hy Hy Hy
N #[Mm M[MQZ] M[vm] IU[VQQ]
det[SMI = [ det| "™ ¢ ¢ ¢ (4-99)
[M11]  [M12] V1] [V12]
t=—(N—-1) Ky Ky Ky Ky
[M21]  [M22]  [v2l]  [V22]
| Ky Ky Ky A
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By employing the Eqgs.(4-50)-(4-63),for the Eq.(4-99), decomposition of the matrix yields

det[SMIT] = ﬂ det([S¥)[T/7]) (4-100)
=—(N-1)
where
[ o) o) B/0a) + U097 (a)  B/(0) + U529/ (AD) |
i = | 40D aF(0) B Qa) + B Q)57 00) + 5 ()
of(Ma)  af(Ab)  Bl(Na) + 29 (ha)  BIOD) + 524 (AD)
| aff(Aa) aff () B (ha) + 529 (Na) BE(AD) + F529 (AD)

(4-101)
It is noted that the matrimff] denotes the matrix of true eigenequation for the F-F case.

Zero determinant in the Eq.(4-100) implies that the eigenequation is
det([SE)[T)]) =0, £=0,41,42,--- ,+(N — 1), N. (4-102)

After comparing with the analytical solution for the annular plate [58], the former matrix
[Su] in the Eq.(4-102) results in the spurious eigenequation while the latter nﬁﬁﬂlkre-
sults in the true eigenequation. The results of the Eq.(4-101) in the discrete system match

well with the former one in the continuous system.

The proof in this chapter can also work well for the different boundary conditions on the outer
boundary and inner boundary (C-S, C-F, S-C, S-F, F-C and F-S). All the results for each type

of boundary conditions of the annular plate are shown in the Table 4-1.

4-1-3 Study of the spurious eigenequation

After comparing the Eq.(4-72) with the Eqgs.(4-87) and (4-102) in the discrete system or the
results of the Egs.(4-16), the Egs.(4-30) and (4-44) in the continuous system for the annular
plate, the same spurious eigenequatisi{{ = 0) is embedded in the, ¢ formulation no

matter what the boundary condition is. By using the cofactor of the mitj# to simplify
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the zero determinant of the Eq.(4-70) for the spurious eigenequation, we have

(Yn(Aa) +iJp(Aa))
iT, (AD)

(Y, (Aa) +iJ),(Aa))
iJ), (D)

det[S ) yxa = det

n

0
Jn(AD)
0
J.(AD)

(K, (Aa) + i1, (Aa))
i1, (\D)

(K, (\a) + 7, (\a)
Il (D)

0
I,,(\D)
0
I (\b)

= det([Sa;|[Sby"])
(4-103)

where

(Y.(Aa) +iJ,(\a))
(Y (Aa) 4+ iJ! (Aa))

n

(Kyn(Aa) +il,(Aa))
(K] (Aa) +iI] (Aa))

] 2x2

It is found that the determinant of the former mati$c’] in the Eq.(4-104) is never zoro.

[Sa*?] = [ ] (4-104)

and

Ja(Ab)  T,(\D)
JL(Ab) T'(\D)

[Sb™0] = { (4-105)

The spurious eigenequation is the zero determinant of the nj&#j4] in the Eq.(4-105).

It is interesting that the zero determinant of {l5¢“’] in the u, § formulation results in the

true eigenequation of simply-connected clamped plate with a radilike spurious eigen-

values parasitizing in the andfd BEM depend on the radiuswhich is the inner circle of

the annular domain. In fact, the multiply-connected problem can be superimposed by two
problems, one is an interior problem wify boundary and the other is an exterior problem

with B; boundary as shown in Figure 4-1. The source which causes the appearance of the
spurious eigenvalues stems from the exterior problem with the inner boundary even though
the complex-valued kernels are employed as well as the membrane and acoustics behaves
[21, 31].

Since any two equations in the plate formulation (the Egs.(2-28)-(2-31)) in the Chapter 2 can
be choseng(C3) options of the formulation can be considered. If we choose different for-

mulae for the annular plate, we can obtain the same true eigenequation but different spurious

77



eigenequations. All the resluts of the spurious eigenequation and the relationship between
the simply and multiply-connected plate problems are shown in the Table 4-2(a), 4-2(b) and
4-2(c). At the same time, all the cases of the different B.Cs. result in the same spurious
eigenequation, once we use the same formulation. The occurrence of spurious eigenequation
only depends on the formulation instead of the specified boundary condition. True eigenequa-
tion depends on the specified boundary condition instead of the formulation. All the resluts

are summarized in the Table 4-1.

4-2 Numerical results and discussions

An annular plate with the outer radius of one meter= 1m) and the inner radius of 0.5
meter(b = 0.5m) of B; and B,, respectively, and the Poisson ratie= 1/3 are considered.

The outer and inner boundaries are both discretized into ten constant elements, respectively.
Since any two equations in the plate formulation (the Egs.(2-28)-(2-31)) can be cb@sén,
options of the formulation can be considered. Since the outer and inner boundaries can be
subject to one of the three BCs (clamped, simply-supported and free boundary conditions),

nine cases (C-C, C-S, C-F, S-C, S-S, S-F, F-C, F-S and F-F) can be considered.

Figures 4-2~ 4-10 show the determinant g M| versus frequency parametefor the nine

cases of annular plate using the six complex-valued formulations. Both the true and spurious
eigenvalues occur simultaneously even though the complex-valued BEM is employed. After
comparing with (a), (b), (c), (d), (e) and (f) results for each figure, the same true eigenvalues
are obtained no matter what the adopted formulation is, it reconfirms that the true eigenvalues
depends on the specified boundary condition instead of the formulation, all the true eigenval-
ues satisfy the true eigenequation in Table 4-1. We obtained different spurious eigenvalues
versus different formulations in Figures 4~24-10. After selecting the formualtiore(g.

u, 6 formulation), the spurious eigenvalugs302, 9.222 and11.810) occur at the positions
which satisfy the spurious eigenequatisi{’] = 0 in Eq.(4-70) as shown in figures 4-2.(a),

4-3.(a), 4-4.(a), 4-5.(a), 4-6.(a), 4-7.(a), 4-8.(a), 4-9.(a) and 4-10.(a). The spurious eigenval-
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ues in the six () different formulations are shown in the (a), (b), (c), (d), (e) and (f) cases,
and their corresponding spurious eigenequation are summarized in Table 4-2.(c). In order to
distinguish the spurious eigenvalues, Figures 4-11.(a)-(c) and (d)-(f) show the determinant of
[SM] versus\ using the same formualtion (a, b and e, formulation; d, e and f «, m
formulation) to solve the plates subject to different boundary conditions. It is found that any
one of the C-C, S-S and F-F cases results in the same spurious eigenvalues, once the same
formulation (a, b and c «, # formulation; d, e and f «, m formulation) is employed. The
numerical results reconfirm that the occurrence of spurious eigenvalues only depends on the
formulation instead of the specified boundary condition.

The spurious eigenequation of multiply-connected eigenproblem by using, thieormu-

lation is found to be the true eigenequation of the simply-connected clamped plate with a
radiusb which is the inner radius of the annular plate. For demonstration, Figure 4-12.(a)
shows the determinant g5 /] versusA using the complex-valued formualtion to solve

the simply-connected clamped plate sincé formulation is utilized to solve the annular
problem. The true eigenvalues.§92, 9.222 and11.810) for the clamped circular plate in
Figure 4-12.(a) with a radius = 0.5m also appears in the spurious eigenvalues in Figures
4-2.(a), 4-3.(a), 4-4.(a), 4-5.(a), 4-6.(a), 4-7.(a), 4-8.(a), 4-9.(a) and 4-10.(a) by using'the
complex-valued formulation for the annular plate. In another words, the spurious eigenvalues
embedded in eachC) formulation are corresponding to the associated true eigenvalues of
the simply-connected plate as shown in Figures 4-12.(a), 4-12.(b), 4-12.(c), 4-12.(d), 4-12.(e)
and 4-12.(f).

In general, all the annular cases result in the same spurious eigenvalues, once the formulation
is adopted. The occurrence of spurious eigenvalues only depends on the formulation instead
of the specified boundary condition. All the numerical data of the true eigenvalues are sum-
marized in the Table 4-3(a)i), and the eigenvalues agree well with the data in Leissa and
Lauraet al. [58, 75, 76]. To detect the sensitivity how the inner radiuaffects the true
eigenvalue, the results are shown in Table 4-4{q)). Good agreement with Lauret al.

[75, 76] is made.
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It is worth mentioning that we provide the unified form of the true eigenequations for the
three cases of annular plates in Table 4-1 instead of the separateiferm, (1, 2) as shown

in the Appendix 6 [58]. The same true eigenvalues are compared with the Leissa’s numerical
results. However, the obtained eigenvalues according to the Leissa’s eigenequation are not
consistent to those in his book. The possible explanation is that the eigenequations in the

Leissa’s book for some cases were wrongly typed as shown in the Appendix 6.

4-3 Concluding remarks

A complex-valued BEM formulation has been derived for the free vibration of annular plate.
The true and spurious eigenequations were derived analytically by using the Fourier series,
degenerate kernels and circulants in both the continuous and discrete systems. The eigen-
values were determined numerically. Since either two equations in the plate formulation (4
equations) can be chosefiy (6) options can be considered. The occurrence of spurious
eigenequation only depends on the formulation instead of the specified boundary condition,
while the true eigenequation is independent of the formulation and is relevant to the specified
boundary condition. It is interesting that the spurious eigenequation of multiply-connected
plate eigenproblem by using the# formulation is found to be the true eigenequation of
simply-connected clamped plate with a radius/hich is the inner radius of the annular
plate. All the results are shown in the Table 4-2{ajc). Three cases were demonstrated
analytically to see the validity of the present method. Several examples of plates subject to
C-C, C-S, C-F, S-C, S-S, S-F, F-C, F-S and F-F were illustrated to check the validity of the
present formulations. Although the annular case lacks generality, it leads significant insight
into the occurring mechanism of true and spurious eigenequation. Although the proof is only
limited to the annular case, it is a great help to the researchers who may require analytical
explanation for the reason why the spurious eigenevalues appears. The same algorithm in
the discrete system can be applied to solve arbitrary-shaped plate numerically without any
difficulty. Nevertheless, mathematical derivation in the continuous and discrete systems can

not be done analytically.

80



Chapter 5 Treatment of the spurious eigenvalues for

multiply-connected eigenproblems

Summary

In this chapter, three alternatives (SVD updating technique, the Burton & Miller method and
the CHIEF method) are adopted to suppress the occurrence of the spurious eigenvalues for the
multiply-connected plate eigenproblem. A clamped-clamped annular plate is demonstrated

analytically in the discrete systems.

5-1 SVD updating technique

In the discrete system, the approach to detect the nonunique solution is the criterion of sat-
isfying all the Egs.(2-28)-(2-31) at the same time by using the complex-valued BEM. After
rearranging the terms of the Eqgs.(3-8) and (3-9) in the Chapter 3, we have

4 3\
U1

(%

[SM] = {0}, (5-1)

where _
vll U12 ©11 012
. U21 U222 ©21 ©22
[SM{] = : (5-2)
Ully Ul2y ©O11y O12
U2l, U22, ©21, ©22,
Similarly, the Eqgs.(3-10) and (3-11) yield

4 )
U1

[SM5] = {0}, (5-3)




where

vi,, U12, ©11,, 612,
e v21,, U22,, ©21,, ©22,
[SMQ ] = . (5‘4)
vi, U112, ©611, ©612,

v21, U22, ©21, ©O22,

For the clamped-clamped case by using the SVD technique of updating term, we have

( )\
(%1

€] = {0}, (5-5)

where

SMie
[C] = : (5-6)
SMse
L 16N X8N
Since the eigenequation is nontrivial, the rank of the mafrixnust be smaller tha®V, the
8N singular values for the matrix’] must have at least one zero value. The explicit form for

the matrix[C] can be decomposed into

0 0 0 OO O O
0O & 0 0 0 0O O O
0O 0 & 0 0 0 0 O
0 00 & 0 0 0 O
[C] = (5-7)

0O 0 0 0 @ 0 0 O
0O 0 0 0 0 @ 0 O
0O 0 0 0 0O 0O @ O

i o 0 0 0 0 0O 0 @ 1 i6nx16n
Yuin Yriz Xenn  Yeiz
Yuar  Xyzz  Year  Ye2 -
Yv1,  Xuiz,  Yeil,  2ei12 ® 0 0 0
Yu21, vz, ez, 222, 0 & 0 0 (5-8)
Yo, Yuiz, e, 21z, 00 @ 0
Yya1,, 2U22, 221, 222, 0 0 0 @ AN SN
Yuu, vz, Xer, eiz,

| Zv2,  You, Zer, e, |, o
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where the dimension of each submatéixand is 2V by 2N. Based on the equivalence
between the SVD technique and the least-squares method in mathematical essence, the least

square form leads to

o O B O

o B o o
B o o o

[D]snxsn

8N xX8N

Yu21, XuUll,, U2,

Yu22, 2Ui2, 2U22,,

Ye21, Xeol11, 2e21,,

Ye22, Xe12, 222,

Yo11  Xe12

Ye21  Xe2

b
0
[C1"[C) =
0
0
where
Y Yuai v,
by b)) b))
D] = Ul2 Xy22  XU12,
Yo11 Xe21 Xell,
i Yoi12 Ye22 Xe12,
Yo Xz
Yupo1 Xyaz
Yuil,  XU12,
Yyu21, 2U21,
Yuit, XUl
Yuo,, Xu2e,
Ui,  2U12,
| Yuo1, Zuaz,

Yo11, Yeo12
Y21, 2622
Yo11,, Xe12,
Yo21,, Ye22,
Yol11, 2eoil2,

Ye21, Xe22,

16N x8N

o o o W

Y11,
Yui12,
Yo11,

Yeo12,

0O 0 O
d 0 O
(5-9)
0 & 0
0O 0 &
8N X8N
Xy,
b))
v (5-10)
Yeoo1,
Y022, | gy yr6n
(5-11)

If the determinant of the matri)C]” [C] is zero, we can obtain the nontrivial solution. Since

® is orthogonal, the determinant of the matidX” [C] is equal to the determinant of the ma-

trix [D]. By calculating the determinant of the matfi®| and using the the relationship in

the Appendix 7, we can find that the determinant of the mafpixcan be decomposed into

the summation of the square determinant in@fjematrices. The only possibility for the zero

determinant of the matrikD] occurs when th€ terms are all zeros at the same time for the
samel. After careful check for all the matrices, we find that the true eigenequgkjthis

simultaneously embedded in th& matrices. This indicates that only the true eigenequation

of the clamped-clamped circular annular plate is sorted out in the SVD updating matrix since

the true eigenequation is simultaneously embedded in the six complex-valued formulations.
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The result matches well with the former one of the Chapter 4 in the discrete system, respec-

tively.

5-2 Burton & Miller method

By combining the Eqgs.(5-1) and (5-3) with an imaginary number in the complex-valued

BEM, we have

4 3\
(%1

[SMe] +ilsMgd Y = {o). (5-12)

my

m
\ 2 /

The determinant of thg5 M <] + i[SMs°] is obtained by using the circulant and the decom-

position technique as

N
det[[SM{] +i[SMs]) =[] det([[S") + [y NITE)) (5-13)
(=—(N-1)
Since the termS¥’] + i[S7*] is never zero for any\, we can obtain the true eigenvalues
by using the complex-valued BEM with the Burton & Miller concept. Unfortunately, if we
combine they, # andm, v formulations oru, v andf, m formulations, the method fails. The
reason is that the, v and#, m formulation have the same spurious eigenequation. Only
the combination of;, m andf, v complex-valued formulation can obtain the true eigenval-
ues. All the explicit forms of theéS¥¢] + i[S**] are shown in the Table 5-1 by using the
complex-valued BEM. Since any two equation in the complex-valued formulation results in
the spurious eigenvalues, we can reconstruct the independent equation by employing the Bur-
ton & Miller concept. When we choose the appropriate combination, the Burton & Miller

method works well.
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5-3 CHEEF or CHIEF method

Consider the eigenproblem for the clamped annular plate, the Egs.(2-24) and (2-25) can be

rewritten as

T ( 3

Uil Ul12 ©11 012 (]
U21 U22 ©21 ©22 Uy
Ully, Ul2y ©Olly O12 my
U221y U22y ©O21y ©O22 Mo

L 4 X\ 7 4N x1

= {0} nuq - (5-14)

By adding the point for the null-field equation to solve the multiply-connected plate eigen-
problem, we have two choices for the location of the CHIEF pqint(b) or CHEEF point

(a < p). Because the spurious eigenequation of multiply-connected plate eigenproblem by
using theu, # formulation is the true eigenequation of simply-connected clamped plate with
a radiusb which is the inner radius of the annular plate. If the CHEEF point locates on the
outer the domaind < p), the CHEEF method fails. By moving the field pointo be outside

the domain § < b) for the CHIEF points, we have

( 3

U1
uct UC2 ©C1 6cC2 Uy
= {0}8N><1 ) (5'15)
UCLQ UCQ@ @Cle 6029 ma
2Nec x4N
ms
\ 7 8Nx1

where the indexX” denotes the CHIEF point in the null-field equation and the subs&ipt

1) indicates the number of additional CHIEF points. The symHbéts], UC2, ©C1, 6C2,
UC1y, UC24, ©C15 andOC2, mean the influence row vectors resulted from ofth® , U,
and©, kernels which is obtained by collocating the CHIEF point. Combining the Egs.(5-14)
and (5-15) together to obtain the overdetermined system, we have

( 3
(%1

V2

[C”] - {O}(8N+2Nc)><1 ) (5-16)

\ J 8Nx1
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where

Ull U12 e11 012
U2l U22 021 022
Ully, U12, ©l11, ©12

(C¥] = ’ ’ ’ ’ (5-17)
U21, U22, ©21, ©22
UCl UC2 OC1 0c2

UCly UC2y 6C1, 6C2

4 (8N4+2Ng)x8N

Therefore, an overdetermined system is obtained to ensure a unique solution. According to
the successful experience of CHEEF technique for simply-connected eigenproblem, we can
overcome the spurious eigenvalues problem in the multiply-connected plate eigenproblem by
using the same concept. Also, the optimum number of adding CHIEF points and appropriate

positions of the CHIEF points will be addressed in the numerical results.

5-4 Numerical results and discussions

Annular plate (C-C, S-S and F-F boundary conditions)

An annular plate with the outer radius of one meter= 1m) and the inner radius of 0.5
meter(b = 0.5m) of B, and B,, respectively, and the Poisson ratie= 1/3 are considered.

The outer and inner boundaries are both discretized into ten constant elements, respectively.
Since any two equations in the plate formulation (the Egs.(2-28)-(2-31)) can be cb@sén,
options of the formulation can be considered. Three cases, C-C, S-S and F-F, by using the

three methods are demonstrated.

SVD updating technique

Figures 5-1.(a)-(f) show the determinant of {i8”[C] versus) for the C-C annular plate us-

ing the six complex-valued formulations in conjunction with the SVD technique of updating
term. Figures 5-2.(a)-(f) show the determinant of ¢’ [C] versus\ for the S-S annular
plate using the six complex-valued formulations in conjunction with the SVD technique of

updating term. Figures 5-3.(a)-(f) show the determinant of¢{é[C] versus\ for the F-F
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annular plate using the six complex-valued formulations in conjunction with the SVD tech-
nique of updating term. It is found that all the spurious eigenvalues are filtered out and only

the true eigenvalues appear.

Burton & Miller method

Figures 5-4.(a)-(f)~ 5-6.(a)-(f) show the determinant of th&)/| versush for the C-C, S-S

and F-F annular plates using the six complex-valued formulations in conjunction with Burton
& Miller concept. The failure cases are shown in the (a), (c), (d) and (f) figures as predicted
in the Table 5-1. Only the combination of m and#, v formulation can obtain the true
eigenvalues in Figures 5-4.(b), 5-4.(e), 5-5.(b), 5-5.(e), 5-6.(b) and 5-6.(e) as predicted in the
Table 3-1, sincelet([Sbu™] + i[Sb?"]) can not be zero. For the case of the) formualtion

in conjunction with then, v formulations by multiplying an imaginary number for solving

the annular plates subject to different boundary conditions (5-4.(a), 5-5.(a) and 5-6.(a)), the

spurious eigenvalues occur sinte ([Sb%] + i[Sb™]) = 0 as predicted in the Table 5-1.

CHIEF method

Figures 5-7.(a)-(c) show the minimum singular vaiyeof the [C*| versus) for the F-F an-

nular plate by using the complex-valued §) formulations in conjunction with zero (with-

out CHIEF point), one and two CHIEF points. The first CHIEF pdipt, ¢,) locates at
(0.285,7/4). Itis interesting to find that one CHIEF point can not suppress the appearance of
all the spurious eigenvalues (9.222 and 11.810) as shown in Figure 5-7.(b). By adding another
CHIEF point(p2, ¢2) which locates at0.275, 297 /36), where the anglép, —¢-) between the

two selected points i57/9, only the true eigenvalues are obtained as shown in Figure 5-7.(c)
by using the two CHIEF points. Similarly, Figures 5-7.(d)-(f) show the minimum singular
value o, of the [C*] versusA for the F-F annular plate by using the complex-valuedh()
formulation in conjunction with zero (without CHIEF point), one and two CHIEF points. The
CHIEF points(py, ¢1) and(p2, ¢2) locate at0.30, 7/4) and(0.28, 297 /36), where the angle

(¢1 — ¢o) between the two selected pointshis/9. Good agreement is made by using the

CHIEF method. Only the true eigenvalues are obtained.
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For the C-C, S-S and F-F annular cases, the SVD technique of updating term, Burton &
Miller method :, m andf, v formulations) and CHIEF method can obtain the same true
eigenvalues. All the resluts of the eigenvalues agree well with the data in Leissa aneétaura
al. [58, 75, 76]. For the multiply-connected problems, the CHIEF method saves CPU time in
constructing the influence matrix in comparison with the SVD updating technique. However,
the Burton & Miller method has the minimum dimension of the influence matrix in the SVD

computation.

5-5 Concluding remarks

Three alternatives (SVD updating technique, the Burton & Miller method and the CHIEF
method) were adopted to suppress the occurrence of the spurious eigenvalues for the C-
C, S-S and F-F annular plates in the complex-valued BEM. The SVD updating technique
was employed to deal with the problem of spurious eigenvalue occurring in the multiply-
connected plate eigenproblem. Then, the numerical experiments of the C-C, S-S and F-F
annular problems were performed to demonstrate the validity of the remedies. The role of
the Burton & Miller method for spurious eigenvalues has also been examined. By choosing
the useful CHIEF points, we can suppress the occurrence of the spurious eigenvalues for the
C-C annular plate by using the complex-valued BEM. For the eigenproblems of the multiply-
connected plate, the SVD technique of updating term, Burton & Miller methoeh(and

0, v formulations) and CHIEF method can obtain the true eigenvalues and the eigenvalues
agree well with the data in Leissa and Laetal. [58, 75, 76]. For the multiply-connected
problems, the CHIEF method save CPU time in constructing the influence matrix. However,

the Burton & Miller method have the minimum dimension in the SVD computation.
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Chapter 6 Conclusions and further research

6-1 Conclusions

In this thesis, we draw out some important conclusions item by item as below:

1. We have verified that the spurious eigenequations depend on the formulation in the real-
part and imaginary-part BEMs for the simply-connected plate eigenproblems (three
cases). SixCy) formulations can be chosen. True eigenequation depends on the cases
while spurious eigenequation is embedded in each formulation. Both the continuous

and the discrete systems support this finding.

2. The spurious and true eigenequations for the simply-connected plate were analytically
derived by using the degenerate kernel, Fourier series expansion and circulants. All the
spurious eigenequations embedded in the real and imaginary-part BEMs are summa-

rized in the Tables 2-2 and 2-4.

3. By extending the finding of the supurious eigenvalues for the simply-connected plate,
we have verified that the spurious eigenequations depend on the formulation by using
the complex-valued BEM for the multiply-connected plate eigenproblems (nine cases)
in the continuous and discrete systems. In the same wag($ixformulations can be

chosen.

4. The spurious eigenvalues occurring in the multiply-connected plate eigenproblem is the
true eigenvalue of the associated simply-connected problem with the tadhish is

the inner boundary of the multiply-connected domain.

5. We provide the general form of the true eigenequation for the nine cases of the eigenequa-
tions of annular plate instead of the separate form in the Leissa’s book [58]. All the
resluts are summarized in the Table 4-1. The spurious and true eigenequations for
the annular plate were analytically derived by using the complex-valued BEM in the

continuous and discrete systems.
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10.

11.

12.

. Three remedies, the SVD technique of updating term, the Burton & Miller method

and the CHEEF (CHIEF) method, were successfully employed to suppress the ap-
pearance of the spurious eigenvalues for simply-connected (multiply-connected) plate

eigenproblems.

By using the real, imaginary-part or complex-valued BEMs in conjuction with the con-
cept of the Burton & Miller method, only the combination of then andd, v formula-
tions can obtain the true eigenvalues for the simply-connected and multiply-connected

plate eigenproblems, others fail.

How to select the CHEEF points was addressed. In addition, the criteria of success-
ful CHEEF points must avoid locating at the point which satisfié$\a) K,,(A\p1) —
K, (Aa)Y,(Ap1)] =0, [Yo(Aa)K,(Ap2) — K, (Aa)Y,,(Apa)] = 0 0rsinn(¢; — ¢o) =0

for the simply-connected plate eigenproblems.

For the multiply-connected plate eigenproblem, the spurious eigenequation of multiply-

connected plate eigenproblem is the true eigenequation of the associated simply-connected

plate with a radius$ which is the radius of the inner boundary of the annular plate. If
the CHIEF point locates on the outer the domain< p), the CHIEF method falils.

Also, the positions of the CHIEF points should be chosen carefully.

From the computation point of view for the simply-connected plate, CHEEF method
used the minimum number of dimension although it may take risk for the failure
CHEEF points.

For the multiply-connected problems, the CHIEF method save CPU time in construct-
ing the influence matrix. However, the Burton & Miller method has the minimum

dimension in the SVD computation.

In this thesis, we only considered the eigenproblem of plate vibration. If we considered
the eigenproblem of the acoustics or membrane vibration (Helmholtz equation) by us-

ing the proposed methods, we can obtain the previous results [12, 35, 43, 57, 59, 60,
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80].

6-2 Further research

In this thesis, the simply-connected and multiply-connected plate eigenproblems have been

studied by using the boundary element method (real-part, imaginary-part and comlex-valued

BEMSs). However, there are several works which need further investigation as follows:

1. A general program for solving the arbitrarily-shaped plate eigenproblem needs to be

developed. In this thesis, the analytical solutions of the true and spurious eigenequa-
tions are only limited to the circular or annular case, it is helpful to the researchers

who may require analytical explanation to understand why the spurious eigenequation
occurs. The same algorithm in the discrete system can be applied to solve arbitrary-

shaped plate numerically without any difficulty.

. The singularity of the principal valuB.V. and the free term in the boundary integral
equations needs study in depth. Furthermore, the dual properties of the sixteen kernels

can be investigated.

. Although the three approaches, the SVD technique of updating term, the Burton &
Miller method and CHEEF (CHIEF) method were successfully applied to suppress the
occurrence of spurious eigenvalues, the other possible tools, GSVD and preconditioner

may be another alternatives to consider especially for the ill-posed cases.

. Here, we only considered the eigenproblem for the free vibration of simply-connected
and multiply-connected plates by using the boundary element method, it may be ex-
tended to similar problems such as Stokes’ flow or bulcking of beam and plate due to

the same biharmonic operator.

. The boundary element method was successfully employed for the dynamic eigenprob-
lem of the plate. If we approach the frequencto be zero, it may work for the static

problem.
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10.

. Although multiply-connected problems were treated in this thesis, is better to say that

only doubly-connected case was solved. A plate with multiple holes, a truly multiply-

connected problem, may be tested by using the proposed methods.

The extension of the present BEM approach to messless formulation by lumping the

strength of sources is also a possible direction for further study.

The property of Calderon projector for the integral formulation of biharmonic operator

needs further investigation.

In the Chapter 3, the real-part BEM conjunction with the CHEEF method can obtain
the true eigenvalues for the simply-connected plate eigenproblems. Can the spurious
eigenvalue be elliminated by using the imaginary-part BEM in conjunction with the
CHEEF method ?

For the simply-connected plate eigenproblem by using the imaginary-part BEM, the

resulted ill-posed behavior of the influence matrix needs study in depth.
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Appendix 1 Degenerate kernels of the complex-valued BEM

List of the degenerate kernels
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m=-—oo

+ %[YTZ(Aﬁ)%’n(/\ﬂ) + 2K Pk () eos(m(@ — 6)

LS WROMBAON + )7, 08 ()

m=—0oo

+ 1%[%0@%(@) + 2 (), P (o) eos(m(B — 9),

OF @506 = 55 Do AL ONIL0D + ZBE O (p)

m=-—oo

+ B 0T 08) + 23S BT, O eos(m(@ - )
tan 2 (BRONTL09) + Z ()" BLON T, 09)

+ B 00 1, 09) + 2 (1) ) () eos(m( — ).
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(p7¢7p7¢ -

ME(B,6,p,¢

M} (5,9, p,0

My’ (P, &, p,

M]{/I(pvav p7 ) -

(P00

M, (p, &, p, 6

ME (B, é,p,¢

Z (0¥ (9) T (0) + 2K (X)L (Ap) beos (m(3 — 6))

+ 8% Z {0, ()T (30) + 2 (~1) ™k, (59) s )] eos(m (G — ),

Z (Y O0)a, O0) + = Ko Ap)ar, (P heos(m (B — )

+ é Z A0 (08) + 2 (1) L )ty (D) eos(m(@ — ).

o0

o 2 Uan (9T, (e) + aK(Ap)I/ (Ap)]}cos(m(d — )

m=—o0

b S (ORI 00) + 2 ()7 ek, () (o) heos(m(@ - ),

m=-—o00

O =g O VA(ah00) + 2K (el O eos(m(@ - 9)

tom 2 ARG 08) + 2 ()" 1 (oo, (59 eos(m(E - 9).

- Z 1o (D)o, () + 2 alf (D), (o) Jeos(m (G — 9))

oo

(o) + = ( )™ ag, (Ap) oy, (Ap)]yeos(m (¢ — ¢)),

8>\2 W
f; (Ap)+ Zaf(Ap)at, (Ap)]eos(m($ — @)
i m(Ap)ain, (Ap) + = ( D™ o, (Ap)at, (Ap)]}eos(m(¢ — ¢)),
_fj {[ea, (AD)Bi, (Ap) + aKup)ﬂf ()]

+T[a (/\p)'vm(/\pH =l (AD) v (Ap)]}eos(m(d — ¢))

+ 58 _Z {0 (PG 0) + = (1), ()51, (00)]

+ “TV[a;;uﬁ)%(Ap) + 2 (1) al, (D) () heos(m(B - ),
Z {18y, (Ap)a;, (M) + ﬁm(Ap) (9]

+ T[’Ym(Ap)am()\ﬁ) + 23K Owat, OB Yeos(m(@ - )

+ 03 fj {187,0)a,(Np) + = (=)™ B, ()t (VP)]

T ; 2 (Ao (W) + %(—l)mvfn(/\p)ain(m)]}cos(m@ — o),
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V6,800 = 537 D0 ABE ORI 00) + 2B O] + F 0P (09) + 2 (=)™ B O s eos(m(E - )
I 0) T () + 28 O ()] + 15 62T () + 2 (=12 () () peos(m(3 = ). >0
VEGB 0= gz 3 (OB 00) + 2K (309 + il O0OP) + 2 (1) 1 (I3 07 eos(rm(G - )
+ YA OD) + 2K ()7 O] + 117 A0 (N9) + = (=)™ L o)ty (57 eos(m( = ). p>7

Vi@.8:00) = oo 30 ABLODT() + 2B D) )] + i34 D)1 () + = (— )™ BN ) eos(m(3 — 9))

m=—o0

+ SRR 00) + 2 OB ()] + T ) T (39) + 2 (<17 () T (o) eos(m( — ), 7>,

VE@B00) = o S IVAOAFH0D) + 2Kl O0BLOD) + il ()5 00) + 2 (=)™ I, )3 ()] Yeos(m(@ — 6))

m=-—o00

+ VL0 08) + 2K ()t O] + il (e, (O48) + 2 (<1 Ly e ()] beos(m(@ = 0)), p>7
V.30 = o5 D {BLODR00) + ZBE(p)at, ()] + 155 00at () + 2 (—1)™ 8L (p)ad, () Feos (3 — 9)
+ 0P () + 29K () (o)) + ik (49)aih (89) + = (<13, ()t (o) eos(m(@ = ), 7>,

VGG 06 = o5 D {0k (0)F0P) + 2ak ()85 00 + B4t 0) + = (—1)™al, ()8 ()} eos(m(B — )

1—

T {a¥ (o)1 (Vp) + %afﬁ(kp)vfn(/\ﬁ)] +ilag, (A0)in (ND) + %(—Umafn(/\p)%(kﬁ)]}COS(m@ - %)), p>D

Vi (5.3.0.9) S ABLOP)BL () + 2 85 ()L (A0)] + L85 D) () + = (—1)™ 8L NP8 () os(m(@ — )

m=—o00

TN

+ LR OP) () + 23 DB A+ i1k O9) () + = (=124, (3781, (o) eos(m(3 — )

B 0P )+ = B (978 ()] + 1187, )33, () + = (=1 85, (49) 3 () peos(m (3 — )

(1-v)
7

[\V]

2
. {7 (AP (o) + %vﬁ(kﬁ)vfn(/\p)] + iy (AB) Vi (Ap) + ;(*U”an(/\ﬁ)v#(Ap)]}cos(m@ —9)), 5> 0,

+
VE@ G0 = 5z 3 (BROWBLOP + 2K ODBLOD) + il AN + = (~1)™ 55 0B ()} cos(m (G — 9))

+ B O () + 2B N DI+ 187, ()i (39) + 2 (<) B, (), () eos(m(3 — )

+ DR 0B 0%) + 295 ()8 ()] + 0, A8, 09) + = (<124, ()8, (49 peos(om (@ — )
_ )2 _
+ SR 0X 00 09) + 29 0 O8] + i3 ()3, 09 + 2 ()" G Oeos(m@ = @), o>
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List of the coefficients

0} (39) = EY9) + IV, 0) = (5 (9
o, (\B) = N2 T (NP) + u[%m,;(m - (0]
o () = N2KIL(Ap) + u[%AK;nw) — (2K (9]

al,(\p) = N1 (Ap) + u[%w(m - (0P,

A2 A m2) 2m?2
B (WD) = N}V (Ap) + =Y, (WD) — (£ + —5-)Yim (Ap) + =5~ Y (Ap)],
Iz PP A3
_ _ A2 _ A m2\ _ 2m? _
Bin(Ap) = NI (N) + = T, (36) — (= + —5-)J1 (WD) + 5= J (WD),
[z p P A3

_ _ A2 _ A m2X _ 2m?2 _
BE(Ap) = MK/ (Xp) + %K%(Aﬂ) - (% + ﬁT)K;"(/\p) + )\TK(Aﬂ)L

2 mQ m2
55,00 = MLLOW) + = 14,09) - (3 + N, 00) + 2 10),
Iz PP
T (AD) = mQ[%Ym(z\ﬁ) ~ Ly om,
p 2
2 (D) = 2] i (D) — AT (WD),
P p
Y (D) = mz[% w(VB) = AK, (5)],
P p
A (B) = m2 [ L (AD) — SAIL (D)),
P p
o, () = XY, (M) + u[%w/nw) ~ (im0

05 0) = KT () + VAT ) = ()2 s (A9)]
ok () = N2KI, (Ap) + u[iAK;n(Am ~ () ()]

ol (\p) = A212 (Ap) + v[%M:nw) (R (0)]

A2 A m2) 2m?
Br(hp) = XY ) + “¥ () = (04 Z50)Y () + S5 Y ()

A2 A m2X 2m?
Bn(3p) = XI5 () + Z= T () = (4 —57) TinRe) + 5= T ()]

A2 A m2X
B (Ap) = MK/ (Ap) + 7KL’1(/\p) - (; +

m2
2K (0) + S K O)

m2\ 2

A2 A 2
Br) = X 00) + L 00) = ( + =501 00) + S 100)]

A
Yo (Ap) = m2[—12 Yin(Ap) = SAYZ, (Ap)]
p p
Yo (Ap) = mz[% Tm(Ap) = ST ()
p p

VK (Ap) = m2[ = K () — SAKL, (A0)]
p P

7L () = M2 [ T (M) — S AT, (M)
p p
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Appendix 2 Recurrence relations of the Bessel function

Bessel function of the first kind (/)

Jo(2) = —Di(2),
T2+ Taa(2) = 0 (2),
Jn-1(2) = Jnt1(z) = 2J4,(2),
Tn(2) = Jama(2) = ZJal2),

J(2) = =1 () + ZJa2),

2 2
- - 1
Ti2) = ) + ST (2),
—224+n?—n —2n?% +2n 1 1
) = =R+ T ) + () — S (2),

Bessel function of the second kindY)

Y5(2) = —1i(2),

224+n?—n 1
Y (2) = 2 Ya(z) + ;Yn—&-l(z)’
—224n®>—n —2n° + 2n 1 1
Y, (2) = TYTZ(Z) + TYn(z) + ;YTZH(Z) - ;Ynﬂ(z)a
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Modified Bessel function of the first kind (/)

[(z) = h(2)
ha(2) = () = 4(2),
Foa(2) + T (2) = 214(2),
[(2) = Lot (2) = ~1(2),

[(2) = Luaa(2) + 2 1(2),

224+n?—n 1
I(z) = ————1,(2) — -1, ,
(%) o (2) . 11(2)
224n’>—n —2n?% + 2n 1 1
I (z) = T%(Z) + Tfn(z) - ;LQH(Z) + ;Inﬂ(z)a

Modified Bessel function of the second kind K)

Ky(2) = —Ku(2),

— Kp1(2) + Kppa(2) = %Kn(z)’

n-1(2) = Knia(2) = 2K,(2),

K (2) = —Kua(2) = ZKu(2).

K}(2) = =K (2) + S Ka(2),

22+n?—n

1
KU - Kn _Kn )
n(Z> 22 (Z) + 5 +1(2)
224n2—n —2n? +2n
" /
K)'(z) = TKYL(Z) t——
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Appendix 3 Exact eigenequations for the simply-connected plate

Eigenequation of a simply-connected plat¢58]

Clamped circular plate
TN L1 (AN) + L,(A) Jp1(A) =0, n=0,1,2,....

Simply supported circular plate

Jur(N)  Lia(A)  2)
Ja(N) L,(A)  1—v

,n=20,1,2,....

Free circular plate

N2, () + (1= )AL = n2J,(N)] NI + (1= )2 AL = T (V)]
NIn(A) = (L= v)MLA) = n?LN)] - ML) = (1= )AL = I(V)]

n=0,1,2,....

It is noted that the eigenequation in the Leissa’s book [58] for free case was wrongly typed

where thel index in the numerator of the right hand side of the equation should[#2] as

show below:

N, (A) + (1= )AL = 021, (V] NN + (1 — ) ML) — J.(V)]
NI(A) = (1= v)ALA) =2 L(N)] - ML) = (1= )2 ML) = (V)]
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Appendix 4 Mathematical induction for the determinant of

the matrix [M]

The matrix[M s, 2, iS assembled by the four diagonal mattigs, .., [Blnxn, [Clnxn @nd
[D],,xn, Such that

a1 b1

as by

an by

[M]2n><2n =
C1 d1

(&) do

c d
L " n 2nXx2n

Proof thatdet[M] = [, (a;d; — b;c;) for anyn € natural number.
Proof:

(1) By mathematical induction, it is easy to proof the case ef 1 that

a; b !
det[M} = det ! ! = a1d1 - b101 = H(azdz — bzcz)
C1 d1 i=1
Clearly, the result hold i, = 1.
(2) Assume that the equation satisfies #fio= NV, it follows from the induction hypothesis

that

ay by

a bo

a b
det[M] = det al il

c1 dq

(aid; — bicy)

—

-
Il
—

c2 do

cN dn
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ve
If n=N+1, we ha
(3)Ifn

andby 1,
lemeRts,
eroe

0 nonz

[ nly tw

hich contains o

w

the row

tor of

cofac

ing the

By us

we have

det
)(N+1)+(N+1)aNJrl
det[M]

ay

a2

an

AN+1

by
bo

bn

bni1

1

C2

CN

CN+1

ay

a2

dq
do

by

an

dn

dn+1 |

bo

by

C1

C2

110

dq

CN

do

dn

ANt




(N+1)+(2N+1)
+(=1)

dn41
and
enis,
elem

Zero

0 non

[ nly tw

hich contains o

[

ow W

fther

tor o

ofac

ing the c

ing

By us

ve
ain, we ha
ag

det|M] =

det
1)(2N)+(N+1)CN+1

(—

3N+2bN+1

—1)

+(

bN+1 det

a

a2

an

b1

by

by

et
)2N+2NdN+1 d
-1

PNy

(-1

C1

C2

CN

dq

CN+1

do

dn

111

b1
_ b2
ai
a9 bN
an
dq
do
c1
(&) dN |
CN
b1
L b2
aj
an bN
anN
dq
do
C1
(&) dN
CN




= (an4+1dN+41 — byyicnyr)det

ai

a2

an

b1
bo

bn

C1

C2

CN

dq
do

dn

N

= (an+1dN+1 — bN+1CN+1) H(aidi — bic;)
i1
N+1

= H (aidi — bici)
i=1

Note:

Let A be ann by n matrix, theA,;; denotes the cofactor ef;, for k = 1,2, --- ,n. M;; denote
the (n — 1) by (n — 1) submatrix obtained fromi by deleting theth row andjth column
element ofz;;. The determinant al/;; is called the minor of;;;. We define the cofactot,;

of Qjj by

Ay = (—1)"det(M;;)
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Appendix 5 Properties of the element row operations

Let A be amn x n matrix. The three row row operations that can be performed ane
1. Type | operation: Interchange two rows 4f
2. Type Il operation: Multiply a row ofA by a nonzero real number.

3. Type lll operation: Replace a row by its sum with a multiple of another row.
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Appendix 6 Exact eigenequations for the multiply-connected plate

Eigenequation of a multiply-connected platg58]
Annular plates clamped outside and inside

Forn =0,

Jo(A)  Yo(A)  Io(A)  Ko()
UICVIRR TV TCVRNS STCVR [
Jo(aX) Yo(aX) Ip(ad)  Ko(ad)
Ji(aA) Yi(ad) —L(a)) Ki(a))

wherea = b/a, a andb are the radius of the outside and inside boundaries, respectively.

Forn =1,
A i) LY
Jo(A) - Yo(A)  To(A)
Ji(aX) Yi(aN) Li(aX)
Jo(a) Yo(aN) Ip(aX) —Ko(ad)
Forn = 2,
Jo(A)  Yo(A) —Io(\) + 5L (N)
Ji(A) V() L(N)
Jo(aX) Yo(ad) —Io(a) + =T (a))
Ji(aX) Yi(al) I (a))

Annular plates clamped outside and free inside

Forn =0
Jo(A)  Yo(A) In(N)
Ji(A)  =Yi(A) ()
Ji(aX)  Yi(al) L (aN)
Jo(aX) =Yo(aX) Iy(a)) + AL (aN)

2(1—v)

whereA = —% andB = =1
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—Ki(a))
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Forn =1

Jo(A) Yo(A) Ip(A) Ko(A)

Ji(A) YN Ii(A) —Ki(A)
—Ji(aX) =Yi(aX) CJo(aX) + DI (al) —Ki(a\)
Jo(a)\) Yo(aX)  Bdo(a)) + AL(a)) Ko(al) + BK;(a))

whered = 3L p— 1 4 200 o 20 gndp =1 4 200

/\)3 ’ ()3 ()2 ”
Forn =2
JI(A) Yi(N) Li(\) —Ki1(N)
Jo(A)  Yo(A) 3H() = L(A —3K1(A) = Ko(N)

)
— 0
Jo(a) Yo(ad) A*Ig(al) — B*Ii(a)) A*Ky(a)) + B*K (a))

Ji(aX) Yi(ad) Cly(aX) — DIi(aX) CKy(a)) — DK (a))

whereA* =1 - AC, A= -3t pr = B AD B = ¢ 3tv ¢ - _Blved  gng

2a)’ ! 2a\’? 12(1—v)2—(aN)*
D= 12(1—2)[(T4+v)+(aN)?]— (a,\)
B 12(1-v)2—(a)*

Annular plates simply-supported outside and clamped inside

Forn =0,
Jo(A)  Yo(A) Io(A) Ko(A)
A i) (N — L)~ EKo(\) — Ki()) 0
Jo(aA)  Yo(ad) Ip(ad) Ko(al)
Ji(aN) Yi(ad) —I(a)) Ki(aX)
Forn =1,
Ji(A) V(A Ii(A) Ki(X)
TN Yo(A)  Lo(A) = #ZL() —Ko(h) = 25K (V) 0
Jo(ad) Yo(ad) Io(aX) —Ko(aN)
Ti(a\) Yi(a)) L)) K (a))
Forn = 2,

L) Vi) AL = B L) —AK(N) — 2 Ko()
) (A)  $BL(A) — Al(N)  —3BEK(A) — AKo(N)

Ji(aX) Yi(ad) L (aN) —Ki(a))

Jo(ad) Yo(ad) —Io(ad) + LI (a)) —Ko(ad) — 2 Ki(aX)
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whereA = 2= andB = 3=%,

Annular plates simply-supported outside and free inside

Forn =0,
Jo(A) Yo(A) Io(A) Ko(A)
—h) ) L)+ ALK KA+ ARG
(@) Yi(ad) L(a)) ~ K (a)) N
—Jo(aA) =Yo(a) Ip(ad) — Bli(al) Ko(a)) + BK;(a))
whereA = — 22 andB = M =2
Forn =1,
B %) BN -ELQY)  —Ko) - By
Ji(A) Yi(A) L\ Ki()\) 0
—Ji(aX) =Yi(aX) Cly(aX) + DI(aX) CKy(al) + DK;(a))
Jo(aX)  Yo(ad) Bly(al) + AL(a\) —BKy(a)) + AK; (o)
whereA = —8((1A)Z), B=-1+ 4(1 ”) O =210 D =14 (( 7 andE =
Forn = 2,
L) Vi) ELO) = FL(\)  —EKi(\) — FKo(\)
Jo(A)  Yo(A)  GL(A) — Ely(}) —GEKi(A) = EKo(\) | 0

Jo(aX) Yo(ad) A*Ih(al) — B*L(a)) A*Ky(a)) + B*K;(a))
Ji@\) Yi(@\)  CIL\) —DL(a))  CKo(A) + DEj(a))

whered* =1 - AC, A= -32 4 A B*=B - AD,B=3% + 2 (O = - 48(1 v)a

2 20 (1-v)2—(an)®’
D — B St 2 andG = 4,
Annular plates free outside and clamped |nS|de
Forn =0,
N Yol —L(\)+ 25200\ —Ko(\) — 252K, ()
) ) L) —Ki() .
(@) Yo(ad) Ip(ad) Ko(a))
(@) Yi(ad) —Li(a)) K (ad)




Forn =1,

T Yo(A)  AL(A) = BL(A) —Ko(A) - 252K (V)
VTGV VIR OV SOV R
Jo(aX) Yo(ad) Iy(aN) Ko(a))
Ji(aX) Yi(ad) Li(aN) Ki(aN)
whereA = —1 + 2% andB = 844,
Forn = 2,
Jo(A)  Yo(\) (1 —4ABNIH(A) — DI;(\) (1 —4ABN)Ky()\) + DK (N)
AR ALY ABAH(\) — CT(N) ABNKo(N) + CE(N) |
Jo(aX) Yo(aN) —Io(aX) + 1 (aN) —Ko(aX) — Ky (aX)
Ji(aX) Yi(ad) I (aN) —Ki(a))
whered = 4 — 32, B = 52000, O = 12(1I§)th§;f4>—A4 andE — 2 + B — AC.
Annular plates free outside and inside
Forn =0,
Jo(A)  Yo(A)  —Io(A) + AL(A) —Ko(A) — AKi(A)
Ji(A) - Yi(A) Li(A) —Ki(\) _ 0
Jo(aX) Yo(ar) —Ig(aX) + BLi(aX) —Ko(a)) — BK;(a))
Ji(aX) Yi(aN) L (aN) —Ki(a))
whereA = 2% and B = 2022
Forn =1,
Jo(A)  Yo(N) (=14 3A)[h(\) — AL(N) —(=1+3A)Ko(N) — AK(N)
JI(N) i\ XALN) - (1 +2A) LN ~ X AKG(N) — (1+ 3A) K (V)
Jo(aA) Yo(a)) (=14 2B)Iy(a)) — Bli(a))  —(—1+ 2 B)Ky(a)) — BK;(a))
(@A) Yi(ed) “LBI(aA) — (1+ 2B)(a)) — 2L BK(a)\) — (14 2B)K;(a))
whereA = 801 and B = 80—

A3 (aN)3 -
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I
S
>
|
&
~
i
>

AKo(X) + BK;()\)
CKo(A) + DK, (N)
Jola)) Yo(ad) A*Io(al) — BT (a)) A*Ky(al) + B*K; (o))
Ji(a)) Yi(ad) C*Io(al) — DI (a))  C*Ko(A) + D* Ky (o)

_ A 34w X, 34w A 34v 48(1-v)A _
whereA = 1 — <Z - 2+_>\)C’ B = 1t 2+_,\ - (Z - 22:_,\)D’ ¢ = 12(1—2)—X? D =
12(1—2)(T+r+A2)—A? * a\ _ 34v * __ a\ | 34v a\ _ 34v * x _ _48(1-v)(aN)

et AT =1-(F - ), B = F 435 - (T -0 C" = grm—aay
andD* = 12(1-)[T+v+(aX)?)]—(aN)? .

12(1—v2)— M4
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The Matrix [M],,is

[al a2 a3
bl b2 b3
cl c2 c3
dl d2 d3
[M]=
pl p2 p3
gl g2 g3
rl r2 r3
sl s2 s3
T
Det[[M] [M]]
al a2
bl b2
Det
cl c2
dl d2
[al a2
bl b2
+ | Det
dl d2
Lpl p2
[al a2
bl b2
+ | Det
pl p2
| rl r2
[al a2
cl «c2
+ | Det
dl d2
L Pl p2
[al a2
cl c2
+ | Det
pl p2
| rl r2

a4l

b4
c4
d4
p4
q4
r4

s4

a3
b3
c3
d3

a3
b3
d3
p3
a3
b3
p3
r3
a3
c3
d3
p3
a3
c3
p3
r3

ad]

b4
c4
d4

a4

b4
d4

p4]
ad’

b4

p4
ra

a4

c4
d4

p4]
ad’

c4
p4

r4 |

Det

Det

Det

Det

Det

Appendix 7 The deter minant of the matrix [M]

[al

bl
cl
pl
al
bl
di

Lal

[a1
bl
pl
sl
al
cl
di
ql
al
cl
pl

sl

a2
b2
c2
p2
az2
b2
d2
q2
a2
b2
p2
s2
a2
c2
d2
q2
a2
c2
p2
s2

a3
b3
c3
p3
a3
b3
d3
q3
a3
b3
p3
s3
a3
c3
d3
q3
a3
c3
p3
s3

rl

a2
b2
c2
q2
az2
b2
d2
r2

az2
b2
g2
r2
az2
c2
d2
r2

a2
c2

q2
r2

a3
b3
c3
g3
a3
b3
d3
r3

a3
b3
g3
r3
a3
c3
d3
r3

a3
c3
q3
r3
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a4’
b4
c4
q4
a4
b4
d4
ra

a4l
b4
q4
ra

j
:
|

a4l
c4
q4
rd

Det

Det

Det

Det

Det

[al

bl
cl
rl

al
bl
di
sl

[al

bl

ql
sl

[al

cl
di
sl
al
cl

ql
sl

a2
b2
c2
r2

az2
b2
d2
s2

az2
b2
q2
s2
a2
c2
d2
s2
a2
c2

g2
s2

a3
b3
c3
r3

a3
b3
d3
s3

a3
b3
q3
s3
a3
c3
d3
s3

a3
c3
q3
s3

ad
b4
d4
s4

a4])?
b4

i
g4

a4 :
b4

+
c4
ra

s4

a4
c4
d4
s4

as4])’
c4

+
q4

s4

Det

Det

Det

Det

al
bl
cl
sl

al
bl
pl
ql
al
bl
rl
sl

al
cl
pl
ql
al
cl
ri
sl

az2
b2
c2
s2

az2
b2
p2
q2
az2
b2
r2
s2

a2
c2
p2
q2
az2
c2
r2
s2

a3
b3
c3
s3

a3
b3
p3
q3
a3
b3
r3
s3

a3
c3
p3
q3
a3
c3
r3
s3

a4
b4
c4
s4

as
b4
p4
q4

b4
rd
s4

a4l
cd

ad
c4
ra
s4

:
|

]
|



al a2 a3 a4 al a2 a3 a4 al a2 a3 a4 al a2 a3 a4 al a2 a3 a4
di d2 d3 d4 di d2 d3 d4 di d2 d3 d4 di d2 d3 di4 dl d2 d3 d4
+| Det D et D et et + D et
pl p2 p3 p4 pl p2 p3 p4 pl p2 p3 p4 ql g2 q3 q4 ql g2 q3 g4
ql q2 q3 q4 rl r2 r3 r4 sl s2 s3 s4 rl r2 r3 ra sl s2 s3 s4
al a2 a3 a4 [al a2 a3 a4 [al a2 a3 a4 al a2 a3 a4 al a2 a3 a4]
dli d2 d3 d4 1 2
+| Det D et P P p3 pa D et pl p2 p3 pa D et Pl P2 p3 P4 + D et at a2 a3 a4
ri r2 r3 ra gl g2 g3 g4 gl g2 g3 g4 ri r2 r3 ra rl r2 r3 r4
sl s2 s3 s4 rl r2 r3 r4 | sl s2 s3 s4 | sl s2 s3 s4 sl s2 s3 s4
[b1 b2 b3 b4 bl b2 b3 b4] bl b2 b3 b4] bl b2 b3 b4 bl b2 b3 b4
cl c2 c3 c4 cl «c2 c3 «c4 cl «c2 c3 «c4 cl c2 c3 c4 cl c2 c3 c4
+| Det D et D et D et + | Det
dl d2 d3 d4 dl d2 d3 d4 dl d2 d3 d4 di d2 d3 di4 pl p2 p3 p4
pl p2 p3 p4 | 1gl q2 q3 q4 ri r2 r3 ra | | sl s2 s3 s4 ql q2 q3 q4 |
[bl b2 b3 b4 bl b2 b3 b4 bl b2 b3 b4 bl b2 b3 b4 [bl b2 b3 b4
cl c2 c3 c4 cl c2 c3 c4 cl c2 c3 c4 cl c2 c3 c4 cl «c2 c3 c4
+| Det D et D et D et + D et
pl p2 p3 pa pl p2 p3 pa ql q2 q3 q4 ql 92 93 q4 rt r2 r3 r4a
rit r2 r3 ré4] sl s2 s3 s4 | rit r2 r3 r4 sl s2 s3 s4 sl s2 s3 s4
[bl1 b2 b3 b4 bl b2 b3 b4 (bl b2 b3 b4 (b1 b2 b3 b4 [bl b2 b3 b4
dl d2 d3 d4 dl d2 d3 d4 dl d2 d3 d4 dli d2 d3 d4 dl d2 d3 d4
+| Det D et D et D et + D et
pl p2 p3 p4 p1 p2 p3 p4 p1 p2 p3 p4 ql g2 93 q4 ql 92 93 q4
gl q2 q3 q4 | rl r2 r3 r4 sl s2 s3 s4 rl r2 r3 ra | sl s2 s3 s4
bl b2 b3 b4 (b1 b2 b3 b4 (b1 b2 b3 b4 bl b2 b3 b4 bl b2 b3 b4
dl d2 d3 d4 1 2
+| Det D et P P p3  p4 D et Pl p2 3 p4 D et Pl p2 p3 P4 + | Det al gz a3 q4
rl r2 r3 r4 ql q2 q3 g4 ql q2 q3 g4 ri r2 r3 ra rl r2 r3 ra
sl s2 s3 s4 | rt r2 r3 r4] sl s2 s3 s4 | sl s2 s3 s4 sl s2 s3 s4 |
cl c¢c2 «¢c3 c4 cl c¢2 c¢3 «c4] cl c¢2 c¢3 «c4 [c1 c¢c2 ¢3 «c4 cl c¢c2 c¢3 «c4
dl d2 d3 d4 dl d2 d3 d4 dl d2 d3 d4 di d2 d3 di4 dl d2 d3 d4
+| Det D et D et D et + D et
pl p2 p3 p4 p1 p2 p3 p4 p1 p2 p3 p4 ql q2 g3 q4 gl g2 93 q4
gl g2 93 q4 ri r2 r3 ra sl s2 s3 s4 ri r2 r3 r4 sl s2 s3 s4
cl c2 c¢3 «c4 cl c2 c¢3 «c4] cl c2 c¢3 c4] [c1 c2 c3 c4 cl c2 ¢3 c4]
dl d2 d3 d4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
+ | Det D et P P P P D et P P P P D et P P P P + | Det d d d 4
rl r2 r3 ra ql q2 q3 g4 ql q2 q3 g4 rl r2 r3 ra rl r2 r3 ra
sl s2 s3 s4 rt r2 r3 r4 | sl s2 s3 s4 | sl s2 s3 s4 sl s2 s3 s4 |
[d1 d2 d3 d4 [d1 d2 d3 d4 [d1 d2 d3 d4] [d1 d2 d3 d4 pl p2 p3 p4
1 2 4 1 2 4 1 2 4 1 2 4 1 2 4
+| Det p p p3 p D et p p p3 p D et p p p3 p D et q q g3 q + | Det q q g3 ¢
gl g2 93 q4 ql g2 g3 g4 ri r2 r3 ra rl r2 r3 r4 rl r2 r3 ra
| rl r2 r3 ré4] sl s2 s3 s4 | sl s2 s3 s4 | | s1  s2 s3 s4 sl s2 s3 s4

The determinant of the matrix [M ] [M] can be decomposed into the summation of the square determinant inthe 70 (C%) matrices. Each
matrix was assembled by any four rows of the matrix [M ] (no repeat).
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Table 2-1 True eigenequationsfor a circular plate (a=1).

True eigenequationsfor circular plate
Leissa 1,,,d,+1,3,,=0
clamped Real-part and
imaginary-part l,,J,+1,3,,,=0
BEMs
. Leissa ‘Jf+l + If+l — 22’
Simply- J 1, A-v)
PP imaginary-part Q=v)(1,d, . +1,,3,)=241,d, =0
BEMs
e /12J[+(l—v)[/lJ;—£2J[] /13J(’+(1—v)€2[/132—\]£]
elssa =
lzlf—(l—v)[ll,ﬁ—lef] /13I;—(1—v)€2[/1|;—|,{]
Free CN\—As2() 932
Real-part and AQ=-v)[-4L7(0 =1, 3, = 22°1 4, ,.4]
imaginary-part + 2022 A-v)A-0)(1,,,3,-1,3,.,)
BEM
’ H[OZ Q=) (12 =)+ 41103, +1,3,.1) =0

Table 2-2 Spurious eigenequations by using the six formulationsin the real-part BEM

Spurious eigenequationsin thereal-part BEM

u, & formulation K,.Y,-K)Y,,=0

u, m formulation A-v)(K)Y,,, -K,,Y,)-24aK)Y, =0

u,v formulation 22@A-v)(K,Y,,, - K,.Y,)-21a/K Y, + *a*(K,,Y, +K,)Y,,)=0
6, m formulation Z@A-v)(K,Y,,, - K,.Y,)-2lalKY, + *a*(K,.Y, +K,)Y,,) =0

22a(0?KY, + A2 p°K, .Y, ) - 22%a% (K, .Y, +K,Y,,;)

6,v ofmulation
+0? 1-v)(K,.Y, -K)Y,)=0

Aa(l-v)[40% (0 -DK,Y, - 24%°a°K, .Y, ,]
m,v dfmulation +202%a°(1-v)(L-0)(K,,.Y, +K,Y,,,)
+[2@-v)*(0* =D + 2" (K, .Y, - K,Y,,;) =0

where ¢ =0+1+2+3,......
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Table 2-3 True and Spurious eigenequations for the membrane by using the real-part and
imaginary-part BEMs

u =0 (Dirichlet) t = 0 (Neumann)
uT Re {J}[Y]=0 {J}[Y]=0
formulation | Im {J}[J]=0 {J}[J]=0
LM Re {JHY1=0 {J}Y]=0
formulation | Im {J}31=0 {J1JI7=0

[ ] and { } meantrueand spuriouseigenequation.

Table 2-4 Spurious eigenequations by using the six formulationsin theimaginary-part BEM

Spurious eigenequationsin the imaginary-part BEM

u, @ formulation l,,J,+1,J,,=0

u, m formulation @a-wva,Jd,,+1,,3,)-24p,3,=0

u,v formulation 2a-v)(1,3,,,+1,,3,)-24p01,3, + #p*(1,3,,-1,,3,)=0

6, m formulation CA-v)(1,3,,+1,,3,)-24p01,3, + P p*(1,3,,-1,,3,)=0

ZAp(le = ﬂzpzl radi) t+ 2/12/72 o(,,3,-1,3,.,)

0,v ofmulation ,
—/ (1_V)](|f+1‘Jf+|f‘]Z+1):O

/1,0(1_‘/)[_4%2@ -DI,J, - 2/12/)2' ri1d il
+ 2022 p*(L-v)A=0) (1,43, = 1,3,,1)
+[€2 (1- V)Z(fz _1)"‘/14,04]““1‘]4 +1,J,,,)=0

m,v ofmulation

where ¢ =0,+£1,+2,%3,......

Table 2-5 True eigenvalues (1) for the clamped circular plate (a=1).

A forvauesof n of
m 0 1 2 3 4 5
0 3.19 4.61 5.90 7.14 8.34 9.52
1 6.30 7.80 9.19 10.53 11.83 13.10
2 9.44 10.95 12.40 13.79 15.15 16.47
3 12.57 14.10 15.58 17.00 18.39 19.75
4 15.71 17.25 18.74 20.19 21.60 22.99

where n refers to the number of nodal diameters and m is the number of noda circles, not
including the boundary circle.
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Table 2-6 True eigenvalues (1) for the ssimply-supported circular plate (a=1, v =0.33).

A forvaluesof n of

m 0 1 2 3 4 5

0 2.23 3.73 5.06 6.32 7.54 8.73
1 5.45 6.96 8.37 9.72 11.03 12.31
2 8.61 10.14 11.59 12.98 14.34 15.67
3 11.76 13.29 14.77 16.20 17.59 18.96
4 14.90 16.45 17.94 19.39 20.81 22.20

where n refers to the number of nodal diameters and m is the number of noda circles, not
including the boundary circle.

Table2-7 Trueeigenvalues (1) for thefreecircular plate (a=1, v = 0.33).

A forvaluesof n of

m 0 1 2 3 4 5

0 2.29 3.50 4.64 5.75
1 3.012 4.53 5.93 1.27 8.56 9.82
2 6.20 7.73 9.18 10.57 11.93 13.25
3 9.37 10.91 12.38 13.80 15.19 16.55
4 12.52 14.06 15.55 17.00 18.42 19.81

where n refers to the number of nodal diameters and m is the number of noda circles, not
including the boundary circle.
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Table3-1(a) Theterm A7) of the A)+iB(1) by usingthereal-part BEM in conjunction with the Burton & Miller method for the
simply-connected plate.

A4)

K, {{n*(~1+v)> = 2n22 (-1+v) p° + L+ 2 p* = n°[1+v2 + 227 p° — 2v(L+ A2 p)}Y, + 223 (-1+v) p°Y,, .}
32742 p*
N K {4(=1+ nn*A(=1+v) pY, +{n*(=1+v)? + 2n2 (-1+v) p* + 1+ A") p* = n*[L+v? = 222 p% + 2v(-1+ 2 p*)}Y, ..}
228,

u, @ formulation

K N’ (=1+v) + 2n2p° — (=1+v) p°IY, = 22°p°Y, .} + K {24p(—1° + p2)Y, +[-n*(=1+v) + 2n2°p* + (-1+v) p°]Y,
n+l p n n+1 n n n+1.
274 p*

u, m formulation

u, v formulation 0

K, (" =% + p? =202 p° —vp?)Y, + 22°0°Y, 1 + K {22p(n° + p?)Y, +[N°(=1+v) — 2n2°p* + (1+ v) p°IY, ..}

@, m formulation D o
A p

-’ (=1+v) = 2p*1K_ Y, + K {2nApY, +[n*(-1+Vv) - 2p%]Y,
n+l'n n n n+
1674 p°

6,v ofmulation

m,v ofmulation 0
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Table3-1(b) Theterm B(2) of the A1) +iB(2) by usingthereal-part BEM in conjunction with the Burton & Miller method for the
simply-connected plate.

B(4)

u, @ formulation 0

[ (=14+v) = 2p°1K, .Y, + K {2nApY, +[n*(-1+Vv) - %Y. .}
n+l'n n n n+l
1674 p°

u, m formulation

K, (" =%y + p? =202 p° —vp?)Y, + 22°0°Y, 1 + K {22p(n° + p?)Y, +[N°(=1+v) — 2nA°p* + (-1 + v) p°IY, .}
3278 p°

u, v formulation

@, m formulation 0

K. {[M(-1+Vv)+2np® — (-1+ v)pZ]Yn - 2/13p3Yn+1} +K{ 22p(-n* + pZ)Yn +[-nP(=1+v) + 2022 p? + (-1+ v)pz]YM}
n+l
3228 p*

6,v ofmulation

K, {{n*(-1+v)> = 2n 22 (-1+v) p* + L+ 2 p* = n°[1+ v + 222" — 2v(L+ A pI)}Y, + 22 (-1+v) p°Y, .}
27 p"
N K {4=1+ nmA(=1+v) pY, +{n*(=1+v)* + 2n22(-1+v) p* + L+ 2*) p* = n°[1+v? = 22%p? + 2v(-1+ 2 p?)]}Y, ..}
3274 p*

m,v ofmulation
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Table3-2(a) Theterm A(1) of the A)+iB(2) by usingtheimaginary-part BEM in conjunction with the Burton & Miller method for the

simply-connected plate.

A4)

u, @ formulation

(=DM J,. LN (-1+v)? +2n2(-1+v)p° + UL+ A p* = 0P (L—2v + v = 222 p? + 222vp )|l , + 22 (-1+v) p°l ..}
3278 p*
N DI {41+ N A(-1+v)pl , +{n*(-1+Vv)* = 2n2Z (-1+v) p* + (L+ ) p* = n[L+v? + 222 p° — 2v(1+ AP} .3}
327X p*

u, m formulation

DI A[-n* (14 v) + 208p° + (14 v) p°11, + 22°0°1 3} + (“D) {3 {24p(-1" + pO)I, +[-N°(=1+v) - 202°p° + (=14 V) p*]I ..} }

3274 p°

u, v formulation

@, m formulation

(D', AW (14 v) = 2020% + (<14 1) %1, — 280°1, 3 + (DI A24(0" + pO)1, + [ (14 ) + 20207 + (<14 v) %11, 1)
3274 p*

@,v ofmulation

EDYIN* (1+4v) = 2ol o} + (D)3 2041, +[0°(=1+v) + Zp°]1 1)

1674 p*

n+1| n

m,v ofmulation

126




Table3-2(b) Theterm B(2) of the A()+iB(2) by using theimaginary-part BEM in conjunction with the Burton & Miller method for the

simply-connected plate.

B(A)

u, @ formulation

u, m formulation

DY (1+v) = £p%1 3,0 + (D)3 {204p1 +[n°(=1+v) + 2711 .}
1674 p?

u, v formulation

(D" I0 [’ (1+v) —2n20° + (14 v) %11, = 22°p°1 i} + (D[ I {220 (n* + p°)I,, +[N°(-1+v) + 2n2°p° + (-1+v) p°]1 .. 1}}
3272 p"

@, m formulation

@,v ofmulation

(D", A[=0° (14 V) +2080° + (1+v)p°N1, + 22801 i3 + (CD)'{I{24p(=n" + PP, +[-0*(=1+v) — 2040 + (=1+v) P11}

327172 p°

m,v ofmulation

(=DM J,. AN (1+v)* + 2022 (-1+v)p° + (L+ A1) p* =P (L= 2v +v? = 222p° + 22 2vp?)]l, + 283 (-1+v) p°l ..}
32z p"
N DM I {41+ MMPA(=1+ ) ol +{n* (=1+ V) = 2n 22 (=1+v)p° + (L+ A1) p* = n’[L+v? + 20%p% — 2v(1+ /'izpz)]}lm}}1
R27p’ !
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Table 3-3(a) Theterm

A2) of the A()+iB(2) by using the complex-valued BEM for the simply-connected plate.

A(A)
u, @ formulation (D"l (DI K Y — K Yo
’ 277

u, m formulation

(D" (1403, + (D)3 02200+ (CLE )]+ 200KY, + KoY, — KLY — K Y KLY,

n+1|n n+l n n+l'n n_n+l n_n+l
2
3274 p

(DML v) = eIl + (CD" I 200 + W (Lt v) + o1l )

r|+1| n

. 32772 p*
u,v formulation , ) r ) , .,
+ — 2rm’f)KnYn —-n Kn+1Yn +n VKn+1Yn + ﬂ’ p Kn+1Yn +n KnYrHl —-n l/Knle + j’ p KnYn+1
322X p?
IR L)~ Al + (D) 3420+ (L) + 2%, )
. 32714 p?
6, m formulation , , - , ) .,
_ — znﬂ’pKnYn -n Kn+1Yn +n Vi<n+1Yn +j’ p Kn+1Yn +n KnYn+1 —n VKnle +ﬂ’ p KnYn+1
2k p?
(D3, {014 v) = 222021, = 28p°1 L} + (<D nd {2031, +[N(-L+v) + 222711 )
) 32 2 .3
6,v dfmulation , ) ) e, ) s .
+ 2n ﬂpKnYn +n Kn+1Yn -n Vi<n+1Yn -2n P Kn+1Yn -n KnYn+1 +n Vi<nYn+1 -2n P KnYn+1 +27 P Kn+1Yn+1
3274% p°

m,v dofmulation

m{(—l)"\]M{[n"(—lﬂx)2 +20 2 (-14v)p2 + At pt =P (L-2v + v =227 p% + 22%vp 211 + 223 (-1 +v) 3l 1}
+ (=" I {41+ MNZA(=1+v) pl , +{N* (~1+v)? =202 (-1+v) P + A pt =P (L+vE + 242 p% — 2v(L+ A2 pP)]H 0}
—4n%ApK .Y, +4n3ApK Y, +4n AvpK Y, — 4P AvpK Y, —nPK LY, ntK Y+ 200K LY, - 200K LY PR LY 0t KLY

+2022p%K .Y, =202 A% pPK LY, = 2022 2K LY + 202 200 0K LY, + A p KLY 0K Y KLY = 2nAK Y + 20K Y +nAV KLY
—NVEK Yoy + 2022 02K, Y0 = 20222 02K Y = 20220 2K Yy + 202 220 2K, Y, = 20 0 K Y = 228 0K 1Y + 225K L Youa)
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Table 3-3(b) Theterm

B(2) of the A()+iB(2) by using the complex-valued BEM for the simply-connected plate.

B(4)

u, @ formulation

‘]n+1Kn _ ‘]nKn+1 + (_l)n (I n+1Yn +1 nYn+1)
32707

u, m formulation

(_l+ V)‘J Kn + ‘]n[zj’pKn _ (_1+ V)Kn+1] + (_l)"{ (_1+ V)l n+1Yn + In[zj’pYn + (_1+ V)Yn]}

3271/ p

n+1

u,v formulation

[N°(=1+v) - #p°1d, K, + I [2nAoK, + (n* —n*v = Zp°)K, ,]
3R p°
L DI (L4 v) + 20T Yy + 1 £20A0Y, +[0° (14 v) - 2PV, 1)

32728 p?

n+l

6, m formulation

[N’ (-1+v) - #p°1d,..K, + 3. [2n1oK, + (" =’y — X p))K,.,]
3272 p*
L DI (L4 v) + 20 ¥y + 1, 20A0Y, +[0° (14 v) - 2PV, 1}

32700

n+l

0,v odfmulation

J,.Ann(=1+v) - 22p°1K, + 22p°K, .} + NI [2nAoK, + (n—nv - 222p")K ]
327k p°
L DAL v) + 227, = 22, + 1l {20, + (L4 v) - 2291, )
3277 p°

m,v afmulation

1
Rt
=3 {41+ NN A(=1+v) oK, +{n* (=1+v)? = 2nA°* (-1+ V) p? + ' p* —n?[1+v2 + 242 p? = 2v(L+ A* p?)]}K ...}
+ (DML FLev) 2 2022 (F14v) p% + AT pt —nP[A+ v + 227 p2 = 20 (A4 A2 p 2B, + 223 (14 v) PO, .}
+1, {41+ n)N?A(=1+v) pY, +{n* (~1+V)? + 2nA> (~1+ V) p? + 2% p* —n?[1+v2 =24 p% + 2v(~1+ 2 p)}Y,.. 11}

{3,414+ v) 2 +2nA2 (<14 V) p2 + A p* =P (A= 2v +v* =24 p? + 22%vp? K, = 223 (-1+v) p°K  ,}

129




Table 4-1 True eigenequations for the annular plate.

Cases

True eigenequation [T, ]

C-C

(3,048 3,(b) Jy¢a) ]
Y,(&) Y,(b) Y28 Y,
l,(da) |,(Ab) I/ (4&a) I}

K,(18) K,(ib) K,(ia) K.

(Ab) |
(4b)
(4b)
(Ab) |

C-S

[J (&) J. (Ab) J!(4a) «

1,(8) 1,(b) 1.(i8) «

Y,(a) Y,(b) Y48 a

K,(da) K,(b) Ki(ia) (b))

(2b) |
(Ab)
(Ab)

C-F

3,(48) al(Ab) J,(2a) B (Ab)+
Y,(28) @) (b) Yi(3a) B (Ab)+

l.(48)  a,(4b) 1;(4a) p,(2b)+

Ky(48) @, (4b) Ki(1a) B (4b)+

1-v i

—» (b
5 7 (Ab)

1_V Y

5 /n(4D)

1-v
——— 7' (4b
b 7q (AD)

1_V K

b/ (ib)_

SC

| (@) 1. (ib) «a.(ra) I’

(J,(2a) J,(b) (i) J;
Y. (Aa) Y,(ib) «)(1a) Y!(ib)

(4b)

(4b)

K,(18) K,(ib) af(ia) Ki(ib)

SS

[J,(4) J,(4b) ) (la) a(ib)
Y,(18) Y,(4b) a;(4a) o (1b)
1,(4a) 1,(Ab) a,(4a) a)(ib)
(K,(1a) K,(b) a)(ia) af(ib)

SF

J,(8) oy (4b) ay(1a) By (Ab)+
Y,(18) a,(ib) a,(2a) B, (2b)+

1,(28) al(b) a\(2a) pL(Ab)+

Ko(18) @y (4b) ay (18) p, (Ab)+

1_V J ]
Ab
5 7x (AD)

1-v
——— )
5 7n (AD)

1_V |
—v (Ab
5 7 (4b)

1-v «
N
5 7n ( )_
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F-C

a,(1a) J,(b) B, (/1<’:1)+—7n (1a)  J;(4b)
ay(1a) Y, (4b) By (/161)+T7nY (4a) Y, (4b)

a\(2a) 1,(b) B (za)+1‘TVy; (1a) I (2b)

ak(ia) K,(b) X (za)+1‘TV7,$ (18) K (b)

F-S

al(7a) J,(b) B (za)+1‘TVy§ a) o (b)
al(78) Y,(ib) B (za)+1‘TV7: (1a) ) (i)

al(2a) 1,(b) B (za)+1‘TVy; (1a) ! (ab)

ak(ia) K,(ib) pf (za)+1‘TV7,$ (12) ) ()|

F-F

al(Za) al(ib) B (za)+1‘TV7: (a) p? (Ab)+1TV7;’ (i)

1-v

5 /n(4D)

al(2a) al(ib) B (ﬂa)+1‘TVy,: (a) B (ﬂb)+1—vy; (4b)

al(ia) a)(ib) B <za>+1‘TVy: (12) B (Ab)+

vi

5 (lb)

ay (1a) ay (Ab) By (/13)+1_Tv7f (1a) By (Ab)+
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Table 4-2(a) Spurious eigenequations for the annular plate.

formulation [Sn ]
Y,(Aa) +1J,(1a) 0 K,(1a) +i(-1)"I,(1a) 0
u, o iJ.(Ab) J,(2b) i(-)"1, (Ja) I.(Ab)
formulation A(Y.(Aa) +iJ/ (1a)) 0 A(K; (Aa) +i1(-1)"1; (1a)) 0
43’ (Ab) 43! (Ab) i1’ (Ab) A1 (Ab))
Y,(1a) +iJ,(1a) 0 K,(1a)+i(-1)"I,(1a) 0
u, m iJ, (Ab) J,(4b) i(-1)"I, (4a) I (Ab)
formulation a: (Aa) +i arf (1a)) 0 a: (Aa) +i (—l)"ar'] (1a) 0
i (Ab) o’ (Ab) i (Ab) a' (Ab)
Y, (1a) +iJ, (/) 0 K,(4a) +i(-1)"1 (1a) 0
u. v iJ,(Ab) iJ,(1b) i(-D"1,(4a) I, (4Ab)
tormutation | |2 “a”(l D Ga+itg <ﬂa)+(1 Y2 Ga) 0 ALp< )+ 1 V)y:ua)]+.( (B! ua)+(1 M), (a)] 0
u[/f o)+ 422 ) 152 )+ 22 12 ) 1100+, ) pron)+ 422 )
AY(Aa)+idl(da) 0  AK.(Aa)+i(-D"I(ia) O
0, m 143’ (Ab) 231(2b) i(-1)" 21" (1a) 1! (2b)
formulation a: (Aa) +i a: (A1a)) 0 anK (Aa) +i(-1 ”04 (1a) 0
ia? (Ab) a’ (Ab) ia! (Ab) a' (Ab)
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A(Y,(Aa) +iJ; (Aa)) 0 AK) (Aa) +i(-D)"1] (Aa)) 0
0V 43’ (Ab) 23 (2b) i(-1)" A1’ (1a) 1 (Ab)
o | |10 Ga it e + 1 Ga 0 Aps v+ S e Gay iy va) + 527 Ga) 0
a a a
1500+ 8222 ) (2 )+ 21 1100+, ) a0+ 82 )
a,) (la) +ia’ (Aa) 0 alf(la) +i(-1)"a! (1a) 0
m v i (Ab) o’ (7b) i(-1)"¢ (1) o' (2b)
A B0 Gay + it )+ 422 0 20+ i) + 22 0
[/3 o)+ 42 2 ) (2 )+ 21 I[ﬂ o)+ 82 ooy pon+ 20 ac)




Table 4-2(b) Spurious eigenequations for the annular plate.

(S, ]

U, @ formulation

{ Y, (4a) +id,(1a)

K, (4a) +i(-1)"1 ,(1a) }

A(Ya(Aa) +id;(2))  A(K,(2a) +i(=1)"1,(Aa))

U, M formulation

al(Ja) +ial (1) oX(1a)+i(-1)"a! (1a)

{ Y, (1) +iJ, (1a)

K, (4a) +i(-)", (4a) }

_ Y,(4a) +iJ,(Za) K, (4a) +i(-D"1, (Za)
Uy V' formulation |1 py ey 821 B gy va + L g 10 G+ S22 s Ga iy ) + S )
0 m lati A(Y. (@) +id,(1a)) A(K;(ﬂa)+i(—1)”l,'1(/1a))
» 111 formulation o' (la)+iad(ia)  aX(ia)+i(-1)"a (1a)
_ A(Y:(28) +i3, (1)) A(K!(A8) +i(-D)"I" (1))
O,V dmuation | | vy, 021 B0 +itgva) - 2 ey s+ van iyt Gy + 2 e
_ ! (Ja) +ia? (4a) o (ja) +i(-1)"a! (1a)
M,V dhmulation |1 e gy, A D rgan+itg; va+ S ey 1 e+ e iyt va) - £ 4 a)
Table 4-2(c) Spurious eigenequations for the annular plate.
) B.C. of the
formulation EN _
simply-connected plate
| 3,0) 1,(2b) ~ ~
U, @ formulation L(J;(ﬂb)) l(lr"(/lb))} u=0, =0
. 3.(Ab) 1 (b) ~ ~
U, M formulation L!: () a (ﬂb)i| u=0, m=0
| 3 (2b) | (Ab)
Uy V' formuiation i)+ 80 o) )+ 2 a ) u=0, v=0
_ 20/(3b) A1’ (4b) j j
@, M formulation {a,f(ﬂb) a,!(ﬂb)} =0, m=0
23 (2b) A1 (Ab)
0,V dmulation 18’ (ab) + =) (1 V) by 8 (ab)+ 4= (1 v) (D)) 0=0 v=0
| & (2b) &' (Ab)
m, V. drmulation L3 () + L) (1 v) 2ub) 18 (ab)+ 4= (1 v) /' (2b) m=0, v=0
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Table 4-3(a) Trueeigenvalues (1) fortheC-Ccase (a=1, b=0.5).

A forvaluesof n of

0 1 2 3 4 5
0 9.447 9.499 9.660 9.945 10.370 10.940
1 15.694 15.739 15.873 16.098 16.415 16.827
Table 4-3(b) True eigenvalues (1) fortheS-Scase(a=1 b=05 v =1/3).
A forvaluesof n of
m 0 1 2 3 4 5
0 6.325 6.463 6.861 7.480 8.269 9.180
1 12.592 12.669 12.895 13.265 13.767 14.391
Table 4-3(c) Trueeigenvalues (A1) for theF-Fcase(a=1 b=05 v =1/3).
A forvaluesof n of
0 1 2 3 4 5
0 3.037 4,115 2.050 3.355 4557 5.704
1 9.603 9.800 5.541 6.854 8.139 9.429
Table 4-3(d) True eigenvalues (1) fortheC-Scase(a=1, b=05 v=1/3).
A forvaluesof n of
m 0 1 2 3 4 5
0 7.99 8.085 8.369 8.837 9.476 10.256
1 14.210 14.272 14.459 14.768 15.195 15.733
Table 4-3(e) Trueeigenvalues (1) for theC-Fcase(a=1, b=0.5 v=1/3).
A forvaluesof n of
0 1 2 3 4 5
0 4.194 4.666 5.637 6.744 7.923 9.147
1 9.675 9.850 10.339 11.054 11.915 12.87
Table 4-3(f) Trueeigenvalues (1) fortheS-Ccase(a=1 b=05 v =1/3).
A forvaluesof n of
m 0 1 2 3 4 5
0 7.739 7.814 8.044 8.436 8.992 9.698
1 14.075 14.127 14.286 14.552 14.924 15.401
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Table 4-3(g) Thetrue eigenvalues (1) fortheS-Fcase(a=1 b=05 v =1/3).

A forvaluesof n of

0 1 2 3 4 5
0 2.245 3.385 4.709 5.959 7.209 8.464
1 8.104 8.344 8.977 9.843 10.837 11.914
Table 4-3(h) True eigenvalues (1) fortheF-Ccase(a=1, b=05 v=1/3).
A forvaluesof n of
m 0 1 2 3 4 5
0 3.617 3.648 3.821 4.278 5.020 5.932
1 9.229 0.318 9.579 10.003 10.573 11.272
Table 4-3(i) Trueeigenvalues (1) fortheF-Scase(a=1, b=0.5, v=1/3).
A forvaluesof n of
0 1 2 3 4 5
2.016 2.183 2.793 3.708 4732 5.791
1 7.813 7.952 8.348 8.955 9.722 10.605
where n refers to the number of nodal diameters and m is the number of nodal circles, not
including the boundary circle.
Table 4-4(a) True eigenvalues (1) for the C-C case (a=1).
Radius b of theinner boundary
n 0.1 0.2 0.3 0.4 05
0 5.223 5.883 6.734 7.866 9.447
1 5.377 6.009 6.830 7.937 9.499
2 6.051 6.467 7.151 8.165 9.660
3 7.157 7.307 7.748 8.581 9.945
4 8.347 8.382 8.016 9.198 10.370
5 9.526 9.532 9.617 9.994 10.940
Table 4-4(b) True eigenvalues (1) for the S-Scase (a=1 v =1/3).
Radius b of theinner boundary
n 0.1 0.2 0.3 0.4 0.5
0 3.799 4.089 4.585 5.300 6.325
1 4.093 4.380 4.825 5.484 6.463
2 5.096 5.220 5.502 6.012 6.861
3 6.326 6.351 6.475 6.806 7.480
4 7.542 7.546 7.588 7.773 8.269
5 8.732 8.732 8.744 8.837 9.180
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Table 4-4(c) Trueeigenvalues (1) for the F-Fcase (a=1, v =1/3).

Radius b of theinner boundary

n 0.1 0.2 0.3 0.4 0.5
0 2.969 2.90 2.883 2.923 3.037
1 4.520 4.435 4.262 4.127 4.115
2 2.279 2.246 2.195 2.128 2.050
3 3.495 3.490 3.472 3.429 3.355
4 4.635 4.634 4.630 4.610 4.557
5 5.746 5.746 5.745 5.737 5704
Table 4-4(d) True eigenvalues (1) for theC-Scase(a=1 v=1/3).
Radius b of theinner boundary
n 0.1 0.2 0.3 0.4 0.5
0 4.751 5.159 5.801 6.703 7.991
1 5.021 5.400 5.984 6.836 8.085
2 5.949 6.130 6.532 7.236 8.369
3 7.146 7.189 7.388 7.884 8.837
4 8.347 8.3%4 8.429 8.731 9.476
5 9.526 9.527 9.550 9.713 10.256
Table 4-4(e) Trueeigenvalues (A ) for theC-Fcase (a=1, v =1/3).
Radius b of theinner boundary
n 0.1 0.2 0.3 0.4 0.5
0 3.183 3.216 3.366 3.673 4.194
1 4.602 4.526 4.403 4.402 4.666
2 5.878 5.811 5.706 5.598 5.637
3 7.141 7.109 7.008 6.011 6.744
4 8.346 8.339 8.284 8.123 7.923
5 9.526 9.524 9.503 9.389 9.147
Table 4-4(f) Trueeigenvalues (1) for theS-Ccase (a=1, v =1/3).
Radius b of theinner boundary
n 0.1 0.2 0.3 0.4 0.5
0 4.222 4771 5.481 6.423 7.739
1 4.408 4.931 5.609 6.523 7.814
2 5.173 5.489 6.025 6.834 8.044
3 6.332 6.432 6.746 7.371 8.436
4 7.542 7.562 7.702 8.119 8.992
5 8.732 8.735 8.785 9.029 9.698
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Table 4-4(g) Trueeigenvalues (1) fortheS-Fcase(a=1, v =1/3).

Radius b of theinner boundary

n 0.1 0.2 0.3 0.4 0.5

0 2.210 2174 2.158 2177 2.245
1 3.729 3.685 3.573 3.450 3.385
2 5.044 4.994 4,914 4.805 4.709
3 6.323 6.302 6.233 6.105 5.959
4 7.542 7.537 7.504 7.395 7.209
5 8.732 8.731 8.719 8.650 8.464

Table 4-4(h) True eigenvalues (1) for theF-C case(a=1 v =1/3).
Radius b of theinner boundary

n 0.1 0.2 0.3 0.4 0.5

0 2.064 2.282 2.588 3.011 3.617
1 1.864 2.194 2.560 3.020 3.648
2 2.348 2.518 2.404 2.404 3.821
3 3.497 3.520 3.611 3.836 4.278
4 4.635 4.637 4.660 4.754 5.020
5 5.746 5.746 5.751 5.787 5.932

Table 4-4(i) True eigenvalues (1) for the F-Scase (a=1, v =1/3).
Radius b of theinner boundary

n 0.1 0.2 0.3 0.4 0.5

0 1.854 1.819 1.839 1.904 2.016
1 1.551 1.685 1.820 1.979 2.183
2 2.305 2.352 2.439 2.579 2.404
3 3.495 3.499 3.518 3.576 3.708
4 4.635 4.635 4.639 4.660 4.732
5 5.746 5.746 5.746 5.753 5.791

where n refersto the number of nodal diameters.
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Table 5-1 The terms of [ ﬂ+i[8bnz] for the annular plate by using the complex-valued BEM in conjunction the Burton & Miller method

[0+ i[ 0t

P { J.(Ab) 1 (4b) } | a,fl(/lb) aé(lzb)
’ aaemy a0,00] " 1820w+ S 2000 1 en+ 12 5 0n)
o 3,0B) 1,(2b) ”(1”53 M(lu?)
u,m formulation L;(gb) a,ﬂ(/lb)} 18220+ =273 Gp) 1B () + =2 11 (ab)]
u,v formulation 167 (D) + D up) 18 G0+ =Ly o |7 | @ (ab) ol (ab) |
o " 237 (1b) /u,;(/zb)} Jé/lb)) |n(§/1b))
,m formulation () (D) ] [A 0D+ R 0] 15 ()=, (b))
| A3,,(2b) Al (4b) J.(Ab) 1, (Ab)
6. dfmulation 5w & £ 201 1400+ o o | L; () a;(zbJ
- o (Ab) a, (Ab) [ J.(4b) |, (Ab)
m,v  ofmulation )+ & 1 20m) 1340+ o £ 0m) | {A(J;(Ab» w;@b»}
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Chapter 1 Introduction
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the spurious eigenvalue
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Simply-connected

Chapter 2 Chapter 3
pl ate (real-part and imaginary-part BEMSs)
Multiply-connected
Chapter 4 Chapter 5

plate

(complex-valued BEM)

\

Chapter 6 Conclusions and further research

Figure 1-1 Theframe of the thesis
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|det[SM]|

|det{SMm]]

|det[SM]]
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1E-030
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1E-040
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T T
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T T T T
T: True eigenvalues <3.19> <4.61> <5.90> <7.14>

Clamped circular plate
u, q real-part formulation

\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\

0O 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8

frequency parameter |1

Figure 2-1.(a)

a=1lm n=0.33

<6.30>

T
<4.61>

T
<5.90>

-
T: True eigenvalues <3.19> <7.14>

Clamped circular plate
u, m real-part formulation
T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter |

Figure 2-1.(b)

a=lm n=0.33

T
<6.30>

<7.80:

T
<3.19>

T

<4.61> <5.90> <7.14>

T: True eigenvalues

Clamped circular plate

— u, v real-part formulation

T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T

15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1

Figure 2-1.(c)

0 05 1
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— ! I I
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Clamped circular plate
— g, m real-part formulation
1E-050 T I B O B A R A
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Figure 2-1.(d)
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1E-015 —|
1E-019 — |
_ 1
B 1
= ] a=1m n=0.33 ! |
= ! [
2. 1E-023 —| | ! 1ol
S — ! ! 1ol |
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Figure2-1 Thedeterminant of [SM ] versusfrequency parameter A
for the clamped circular plate using the six real-part formulations.
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Figure 2-3 Thedeterminant of [SM "] versusfrequency parameter A
for thefreecircular plate using the six real-part formulations.
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Figure 2-5 Thedeterminant of [SM ] versusfrequency parameter A
for the clamped circular plate using the six imaginary-part formulations.
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Figure 2-6 Thedeterminant of [SM °] versusfrequency parameter A
for the ssimply-supported circular plate using the six imaginary-part formulations.

146



|detsMm]|

|det[SM]|

|det[SM]]

1E+040

1E+030

1E+020

1E+010

1E-010

1E-020

1E-030

1E-040

1E-050

1E-060

1E-070

1E-080

1E+050

1E+040

1E+030

1E+020

1E+010

1

1E-010

1E-020

1E-030

1E-040

1E-050

1E-060

1E-070

1E-080 —

1E+060

1E+050

1E+040

1E+030

1E+020

1E+010

1

1E-010

1E-020

1E-030

1E-040

1E-050

1E-060

1E-070 =

Free circular plate

a=1lm n=0.33
|
| I
| I
I I |
| (-
[ I |
[N I |
[N I |
[N [
) [ [
! [ [
! [ [
! ) [N (-
| I II [N I |
| | ) [N [
| po! ! 1 STZO [
| ! | | | <6.20> [
| | | | ] [
T | 1T : e L71;3>
T < > .
<2.29> <3.01> : k4.64> 5.93
T T T T
T: True igenvalues <8.50> <4.53> <5.75> <7.27>
Free circular plate
= u, q imaginary-part formulation
CTTTTT T TITTTIITTTIITITITTTTT
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75
frequency parameter |
Figure 2-7.(a)
a=1lm n=0.33
I
| I
| I
I I |
I I |
[ [
[ [
[ [
[ [
! [ [
) [ [
| [ [
! ) [ [
! ) [ [
! | [ [
| po! ! T [
| | 1 II 1 I<6.20> | 1
| | | I| 1 I |
T | 1T : L L7.;3>
T | <5.93> B
< > k4.64>
<2.29> <3.01 T . T T
T: Trud eigenvalues <3.50> <453> <5.75> <7.27>
Free circular plate
u, m imaginary-part formulation
L L L L L I L B O
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1
Figure 2-7.(b)
a=1m n=0.33

A e e e e e e e —

|
|
|
|
|
|
|
|
|
|
|
|
|
I
<

T
T T T 7.73>
<2.29> <3.01> 4.64>
T T T T
: True digenvalues <3.50> <453> <5.75> <7.27>

u, v imaginary-part formulation
PTTTTT T T T rTrTTd
0 05 1
frequency parameter

Figure 2-7.(c)

15 2 25 3 35 4 45 5 55 6 65 7 75 8

|det[SM]]

|det[SMm]|

|det[sMm]|

1E+060

1E+050

1E+040

1E+030

1E+020

1E+010

1

1E-010

1E-020

1E-030

1E-040

1E-050

1E-060

1E-070

1E+070

1E+060

1E+050

1E+040

1E+030

1E+020

1E+010

1

1E-010

1E-020

1E-030

1E-040

1E-050

1E-060

1E-070

1E-080

1E+080
1E+070
1E+060
1E+050
1E+040
1E+030
1E+020
1E+010
1
1E-010
1E-020
1E-030
1E-040
1E-050
1E-060
1E-070
1E-080

a=lm n=0.33

|
|
|
|
|
|
|
|
|
|
|
|
|
I
<

A e e e e e e — —

8

Free circular plate

T T T 3
T 5.93> >
<2.29> <3.01> 4.64>
T T T T
T: True digenvalues <3.50> <«4.53> <5.75> <7.27>
Free circular plate
g, m imaginary-part formulation
\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75
frequency parameter 1
Figure 2-7.(d)
a=1m n=033
1
| I
[
1 [
1 [
[ [N
[ [N
[ [
[N [
l [N [
1 ) [N [
1 1! [ [N
o ! [ [
o ! [ [
| 1 | ] [ ] I
| b i T [
| | | X | | | <6.20> | 1
1 o ) 1 [
1 I| T T T
T T 1<5.93> <7.73>
<2.29> <3.01> ! k4.64>
T T T T
T: Trug eigenvalues <3.50> <453> <5.75> <7.27>

g, v imaginary-part formulation
R
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter |
Figure 2-7.(e)
a=1m n=0.33

T T T
<2.29> <3.01> . 4.6

T
T: Trug eigenvalues <3.50> <453>

Free circular plate
imaginary-part formulation

4>

<5.75>

m, v
NN

0 05 1
frequency parameter |

Figure 2-7.(f)

Figure 2-7 The determinant of [SM "] versusfrequency parameter A
for thefreecircular plate using the six imaginary-part formulations.
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using thereal-part formulations with the SVD technique of updating term.

149



|detCTC]|

|det[CTTC|

|det[CTC]|

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080 =

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080 —

1E+080

1E+060

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080

a=1lm n=0.33

T T

<3.19>

T

: True eigenvalues <4.61>

Clamped circular plate
SVD technique of updating term
u, g + m, vimaginary-part formulations

T

, <6.30>

<5.90>

0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter |
Figure 3-2.(a)
a=1m n=0.33
I
o
I o
1 1 1 |
1 1 1 |
: 1 1 1 |
b 1 1 |
1 1 1 |
! L
! b Lo
! b [
! L Lo
! ! ! : | o
1 | | | Lo
| | 1! Lo
! ! ! T
! ! T T 7.54:
2T23 1 ! <5.45><6.32> <754
<2282 T T T
: True eigenvalues <3.73> <5.06> <6.96>
Simply-supportedcircular plate
SVD technique of updating term
u, g + m, vimaginary-part formulations
\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\\‘\‘\‘\

0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1
Figure 3-2.(b)
a=1lm n=0.33
I
o
I
I | I
11 I
I
:I I ;o
| 11 | I
11 | I
I I
I [ | I
I I
I [ | I
I I
I [ | I
ol 1 1
! 11 !
ol 1 1
! [ !
ol 1 1
! [ !
| ol 1 1
P N R !
: \ | [N | 1<6.20> !
I I
1 | | :I [ |
1 IIT 1T 1T
T T 1<5.93> <7.73>
<2.29> <3.01> €4.64>
T T T T
T: True eigenvalues <3.50> <453> <5.75> <7.27>

Free circular plate
SVD technique of updating term
u, g + m, vimaginary-part formulations

0

L L L L O O O B A B
05 1
frequency parameter 1

Figure 3-2.(c)

15 2 25 3 35 4 45 5 55 6 65 7 75 8

|det/CTTC]|

|detCTC]|

|det[CTC]|

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080 —

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080 —

1E+080

1E+060

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080

a=1lm n=0.33

0 05 1
frequency parameter |

Figure 3-2.(f)

T T
. <6.30> <7.80:
T T T T
T: True eigenvalues <3.19> <4.61> <5.90> <7.14>
Clamped circular plate
SVD technique of updating term
= u, m + g, vimaginary-part formulations
\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\\‘\‘\‘\
0O 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter |
Figure 3-2.(d)
a=lm n=0.33
|
ol
I [
1 1 1 |
1 1 1 |
: | 1 1 |
1 | | |
b 1 1 |
| 1 1 1 |
| 1 | | |
| b 1 1 |
| 1 1 1 |
| | [ ! ! :
| | 1 | | \
| | | I I \
I I [ !
T ! ! T ! <7E4>
! :
<2235 1 <5.45><6.32>
T T T
T: True eigenvalues <3.73> <5.06> <6.96>
Simply-supportedcircular plate
SVD technique of updating term
= u, m + g, vimaginary-part formulations
\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\\‘\‘\‘\
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1
Figure 3-2.(e)
a=1lm n=0.33
I
o
C
1 I
M : I
b )
M I
I
I [
I bl
I o
I )l
! M |
I Ny | I
| [ 1
I N | |
| [ 1
I N | !
I | 11 I
1 1 1 |
! | 1 1
1 [ T 1
: : | I (16205 1
I I I
1 1 1 !
| I | :'T | | T T
T T ' <5, <7.73>
<2.29> <3.01> €4.64> <5.93>
T T T T
T: True eigenvalues <3.50> <453> <5.75> <7.27>
Free circular plate
SVD technique of updating term
u, m + g, vimaginary-part formulations
\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\\‘\‘\‘\

15 2 25 3 35 4 45 5 55 6 65 7 75 8

Figure 3-2 The determinant of the of the [C]'[C] versusfrequency parameter A for thecircular plates by
using theimaginary-part formulations with the SVD technique of updating term.

150



|det[SM]|

|det[SM]|

[det[SMm]|

1E-007
1E-008
1E-009
1E-010
1E-011
1E-012
1E-013
1E-014
1E-015
1E-016
1E-017
1E-018
1E-019
1E-020
1E-021
1E-022
1E-023
1E-024
1E-025

1E-026 —

1E-027
1E-028

1E-029 —{

1E-030

1E-012
1E-013
1E-014
1E-015
1E-016
1E-017
1E-018
1E-019
1E-020
1E-021
1E-022
1E-023
1E-024
1E-025
1E-026

1E-027 —

1E-028
1E-029
1E-030

1E-011
1E-012
1E-013
1E-014
1E-015
1E-016
1E-017
1E-018

1E-019 —

1E-020
1E-021
1E-022
1E-023
1E-024
1E-025

1E-026 —
1E-027 —

1E-028
1E-029
1E-030

N.G.

a=1lm n=0.33

T

1
1
[
1
1
1
1
1
[
1
1
1
1
| <6.30>

<7.80:

T
<4.61>

T
<3.19>
Clamped circular plate
Burton & Miller method
(u,q +i(m, v) real-part formulations
\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8

frequency parameter |

Figure 3-3.(a)

T: True eigenvalues <5.90>

OK

a=1lm n=0.33

T I

1
1
1
1
1
1
1
1
1
1
1
1
1 <6.30> !

T
<7.80:

T
<4.61>

T
<5.90>

T
<7.14>

T

T: True eigenvalues <3.19>

Clamped circular plate

Burton & Miller method
,m +i(q, v) real-part formulations
TTTT PTTTITTITITITTITI TT I rrrrrgT
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1

Figure 3-3.(b)

(u

N.G.

a=1m n=0.33

|
— ] T
630>
_] , ! \
T T T |
T: True eigenvalues <3.19> <4.61> <5.90> T '
K <7.14>
| Clamped circular plate T
Burton & Miller method <7.80

i (g, m) real-part formulations

[TTTTrrTTrrrrrrrTT

15 2 25 3 35 4 45 5 55
frequency parameter |

Figure 3-3.(c)

(u,v +
\‘\‘\

0 05 1

6 65 7 75 8

1E-011
1E-012
1E-013
1E-014
1E-015
1E-016
1E-017
1E-018
1E-019
1E-020
1E-021
1E-022
1E-023
1E-024
1E-025

|det[SM]|

1E-026
1E-027
1E-028
1E-029
1E-030

1E-012
1E-013
1E-014
1E-015
1E-016
1E-017
1E-018

1E-019 —

1E-020
1E-021

det[SM]|

1E-022
1E-023
1E-024
1E-025
1E-026

1E-027 —

1E-028
1E-029
1E-030

1E-007
1E-008
1E-009
1E-010
1E-011
1E-012
1E-013
1E-014
1E-015
1E-016
1E-017
1E-018
1E-019
1E-020
1E-021
1E-022
1E-023
1E-024
1E-025
1E-026
1E-027
1E-028

|det[SM]|

1E-029 —

1E-030

N.G.

a=1m n=0.33

I
| [
'<630>
| , -
] T T T I
T: True eigenvalues <3.19> <4.61> <5.90> T '
— K <7.14>
] Clamped circular plate T
B Burton & Miller method <7.80
(g, m) +i (u, v real-part formulations
T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T
0O 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8

frequency parameter 1

Figure 3-3.(d)

OK

a=1lm n=0.33

T 1
<6.30> !

T
<7.80:

T
<5.90>

T
<4.61>

T
<7.14>

T

T: True eigenvalues <3.19>

Clamped circular plate
Burton & Miller method
v) + i (u, m real-part formulations
\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\
15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter |1

Figure 3-3.(e)

o

0 05 1

N.G.

a=1lm n=0.33

T

|
|
|
|
|
|
|
|
' <6.30>

<7.80:

T
<3.19>

T

__| T: True eigenvalues <4.61> <5.90> <7.14>

Clamped circular plate
Burton & Miller method
(m,v) +i(u,q real-part formulations
\‘\‘\‘\\‘\\‘\‘\‘\‘\‘\‘\‘\‘\‘\
25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1

Figure 3-3.(f)

0 05 1 15 2

Figure 3-3 Thedeterminant of the [SM °] versusfrequency parameter A
for the clamped circular plate using the six real-part formulations with the Burton & Miller concept.

151



0.1

0.01

0.001

0.0001

1E-005

1E-006

1E-007

|det[SM]|

1E-008

1E-009

1E-010

1E-011

1E-012 —

1E-013

1E-014

1E-015

1E-005
1E-006
1E-007
1E-008
1E-009
1E-010
1E-011
1E-012
1E-013
1E-014
1E-015
1E-016
1E-017
1E-018
1E-019
1E-020

|det[SMm]]

1E-021 —|
1E-022 —
1E-023 —|
1E-024 —

1E-025

0.0001
1E-005
1E-006
1E-007
1E-008
1E-009
1E-010
1E-011
1E-012
1E-013
1E-014
1E-015
1E-016
1E-017
1E-018
1E-019
1E-020
1E-021

[det[SMm]|

1E-022 —

1E-023

1E-024 —

1E-025

N.G.

a=1lm n=0.33

T

T T
. <5.45><6.32>
<2.23>
T
<3.73> <5.06>

T: True eigenvalues

Simply-supportedcircular plate
Burton & Miller method

0 05

(u, q) |(m v real-part formulations

N

15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter 1

Figure 3-4.(Q)

1

OK

a=1lm n=0.33

T

T T
<5.45><6.32>
<2.23> 5.45

T
<3.73>

T

T: True eigenvalues <5.06>

Simply-supportedcircular plate
Burton & Miller method
(u m) + i (q v real-part formulations

0 05

T [ L L L L L AL AL A L I
1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
frequency parameter |

Figure 3-4.(b)

] N.G. |
— |
— a=1lm n=0.33 :
_ | I
— I I
! N |
— I
: Lo I I
] | I [ I |
— | I [ I I
] | ! [ ! : I
| 1 T
| T T 1
<223> ! | c5a5-<6.32> | <7-54>
] ’ T T T
—T: True eigenvalues <3.73> <5.06> <6.96>
| Simply-supportedcircular plate
Burton & Miller method
(u v) + | (q, m real-part formulations
T L L L L L L L R L B R
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8

frequency parameter 1

Figure 3-4.(c)

|det[SM]]

|det[SM]|

[det[SM]|

0.0001
1E-005
1E-006
1E-007
1E-008
1E-009
1E-010
1E-011
1E-012
1E-013
1E-014
1E-015
1E-016
1E-017
1E-018
1E-019
1E-020
1E-021

1E-022 —
1E-023 —
1E-024 —

1E-025

1E-005
1E-006
1E-007
1E-008
1E-009
1E-010
1E-011
1E-012
1E-013
1E-014
1E-015
1E-016
1E-017
1E-018
1E-019
1E-020

1E-021 —
1E-022 —
1E-023 —
1E-024 —

1E-025

0.1

0.01

0.001

0.0001

1E-005

1E-006

1E-007

1E-008

1E-009

1E-010

1E-011

1E-012

1E-013 —

1E-014

1E-015

- N.G.
— I
| |
a=lm n=0.33 |
_] | I
] I I
I
] ! 0o I
| l
| | [ ! !
| | [ | |
— | 1 [ | 1
| | [ [ [ : |
I
— I : ToT <7T54>
<2T23> <5.45><6.32> | <'-
] ’ T T T
— T: True eigenvalues <3.73> <5.06> <6.96>
Simply-supportedcircular plate
Burton & Miller method
(9, m + i (u, v) real-part formulations
PTTTITTT Ty e T o
0O 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8

frequency parameter 1

Figure 3-4.(d)

OK

I
I
I
a=lm n=033 |
! [
| [
| [
1 1o !
1 1o !
I ! 1o I
| ! [ |
| 1 | .
I
I b oo
2T23 . | <5.45><6.32>
<2.23>
T T
T: True eigenvalues <3.73> <5.06>

Simply-supportedcircular plate
Burton & Miller method

0

(q, v +i(u, m) real-part formulations
CTTTTT T T T T T I rT

0.5

T
1
frequency parameter |

Figure 3-4.(e)

15 2 25 3 35 4 45 5 55 6 65 7 75 8

| T: True eigenvalues

N.G.

a=1lm n=0.33

I
I
I
I
I
I
I
I
[
I

I
I
I
I
T I

<2.23> T

<5.06>

T
<3.73>

Simply-supportedcircular plate
Burton & Miller method
(m vV +i (u q) real-part formulanons

T
<5.45><6.32>

0

A L L L R B L
05 1 15 2 25 3 35 4 45 5 55
frequency parameter |

Figure 3-4.(f)

6

Figure 3-4 Thedeterminant of the [SM °] versusfrequency parameter A
for the simply-supported circular plate using the six real-part formulations with the Burton & Miller concept.
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Figure 3-5 The determinant of the [SM f] versusfrequency parameter A
for thefreecircular plate using the six real-part formulations with the Burton & Miller concept.
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Figure 3-6 Thedeterminant of the [SM °] versusfrequency parameter A
for the clamped circular plate using the six imaginary-part formulationswith the Burton & Miller concept.
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Figure 3-8 The determinant of the [SM f] versusfrequency parameter A
for thefreecircular plate using the six imaginary-part formulations with the Burton & Miller concept.
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Figure 3-9 Thedeterminant of the [SM °] versusfrequency parameter A
for the clamped circular plate using the six complex-valued BEM.
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Figure 3-10 The determinant of the [SM °] versusfrequency parameter A
for the simply-supported circular using the six complex-valued BEM.
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Figure 3-11 The determinant of the [SM '] versusfrequency parameter 1
for thefreecircular plate using the six complex-valued BEM.
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Figure 3-12 The minimum singularvalue o, of the [C] versus frequency parameter A for the clamped and
simply-supported circular plates by using thereal-part BEM in conjunction with CHEEF method.
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Figure 3-13 The former six modes of the exact solution for the clamped circular plate.
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Figure 3-14 The former six modes for the clamped circular plate by using thereal-part BEM.
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Figure 3-15 The former six modes for the clamped circular plate by using the complex-valued BEM.
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Figure 4-1 Therelationship among the multiply-connected problem, exterior problem and interior problem.
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Figure 4-2 The determinant of the of the [SM ©] versusfrequency parameter A1
for the C-C annular plate by using the complex-valued for mulations.
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Figure 4-3 The determinant of the of the [SM ®] versusfrequency parameter A1
for the C-Sannular plate by using the complex-valued for mulations.
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Figure 4-4 The determinant of the [SM Cf] versusfrequency parameter A
for the C-F annular plate by using the complex-valued formulations.
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Figure 4-5 The determinant of the [SM *] versusfrequency parameter A
for the S-C annular plate by using the complex-valued for mulations.
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169



|detsM]|

|det[sM]|

|det[sMm]|

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080

le-100 §
0

1E+060

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080

1le-100

1E+080

1E+060

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080

le-100

T

T T

T

<8.104>

T

1 148.977>

I

T

<8.344>

'l
T

T

T

T

<10.837>

T

<2.245><3.385> <4.709><5,959> <7.209><8.464> <9.843> <11.914:

T: True eigenvalues

S-F annular plate
u, g complex-vauled formulation

T T T T
<2.245><3.385> <4.709><5.959> <7.

T: True eigenvalues

S-F annular plate

209><8.464> <9.843> <11.914

1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter |
Figure 4-7.(a)
|
I
| 1
| 1
bl
| 1
|
T : [
\ oy | | 1
AT [
| Lo : [
| Pty [
| I B
! by o
1 n I
1 ! 1 |
| 1 | o, | I
| | ! | P [
| | : | | sorr> | [
I | I [
! 1 ! 1
1 | | | | <FJI_344> | | 1
I I I
I : ! : P Ty
' ! <8.104> ' <10.837>
T T T T

0

u, m complex-vauled formulation
‘ T
1

12

T: True eigenvalues

T T T T
<2.245><3.385> <4.709><5.959> <7.

S-F annular plate
u, v complex-vauled formulation

2 3 4 5 6 7 8 9 10 11
frequency parameter 1
Figure 4-7.(b)
1
1
[
[
: [
[
T [
oo [
T
| oy 1
| Cotey [N
1 | [T | | |
| | Gty [
| | oty [
| | | Gt [
1 | | | potnr [
| | \ | | 1 148.977> | | 1
! | | ,In [ !
| | : | | <3I.344> : | :
| I |
I ! : I ot oo
| <8.104> <10.837>
T T T T

209><8.464> <9.843> <11.914:

0 1 2

3 4 5

6

7

frequency parameter 1

Figure 4-7.(c)
Figure 4-7 The determinant of the [SMSf] versusfrequency parameter A

8

9

10

11

12

|det[SM]|

|det[sM]|

|det[sM]|

1E+080

1E+060

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080

le-100

1e+100

1E+080

1E+060

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080

1e-100

1e+120

1e+100

1E+080

1E+060

1E+040

1E+020

1

1E-020

1E-040

1E-060

1E-080

le-100

a=1m b=0.5m
n= 3

T
<2.245><3.

T: True eigenvalues

T

385> <4.709><5.959> <7.209><8.464> <9.843> <11.914

T

T

" <8.104>

T

S-F annular plate

1 148.977>

Im

T

<8.344>

'l
T

T

T

<10.837>

T

T

g, m complex-vauled formulation
T

0 1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter |
Figure 4-7.(d)

I

I

I I

I I

: [

I I

i : : [

| oy | | !

| (W11 | \ | I

| Cot [

| oty [

\ | oty [

| 1 | [T | | |

| | 1 | [T | | |

1 | \ | ot [

| | \ | | 1 148.977> | | |

I | | | | I | I |

| | \ 1 | <8I.3l4> | | :

: : ! : T ! bty
' ! <8.104> ' <10.837>
T T T

T: True eigenvalues

T T T T
<2.245><3.385> <4.709><5.959> <7.

209><8.464> <9.843> <11.914

S-F annular plate
g, v complex-vauled formulation
T

0

12

1 2 3 4 5 6 7 8 9 10 11
frequency parameter 1
Figure 4-7.(e)
1
1
! 1
! 1
B
! 1
i : .
potny ! [
Pty ! I |
| AT : I |
| oy 1 |
| (N1 1 |
1 [ 1
| (N1 1 |
! by o
| \ 1 | I | I
1 | | | T | | 1
| | : | | lHeerTs | 1 |
1 | 1 Il ! 1
1 | [
1 | | | | <8.344> | | 1
| | 1 L I
| | ! | P Ty
h 1 <8.104> <10.837>
T T T T T T T T
<2.2455<3.385> <4.709><5.950> <7.209><8.464> <9.843> <11.914|

T: True eigenvalues

S-F annular plate
omplex-vauled formulation

0

m,vc
I
1

2

3

4

frequency parameter 1

Figure 4-7.(f)

5

6

for the S-F annular plate by using the complex-valued formulations.

170

7

8

9

10

11

12



|det{SM]|

|det{SM]|

|det{sMm]]

1E+020

a=1m b=0.5m
n= 3

T

T

<3.648> <5.020>

—_——— e - ——

1
1
1
1
1
! |
1E-020 | X
! |
! |
I I |
1E-040 1 1 \
T 1 T
4278> : I< 0.003
1E-060 :' T : <:9.;—79>
1<3.821> . .
T T T T
<3.617> <5.932> <9.229> <10.573>
1E-080 : True eigenvalues
F-C annular plate
u, g complex-vauled formulation
1le-100 T T T T T T T T T T T
I I I I I I I \ \ \ \
0 1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter |
Figure 4-8.(a)
1E+060
- T T T
<3.648> <5.020> <9.3|18>
1 | |
1E+040 a=1m b=05m | 1 | !
n= 3 ! ' o
! 1
I 1!
1E+020 | oyl
I : 1! :
I ! ! |
. B !
1 [
: e
1 P! | 1
1E-020 1!
| 1 [
| 1 byl
T [ 1, T
1E-040 |<4.278> | 1<10.003p
1 1 1
II | 1T
T | 9.579> |
1E-060 1<3.821> . .
T T T T
<3.617> <5.932> <9.229> <10.573>
T: True eigenvalues
1E-080
F-C annular plate
u, m complex-vauled formulation
1e-100 T T T T T T T T T T T
LA L L L L L EL L L L L
0 1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter 1
Figure 4-8.(b)
T T T
<3.648> <5.020> <9.3|18>
1E+060 | 1 |
: |
1
1E+040 ! |
I 1! |
I : 1! |
I 1!
1E+020 | [
. [
: e
! 1 1 : 1
1 [
| 1 oyl
1E-020 | 1 1 o 1
T 1 1 1 T
<4.278> 1 1<}0.003p
1E-040 || 1 1 1
II - 1 1T |
9.579>
1<3.821> ! 1 !
1E-060 T T T T
<3.617> <5.932> <9.229> <10.573>
T: True eigenvalues
1E-080
F-C annular plate
u, v complex-vauled formulation

le-100
L L L L R

0 1 2 3 4 5 6 7 8
frequency parameter 1

Figure 4-8.(c)

9 10 11

12

|det[SM]|

|det[SM]]

|det[SMm]]

1E+060

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080

le-100

1e+100

1E+080

1E+060

1E+040

1E+020

1E-020

1E-040

1E-060

1E-080

1le-100

1le+120

1e+100

1E+080

1E+060

1E+040

1E+020

1

1E-020

1E-040

1E-060

1E-080

1le-100

T T T
<3.648> <5.020> <0.318>
! 1
1
\ 1
| 1
1
: 1 : 1
\ [
| gl
) [
1 [
1 [
1 [
1 [
1 [ [
1 1 ol
T 1 1T
<4.278> 1 |<£o.oo3|>
1 | 1 1
:I . | 1T
.579>
1<3.821> ! ® !
T T T T
<3.617> <5.932> <9.229> <10.573>
T: True eigenvalues
F-C annular plate
g, m complex-vauled formulation
\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\
o 1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter 1
Figure 4-8.(d)
T T T
<3.648> <5.020> <0.318>
! 1
1
| 1
| 1
1
: | : [
| oyl
| [
Pyl
1 [
1 [
1 [
1 [
1 | Fypnd
| 1 [
T 1 1T
<4.278> 1 1<]0.003¢
I 1 1 1
:I . | 1T
9.579>
1<3.821> I <| !
T T T T
<3.617> <5.932> <9.229> <10.573>
T: True eigenvalues
F-C annular plate
g, v complex-vauled formulation
\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\
o 1 2 3 4 5 6 7 8 9 10 11 12
frequency parameter 1
Figure 4-8.(e)
T T T
<3.648> <5.020> <9.318>
I ! Slrl
a=lm b=05m | | |
n= 3 | [
I 1ol
1
: BN
| [
| byl
[
1 [
1 byl
1 [
1 [
| | byl
| 1 ol
T 1 1T
<4.278> ! 1<o.00se
1 | 1 1
"o I 1T
9.579>
1<3.821> I <| !
T T T T
<3.617> <5.932> <9.229> <10.573>
T: True eigenvalues
F-C annular plate
m, v complex-vauled formulation
[rrrrrrrrrrrrrTr T Tl
o 1 2 3 4 5 6 7 8 9 10 11 12

frequency parameter 1

Figure 4-8.(f)

Figure 4-8 The determinant of the [SM fc] versusfrequency parameter A
for the F-C annular plate by using the complex-valued for mulations.
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Figure 4-9 The determinant of the [SM fS] versusfrequency parameter A
for the F-Sannular plate by using the complex-valued formulations.
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Figure4-11 Thedeterminant of [SM] versusfrequency parameter A using the same formulation
to solve plates subject to different boundary conditions.
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Figure 4-12 The determinant of [SM] versusfrequency parameter A using the complex-valued formulation
to solve plates subject to different boundary conditions for the simply-connected plate with aradius b.
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Figure 5-1 The determinant of the of the [C]'[C] versusfrequency paramete for the C-C annular plate
by using the complex-valued formulations with the SVD technique of updating term.
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Figure 5-5 The determinant of the [SM °] versusfrequency parameter A
for the S-Sannular plate using the six complex-valued formulations with the Burton & Miller concept.
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Figure 5-7 The minimum singularvalue o, of the [C] versusfrequency parameter A for the F-F annular

plate by using the complex-valued BEM in conjunction with the CHIEF method.

182



E-malil

(A)

( Sheng-Yih Lin)

68 07 22 n

10 24 ) -
(02) 24572860 v
0916147912 M
et282230@iris.seed.net.tw

( 2001.9~2003.6 )
( 1997.9~2001.6)
(1994.9~1997.6)

J. T.Chen, C.F. Leeand S. Y. Lin, A new point of view for the polar
decomposition using singular value decomposition, International
Journal of Computational and Numerical Analysis and Applications,
Vol.2, No. 3, pp. 257-264, 2002.

K. H. Chen, J. T. Chen, S. Y. Lin and Y. T. Lee, Dua boundary
element analysis of normal incident wave passing a thin submerged
breakwater with rigid, absorbing and permeable boundaries, Journal
of Waterway, Port, Coastal and Ocean Engineering, ASCE, Revised,
2003.

J. T. Chen, S. Y. Lin, K. H. Chen and I|. L. Chen, Mathematical
analysis and numerical study of true and spurious eigensolutions for
free vibration of plate using real-part BEM, Submitted, 2003.

J. T. Chen, S Y. Lin, I. L. Chen and Y. T. Lee, Mathematical
anaysis and numerical study for free vibration of simply-connected
circular plate using the imaginary-part BEM, Submitted, 2003.

J. T. Chen, S Y. Lin, I. L. Chen and Y. T. Lee, Mathematical
anaysis and numerical study for free vibration of annular plate



(B)

(©)

using BEM, Submitted, 2003.

: : , 2002.
S. Y. Lin, Y. T. Lee, K. H. Chen and J. T. Chen, Mathematical
analysis of the true and spurious eigensolutions for free vibration of
plate using rea-part BEM, :
pp.545-553, , 2003.

. S Y.Lin, Y. T. Lee, W. Shen, J. T. Chen, Mathematical analysis and

numerical study of the true and spurious eigenequations for free
vibration of plate using an imaginary-part BEM,
: , 2003.

S. Y. Lin, I. L. Chen, J. T. Chen, Mathematical analysis and
numerical study of the true and spurious eigenequations for free
vibration of annular plate using the BEM,

: , 2003.
C.S. Wu, S Y. Lin, S.R. Linand J. T. Chen, On the equivalence of
method of fundamental solutions and Trefftz method for Laplace
eguation, , pp. 538-544, , 2003.
J. T. Chen, S. Y. Lin, K. H. Chen and I. L. Chen, Spurious and true
eigenequations for free vibration of plate using real-part BEM,
International Conference on Computational & Experimental
Engineering and Sciences, Greece, 2003.

89-2815-C-019-062R-E, , 2001.
, , NSC
91-2815-C-019-011-E, , 2003.





