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Notations

a radius of the circular plate or radius of the outer circle for annular plate

an Fourier coefficient of boundary density

ai,n Fourier coefficient of boundary density

B boundary

B1 outer boundary of an annular domain

B2 inner boundary of an annular domain

bn Fourier coefficient of boundary density

bi,n Fourier coefficient of boundary density

[C] updating matrix

[C∗] updating matrix

D flexural rigidity

E Young’s modulus

h plate thickness

In(·) then-th order modified Bessel function of the first kind

I ′n(·) derivative ofIn(·)

Jn(·) then-th order Bessel function of the first kind

J ′n(·) derivative ofJn(·)

Kn(·) then-th order modified Bessel function of the second kind

K ′
n(·) derivative ofKn(·)

m normal moment

M(s, x) kernel function

Mθ(s, x) kernel function

Mm(s, x) kernel function

Mv(s, x) kernel function

[M ] influence matrix of the kernel functionM(s, x)

[Mθ] influence matrix of the kernel functionMθ(s, x)

[Mm] influence matrix of the kernel functionMm(s, x)
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[Mv] influence matrix of the kernel functionMv(s, x)

n normal vector

ns normal vector at the source points

nx normal vector at the source pointx

pn Fourier coefficient of boundary density

pi,n Fourier coefficient of boundary density

P.V. principal value

qn Fourier coefficient of boundary density

qi,n Fourier coefficient of boundary density

r distance between the source points and the field pointx, r ≡ |s− x|

s position vector of the source point

sB1 source points locates atB1

sB2 source points locates atB2

[SM ] influence matrix

[SM c] influence matrix for the clamped circular plate

[SM s] influence matrix for the simply-supported circular plate

[SM f ] influence matrix for the free circular plate

[SM cc] influence matrix for the C-C annular plate

[SM ss] influence matrix for the S-S annular plate

[SM ff ] influence matrix for the F-F annular plate

[SM c
1 ] influence matrix for the clamped circular plate

[SM c
2 ] influence matrix for the clamped circular plate

[SM cc
1 ] influence matrix for the C-C annular plate

[SM cc
2 ] influence matrix for the C-C annular plate

t tangential vector

ts tangential vector at the field points

tx tangential vector at the field pointx

u displacement

U(s, x) kernel function
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Uθ(s, x) kernel function

Um(s, x) kernel function

Uv(s, x) kernel function

[U ] influence matrix of the kernel functionU(s, x)

[Uθ] influence matrix of the kernel functionUθ(s, x)

[Um] influence matrix of the kernel functionUm(s, x)

[Uv] influence matrix of the kernel functionUv(s, x)

v effective shear force

V (s, x) kernel function

Vθ(s, x) kernel function

Vm(s, x) kernel function

Vv(s, x) kernel function

[V ] influence matrix of the kernel functionV (s, x)

[Vθ] influence matrix of the kernel functionVθ(s, x)

[Vm] influence matrix of the kernel functionVm(s, x)

[Vv] influence matrix of the kernel functionVv(s, x)

x position vector of the field point

xB1 field pointx locates atB1

xB2 field pointx locates atB2

Yn(·) then-th order Bessel function of second kind

Y ′
n(·) derivative ofYn(·)

α coefficient

αI
n(·) function ofIn(·)

αJ
n(·) function ofJn(·)

αK
n (·) function ofKn(·)

αY
n (·) function ofYn(·)

βI
n(·) function ofIn(·)

βJ
n (·) function ofJn(·)

βK
n (·) function ofKn(·)
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βY
n (·) function ofYn(·)

γI
n(·) function ofIn(·)

γJ
n (·) function ofJn(·)

γK
n (·) function ofKn(·)

γY
n (·) function ofYn(·)

µ[U ]
` eigenvalue of the matrix[U ]

µ[Θ]
` eigenvalue of the matrix[Θ]

µ[M ]
` eigenvalue of the matrix[M ]

µ[V ]
` eigenvalue of the matrix[V ]

κ[U ]
` eigenvalue of the matrix[Uθ]

κ[Θ]
` eigenvalue of the matrix[Θθ]

κ[M ]
` eigenvalue of the matrix[Mθ]

κ[V ]
` eigenvalue of the matrix[Vθ]

ζ [U ]
` eigenvalue of the matrix[Um]

ζ [Θ]
` eigenvalue of the matrix[Θm]

ζ [M ]
` eigenvalue of the matrix[Mm]

ζ [V ]
` eigenvalue of the matrix[Vm]

δ[U ]
` eigenvalue of the matrix[Uv]

δ[Θ]
` eigenvalue of the matrix[Θv]

δ[M ]
` eigenvalue of the matrix[Mv]

δ[V ]
` eigenvalue of the matrix[Vv]

δ(x− s) Dirac-Delta function

θ slope

Θ(s, x) kernel function

Θ(s, x) kernel function

Θθ(s, x) kernel function

Θm(s, x) kernel function

Θv(s, x) kernel function

[Θ] influence matrix of the kernel functionΘ(s, x)
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[Θθ] influence matrix of the kernel functionΘθ(s, x)

[Θm] influence matrix of the kernel functionΘm(s, x)

[Θv] influence matrix of the kernel functionΘv(s, x)

Kθ(·) slope operator

Km(·) moment operator

Kv(·) effective shear force operator

(ρ, φ) polor coordinate ofs

(ρ, φ) polor coordinate ofx

(ρi, φi) polor coordinate of the collocation point (i = 1, 2, 3)

∇4 biharmonic operator

Σ diagonal matrix of SVD

Φ left unitary matrix of SVD

λ frequency parameter

ω circular frequency

Ω domain

Ωe complementary domain

ρ0 surface density of plate

ν Poisson ratio
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Abstract

In this thesis, the spurious eigenequations for the simply and multiply-connected plate eigen-

problems are studied in the continuous and discrete systems. Since any two boundary integral

equations in the plate formulation (4 equations) can be chosen,6 (C4
2) options can be con-

sidered instead of only two approaches (single-layer and double-layer methods, singular and

hypersingular equations) are adopted for the eigenproblems of the membrane and acoustic

problems. The occurring mechanism of the spurious eigenequation for the simply-connected

and multiply-connected plate eigenproblems in the real-part, imaginary-part and complex-

valued formulations were studied analytically. For the continuous system, degenerate kernels

for the fundamental solution and the Fourier series expansion for the boundary density are

employed to derive the true and spurious eigenequations analytically for a circular plate. For

the discrete system, the degenerate kernels for the fundamental solution and circulants result-

ing from the circular boundary are employed to determine the spurious eigenequation. True

eigenequation depends on the cases while spurious eigenequation is embedded in each for-

mulation for simply-connected and multiply-connected plates. The spurious eigenvalues for

the multiply-connected plate eigenproblem is the true eigenvalue of the associated simply-

connected problem with the radiusb which is the inner boundary of the multiply-connected

domain. Also, we provide three methods (SVD updating technique, Burton & Miller method

and CHEEF (CHIEF) method) to suppress the occurrence of the spurious eigenvalues for the

free vibration of simply and multiply-connected plate eigenproblems. Several examples were

demonstrated to check the validity of the formulation.

Keywords: boundary element method, free vibration of plate, Fourier series, degenerate

kernel, circulants, spurious eigenvalues, SVD technique of updating term, Burton & Miller

method, CHEEF method, CHIEF method.
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Chapter 1 Introduction

1.1 Motivation of the research

For the simply-connected problems of interior acoustics or membrane, either the real-part or

imaginary-part BEM instead of the complex-valued BEM results in spurious eigenequations.

Tai and Shaw [72] first employed BEM to solve membrane vibration using a complex-valued

kernel. De Mey [36, 37], Hutchinson and Wong [45] employed only the real-part kernel

to solve the membrane and plate vibrations, respectively, free of the complex-valued com-

putation in sacrifice of occurrence of spurious eigenequations. Kamiyaet al. [52, 53] and

Yeih et al. [78] independently linked the relation of multiply reciprocity method (MRM) and

real-part BEM. Wong and Hutchinson [47] have presented a direct BEM for plate vibration

involving displacement, slope, moment and shear force. They were able to obtain eigenval-

ues for the clamped plates by employing only the real-part BEM with obvious computational

gains. However, this saving leads to the spurious eigenvalues in addition to the true ones for

free vibration analysis. One has to investigate the mode shapes in order to identify and reject

the spurious ones. Shaw [69] commented that only the real-part approach was incorrect since

the eigenequation must satisfy the real-part and imaginary-part equations at the same time.

Hutchinson [46] replied that the claim of incorrectness was perhaps a little strong since the

real-part BEM does not miss any true eigenvalue although the solution is contaminated by

spurious ones according to his numerical experience. However, no proof was provided. Pre-

cently, Kuoet al. and Chenet al. have proved the fact through a circular case for the real-part

and imaginary-part BEMs, respectively. If we usually need to look for the eigenmode as well

as eigenvalue, the sorting for the spurious eigenequations pay a small price by identifying the

mode shapes. Chenet al. [18] commented that the spurious modes can be reasonable which

may mislead the judgement of the true and spurious ones, since the true and spurious modes

may have the same nodal line in case of different eigenvalues. This is the reason why Chen

and his coworkers have developed many systematic techniques,e.g.,dual formulation [18],

domain partition [9], SVD updating technique [17], CHEEF method [10], for sorting out the

true and the spurious eigenvalues. Niwaet al. [62] also stated that “One must take care to use

the complete Green’s function for outgoing waves, as attempts to use just the real (singular)
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or imaginary (regular) part separately will not provide the complete spectrum”. As quoted

from the reply of Hutchinson [46], this comment is not correct since the real-part BEM does

not lose any true eigenvalue. The reason is that the real-part and imaginary-part kernels sat-

isfy the Hilbert transform pair. They are not fully independent. To use both parts, real and

imaginary kernels may be not economical. Complete eigenspectrum is imbedded in either

real or imaginary-part kernel. The Hilbert transform is the constraint in the frequency do-

main corresponding to the casual effect in the time-domain fundamental solution. The phys-

ical meaning of the real-part kernel is the standing wave [39]. Tai and Shaw [72] claimed

that spurious eigenvalues are not present if the complex-valued kernel is employed for the

eigenproblem. However, it is true only for the case of problem with a simply-connected do-

main. For multiply-connected problems, spurious eigenequation still occurs even though the

complex-valued BEM is utilized. This finding and the spurious eigenvalues have been veri-

fied in the membrane and acoustic problems [21, 31]. The spurious eigenvalues occurs in two

aspects as shown in Figure 1-1: one is for the simply-connected eigenproblem by using the

real-part or imaginary-part BEM; the other is for the multiply-connected eigenproblem even

though the complex-valued BEM is utilized.

In this thesis, the spurious eigenequation for the simply and multiply-connected plate eigen-

problems will be studied. Since any two boundary integral equations in the plate formulation

(4 equations) can be chosen,6 (C4
2) options can be considered instead of only two approaches

(single and double layer method, or singular and hypersingular equations) are adopted for the

eigenproblems of the membrane and acoustic problems. The occurring mechanism of the

spurious eigenequation for the simply and multiply-connected plate eigenproblems in each

formulation will be studied analytically in the continuous and discrete systems. Also, we

will provide three methods (SVD updating technique, the Burton & Miller method and the

CHEEF (Combined Helmholtz Exterior integral Equation Formulation) or CHIEF (Com-

bined Helmholtz Interior integral Equation Formulation) method to suppress the occurrence

of the spurious eigenvalues for the free vibration of simply and multiply-connected plate

problems.
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1.2 Organization of the thesis

The frame of this thesis is shown in Figure 1-1. Two kinds of the eigenvalue problems, simply

and multiply-connected cases are both considered. The occurring mechanism and its treat-

ment for the spurious eigenvalues are covered.

In the Chapter 2, the eigenproblem for the simply-connected plate is solved by using the

boundary element method. The true and spurious eigenequations for the simply-connected

plate eigenproblem is derived by using the real and imaginary-part BEMs. Since any two

boundary integral equations in the plate formulation (4 equations) can be chosen,6 (C4
2)

options can be considered. The occurring mechanism of the spurious eigenequation for the

plate eigenproblem in each formulation is studied analytically in the continuous and discrete

systems. Three types of plates subject to clamped, simply-supported and free boundary con-

ditions are illustrated to check the validity of the present formulations. Four alternatives

(SVD updating technique, the Burton & Miller method, the complex-valued BEM and the

CHEEF method) are adopted to suppress the occurrence of the spurious eigenvalues for the

simply-connected problem in the Chapter 3. A clamped circular plate case is demonstrated

analytically in the continuous and discrete systems. In the Chapter 4, the eigenproblem for the

multiply-connected plate is solved by using the complex-valued BEM. Since any two bound-

ary integral equations in the plate formulation (4 equations) can be chosen,6 (C4
2) options

can be considered. The occurring mechanism of the spurious eigenequation for the multiply-

connected plate eigenproblem in each formulation is studied analytically in the continuous

and discrete systems. Three types of plates subject to C-C, S-S and F-F (C, S and F mean

clamped, simply-supported and free boundary conditions, the first and second indices denote

the outer and inner boundaries, respectively) are demonstrated analytically in the continuous

and discrete systems. Nine numerical examples of plates subject to C-C, C-S, C-F, S-C, S-S,

S-F, F-C, F-S and F-F are illustrated to check the validity of the present formulations. In the

Chapter 5, three alternatives (SVD updating technique, the Burton & Miller method and the

CHIEF method) are adopted to suppress the occurrence of the spurious eigenvalues for the

multiply-connected problem when the complex-valued BEM is used. One clamped-clamped
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annular plate is demonstrated analytically in the discrete systems. Finally, we draw out some

important conclusions items by item and reveal some further topics in the Chapter 6.
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Chapter 2 Boundary element method for the free vibration

of simply-connected plate

Summary

In this chapter, the eigenproblem for the simply-connected plate is solved by using the bound-

ary element method. The true and spurious eigenequations for the plate eigenproblem are de-

rived by using the real and imaginary-part BEMs. Since any two boundary integral equations

in the plate formulation (4 equations) can be chosen,6 (C4
2) options can be considered. The

occurring mechanism of the spurious eigenequation in the plate eigenproblem in each for-

mulation is studied analytically in the continuous and discrete systems. For the continuous

system, degenerate kernels for the fundamental solution and the Fourier series expansion for

the boundary densities are employed to derive the true and spurious eigenequations analyti-

cally for a circular plate. For the discrete system, the degenerate kernels for the fundamental

solution and circulants resulting from the circular boundary are employed to determine the

spurious eigenequation. Three types of plates subject to clamped, simply-supported and free

boundary conditions are illustrated to check the validity of the present formulations.

2-1 Boundary integral equations for plate eigenproblems

The governing equation for free flexural vibration of a uniform thin plate is written as follows:

∇4u(x) = λ4u(x), x ∈ Ω, (2-1)

whereu is the lateral displacement,λ4 = ω2ρ0h
D , λ is the frequency parameter,ω is the circular

frequency,ρ0 is the surface density,D is the flexural rigidity expressed asD = Eh3

12(1−ν2) in

terms of Young’s modulusE, the Poisson ratioν and the plate thicknessh, andΩ is the

domain of the thin plate. The integral equations for the domain point can be derived from the
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Rayleigh-Green identity [54] as follows:

u(x) =−
∫

B
U(s, x)v(s) dB(s) +

∫

B
Θ(s, x)m(s) dB(s)

−
∫

B
M(s, x)θ(s) dB(s) +

∫

B
V (s, x)u(s) dB(s), x ∈ Ω,

(2-2)

θ(x) =−
∫

B
Uθ(s, x)v(s) dB(s) +

∫

B
Θθ(s, x)m(s) dB(s)

−
∫

B
Mθ(s, x)θ(s) dB(s) +

∫

B
Vθ(s, x)u(s) dB(s), x ∈ Ω,

(2-3)

m(x) =−
∫

B
Um(s, x)v(s) dB(s) +

∫

B
Θm(s, x)m(s) dB(s)

−
∫

B
Mm(s, x)θ(s) dB(s) +

∫

B
Vm(s, x)u(s) dB(s), x ∈ Ω,

(2-4)

v(x) =−
∫

B
Uv(s, x)v(s) dB(s) +

∫

B
Θv(s, x)m(s) dB(s)

−
∫

B
Mv(s, x)θ(s) dB(s) +

∫

B
Vv(s, x)u(s) dB(s), x ∈ Ω,

(2-5)

whereB is the boundary,u, θ, m and v mean the displacement, slope, normal moment,

effective shear force,s andx are the source and field points, respectively,U , Θ, M andV

kernel functions will be elaborated on later. By moving the field point to the boundary, the

Eqs.(2-2)-(2-5) reduce to

α u(x) =− P.V.
∫

B
U(s, x)v(s) dB(s) + P.V.

∫

B
Θ(s, x)m(s) dB(s)

− P.V.
∫

B
M(s, x)θ(s) dB(s) + P.V.

∫

B
V (s, x)u(s) dB(s), x ∈ B,

(2-6)

α θ(x) =− P.V.
∫

B
Uθ(s, x)v(s) dB(s) + P.V.

∫

B
Θθ(s, x)m(s) dB(s),

− P.V.
∫

B
Mθ(s, x)θ(s) dB(s) + P.V.

∫

B
Vθ(s, x)u(s) dB(s), x ∈ B,

(2-7)

α m(x) =− P.V.
∫

B
Um(s, x)v(s) dB(s) + P.V.

∫

B
Θm(s, x)m(s) dB(s)

− P.V.
∫

B
Mm(s, x)θ(s) dB(s) + P.V.

∫

B
Vm(s, x)u(s) dB(s), x ∈ B,

(2-8)

α v(x) =− P.V.
∫

B
Uv(s, x)v(s) dB(s) + P.V.

∫

B
Θv(s, x)m(s) dB(s)

− P.V.
∫

B
Mv(s, x)θ(s) dB(s) + P.V.

∫

B
Vv(s, x)u(s) dB(s), x ∈ B,

(2-9)

whereP.V. denotes the principal value, andα = 1
2 for a smooth boundary point. The kernel
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functionU(s, x) is the fundamental solutionUc(s, x) which satisfies

∇4Uc(s, x)− λ4Uc(s, x) = −δ(x− s). (2-10)

whereδ(x − s) is the Dirac-Delta function. Considering the two singular solutions (Y0(λr)

andK0(λr), which are the zeroth-order of second kind Bessel and modified Bessel functions,

respectively) [47] and two regular solutions (J0(λr) andI0(λr), which are the zeroth-order

of first kind Bessel and modified Bessel functions, respectively) in the fundamental solution,

we have

Uc(s, x) =
1

8λ2 [(Y0(λr) + iJ0(λr)) +
2
π

(K0(λr) + iI0(λr))] (2-11)

wherer ≡ |s − x| andi2 = −1. The other three kernels,Θ(s, x), M(s, x) andV (s, x), are

defined as follows:

Θ(s, x) = Kθ(U(s, x)), (2-12)

M(s, x) = Km(U(s, x)), (2-13)

V (s, x) = Kv(U(s, x)), (2-14)

whereKθ(·),Km(·) andKv(·) mean the operators defined by

Kθ(·) ≡
∂(·)
∂n

, (2-15)

Km(·) ≡ ν∇2(·) + (1− ν)
∂2(·)
∂n2 , (2-16)

Kv(·) ≡
∂∇2(·)

∂n
+ (1− ν)

∂
∂t

[(
∂2(·)
∂n∂t

)], (2-17)

wheren andt are the normal vector and tangential vector, respectively. The operatorsKθ,

Km andKv can be applied toU , Θ, M andV kernels. The kernel functions can be expressed

as:

Θ(s, x) = Kθ(U(s, x)) =
∂U(s, x)

∂ns
, (2-18)

M(s, x) = Km(U(s, x)) = ν∇2
sU(s, x) + (1− ν)

∂2U(s, x)
∂n2

s
, (2-19)

V (s, x) = Kv(U(s, x)) =
∂∇2

sU(s, x)
∂ns

+ (1− ν)
∂

∂ts
[(

∂2U(s, x)
∂ns∂ts

)]. (2-20)
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The displacement, slope, normal moment and effective shear force are derived by

θ(x) = Kθ(u(x)), (2-21)

m(x) = Km(u(x)), (2-22)

v(x) = Kv(u(x)). (2-23)

Once the field pointx locates outside the domain, the null-field BIEs of the direct method in

the Eqs.(2-6)-(2-9) yield

0 =−
∫

B
U(s, x)v(s) dB(s) +

∫

B
Θ(s, x)m(s) dB(s)

−
∫

B
M(s, x)θ(s) dB(s) +

∫

B
V (s, x)u(s) dB(s), x ∈ Ωe,

(2-24)

0 =−
∫

B
Uθ(s, x)v(s) dB(s) +

∫

B
Θθ(s, x)m(s) dB(s)

−
∫

B
Mθ(s, x)θ(s) dB(s) +

∫

B
Vθ(s, x)u(s) dB(s), x ∈ Ωe,

(2-25)

0 =−
∫

B
Um(s, x)v(s) dB(s) +

∫

B
Θm(s, x)m(s) dB(s)

−
∫

B
Mm(s, x)θ(s) dB(s) +

∫

B
Vm(s, x)u(s) dB(s), x ∈ Ωe,

(2-26)

0 =−
∫

B
Uv(s, x)v(s) dB(s) +

∫

B
Θv(s, x)m(s) dB(s)

−
∫

B
Mv(s, x)θ(s) dB(s) +

∫

B
Vv(s, x)u(s) dB(s), x ∈ Ωe,

(2-27)

whereΩe is the complementary domain. Note that the null-field BIEs are not singular, since

x ands never coincide. When the boundary is discretized into2N constant elements, the

linear algebraic equations of the Eqs.(2-24)-(2-27) by moving the field pointx close to the

boundaryB can be obtained as follows:

0 = [U ]{v}+ [Θ]{m}+ [M ]{θ}+ [V ]{u}, (2-28)

0 = [Uθ]{v}+ [Θθ]{m}+ [Mθ]{θ}+ [Vθ]{u}, (2-29)

0 = [Um]{v}+ [Θm]{m}+ [Mm]{θ}+ [Vm]{u}, (2-30)

0 = [Uv]{v}+ [Θv]{m}+ [Mv]{θ}+ [Vv]{u}, (2-31)

where[U ], [Θ], [M ], [V ], [Uθ], [Θθ], [Mθ], [Vθ], [Um], [Θm], [Mm], [Vm], [Uv], [Θv], [Mv] and

[Vv] are the sixteen influence matrices with a dimension of2N by 2N , {u}, {θ}, {m} and
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{v} are the vectors of boundary data with a dimension of2N by one. The real or imaginary-

part BEM for solving the eigenfrequencies of plates is proposed for saving half effort in

computation instead of using the complex-valued BEM. Imaginary-part BEM can also avoid

the singular integrals. By employing the real or imaginary-part fundamental solution, the

spurious eigenequations in conjunction with the true eigenequation are obtained for the free

vibration of plate. To verify this finding, the real-part and imaginary-part BEMs for solving

the eigenproblem of simply-connected plate are demonstrated analytically for the continuous

and discrete systems in the following subsections.

2-2 Mathematical analysis using the real-part BEM

For the real-part BEM, the kernel functionU(s, x) is the real-part of the fundamental solution

U(s, x) = Re[Uc(s, x)] =
1

8λ2 [Y0(λr) +
2
π

K0(λr)]. (2-32)

In order to obtain the true and spurious eigenequations for plate vibration in the real-part

BEM, the degenerate kernel is adopted to analytically derive the true and spurious eigenequa-

tions in the continuous and discrete systems of a circular plate. For the continuous system, the

spurious eigenequation is derived by using the degenerate kernel and Fourier series. For the

discrete system, mathematical analysis for the spurious eigenequation is done by using the

degenerate kernel and circulants. Three cases (clamped, simply-supported and free plates)

are demonstrated analytically in the continuous and the discrete systems, respectively, in the

following subsections.

2-2-1 Continuous system

Case 1. Clamped circular plate

For the clamped circular plate (u = 0 andθ = 0) with a radiusa, we can obtain the eigenequa-

tion in the continuous formulation. The moment and shear force,m(s) andv(s) along the
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circular boundary, can be expanded into Fourier series by

m(s) =
∞

∑

n=0

(pc
ncos(nφ) + qc

nsin(nφ)), s ∈ B, (2-33)

v(s) =
∞

∑

n=0

(ac
ncos(nφ) + bc

nsin(nφ)), s ∈ B, (2-34)

where the superscript “c ” denotes the clamped case,φ is the angle on the circular boundary,

ac
n, bc

n, pc
n andqc

n are the undetermined Fourier coefficients. Substituting the Eqs.(2-33) and

(2-34) into the Eqs.(2-24) and (2-25), we have

0 =−
∫ 2π

0
U(s, x)[

∞
∑

n=0

(ac
ncos(nφ) + bc

nsin(nφ))] dB

+
∫ 2π

0
Θ(s, x)[

∞
∑

n=0

(pc
ncos(nφ) + qc

nsin(nφ))] dB, x ∈ B,

(2-35)

0 =−
∫ 2π

0
Uθ(s, x)[

∞
∑

n=0

(ac
ncos(nφ) + bc

nsin(nφ))] dB

+
∫ 2π

0
Θθ(s, x)[

∞
∑

n=0

(pc
ncos(nφ) + qc

nsin(nφ))] dB, x ∈ B.

(2-36)

The kernel functions,U(s, x), Θ(s, x), Uθ(s, x) andΘθ(s, x), can be expanded by using the

expansion formulae,

Y0(λr) =























Y i
0 (λr) =

∞
∑

m=−∞
Ym(λρ)Jm(λρ) cos(m(φ− φ)), ρ > ρ,

Y e
0 (λr) =

∞
∑

m=−∞
Ym(λρ)Jm(λρ) cos(m(φ− φ)), ρ > ρ,

(2-37)

K0(λr) =























Ki
0(λr) =

∞
∑

m=−∞
Km(λρ)Im(λρ) cos(m(φ− φ)), ρ > ρ,

Ke
0(λr) =

∞
∑

m=−∞
Km(λρ)Im(λρ) cos(m(φ− φ)), ρ > ρ,

(2-38)

whereJm andIm denote the first kind of themth-order Bessel and modified Bessel functions,

Ym andKm denote the second kind of themth-order Bessel and modified Bessel functions.

The superscripts “i ” and “ e ” denote the interior point (ρ > ρ) and the exterior point

(ρ < ρ), s = (ρ, φ) andx = (ρ, φ) are the polar coordinates ofs andx, respectively. In this

case,ρ = ρ = a anddB(s) = a dφ for the circular plate with a radiusa. Similarly, the other

kernels can also be expanded into degenerate forms. By using the degenerate kernels (all the
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complex-valued degenerate kernels can be found in the Appendix 1) into the Eq.(2-35) and

by employing the orthogonality condition of the Fourier series, the Fourier coefficientsac
n,

bc
n, pc

n andqc
n satisfy

pc
n =

1
λ

[Yn(λa)Jn(λa) + 2
πKn(λa)In(λa)]

[Yn(λa)J ′n(λa) + 2
πKn(λa)I ′n(λa)]

ac
n, n = 0, 1, 2, . . . , (2-39)

qc
n =

1
λ

[Yn(λa)Jn(λa) + 2
πKn(λa)In(λa)]

[Yn(λa)J ′n(λa) + 2
πKn(λa)I ′n(λa)]

bc
n, n = 0, 1, 2, . . . . (2-40)

Similarly, the Eq.(2-36) yields,

pc
n =

1
λ

[Y ′
n(λa)Jn(λa) + 2

πK ′
n(λa)In(λa)]

[Y ′
n(λa)J ′n(λa) + 2

πK ′
n(λa)I ′n(λa)]

ac
n, n = 0, 1, 2, . . . , (2-41)

qc
n =

1
λ

[Y ′
n(λa)Jn(λa) + 2

πK ′
n(λa)In(λa)]

[Y ′
n(λa)J ′n(λa) + 2

πK ′
n(λa)I ′n(λa)]

bc
n, n = 0, 1, 2, . . . . (2-42)

To seek nontrivial data for the generalized coefficients ofac
n, pc

n, bc
n andqc

n, we can obtain the

eigenequation by using either the Eqs.(2-39) and (2-41) or the Eqs.(2-40) and (2-42)

Yn(λa)Jn(λa) + 2
πKn(λa)In(λa)

Yn(λa)J ′n(λa) + 2
πKn(λa)I ′n(λa)

=
Y ′

n(λa)Jn(λa) + 2
πK ′

n(λa)In(λa)
Y ′

n(λa)J ′n(λa) + 2
πK ′

n(λa)I ′n(λa)
(2-43)

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(2-43) can be simplified to

[Kn+1(λa)Yn(λa)− Yn+1(λa)Kn(λa)]{In+1(λa)Jn(λa) + Jn+1(λa)In(λa)} = 0 (2-44)

The former part in the Eq.(2-44) inside the middle bracket is the spurious eigenequation while

the latter part inside the big bracket is found to be the true eigenequation after comparing with

the exact eigenequation [58]. All the eigenequations for the simply-connected circular plate

in Leissa’s book can be found for comparison in the Appendix 3.

Case 2. Simply-supported circular plate

For the simply-supported circular plate (u = 0 andm = 0) with a radiusa, we can obtain

the eigenequation in the continuous formulation. Similarly, the moment and shear force,θ(s)

andv(s) along the circular boundary, can be expanded into Fourier series by

θ(s) =
∞

∑

n=0

(ps
ncos(nφ) + qs

nsin(nφ)), s ∈ B, (2-45)

v(s) =
∞

∑

n=0

(as
ncos(nφ) + bs

nsin(nφ)), s ∈ B, (2-46)

11



where the superscript “s ” denotes the simply-supported case,φ is the angle on the circular

boundary,as
n, bs

n, ps
n andqs

n are the undetermined Fourier coefficients. Substituting the Eqs.(2-

45) and (2-46) and using the degenerate kernels ofU(s, x), M(s, x), Uθ(s, x) andMθ(s, x)

into the Eq.(2-24), we have

ps
n = −

[Yn(λa)Jn(λa) + 2
πKn(λa)In(λa)]

[Yn(λa)αJ
n(λa) + 2

πKn(λa)αI
n(λa)]

as
n, n = 0, 1, 2, . . . , (2-47)

qs
n = −

[Yn(λa)Jn(λa) + 2
πKn(λa)In(λa)]

[Yn(λa)αJ
n(λa) + 2

πKn(λa)αI
n(λa)]

bs
n, n = 0, 1, 2, . . . . (2-48)

where

αJ
n(λa) = λ2J ′′n(λa) + ν[

1
a
λJ ′n(λa)− (

n
a
)2Jn(λa)], (2-49)

αI
n(λa) = λ2I ′′n(λa) + ν[

1
a
λI ′n(λa)− (

n
a
)2In(λa)]. (2-50)

Similarly, the Eq.(2-25) yields,

ps
n = −

[Y ′
n(λa)Jn(λa) + 2

πK ′
n(λa)In(λa)]

[Y ′
n(λa)αJ

n(λa) + 2
πK ′

n(λa)αI
n(λa)]

as
n, n = 0, 1, 2, . . . , (2-51)

qs
n = −

[Y ′
n(λa)Jn(λa) + 2

πK ′
n(λa)In(λa)]

[Y ′
n(λa)αJ

n(λa) + 2
πK ′

n(λa)αI
n(λa)]

bs
n, n = 0, 1, 2, . . . . (2-52)

To seek nontrivial data for the generalized coefficients ofas
n, ps

n, bs
n andqs

n, we can obtain the

eigenequations as

Yn(λa)Jn(λa) + 2
πKn(λa)In(λa)

Yn(λa)αJ
n(λa) + 2

πKn(λa)αI
n(λa)

=
Y ′

n(λa)Jn(λa) + 2
πK ′

n(λa)In(λa)
Y ′

n(λa)αJ
n(λa) + 2

πK ′
n(λa)αI

n(λa)
(2-53)

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(2-53) can be simplified to

[Kn+1(λa)Yn(λa)− Yn+1(λa)Kn(λa)]

{(1− ν)In(λa)Jn+1(λa) + In+1(λa)Jn(λa)− 2λaIn(λa)Jn(λa)} = 0
(2-54)

The former part in the Eq.(2-54) inside the middle bracket is the spurious eigenequation while

the latter part inside the big bracket is found to be the true eigenequation after comparing with

the exact eigenequation [58].
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Case 3. Free circular plate

For the free circular plate (m = 0 andv = 0) with a radiusa, we can obtain the eigenequation

in the continuous formulation. Similarly, the displacement and slope,u(s) andθ(s) along the

circular boundary, can be expanded into Fourier series by

u(s) =
∞

∑

n=0

(pf
ncos(nφ) + qf

nsin(nφ)), s ∈ B, (2-55)

θ(s) =
∞

∑

n=0

(af
ncos(nφ) + bf

nsin(nφ)), s ∈ B, (2-56)

where the superscript “f ” denotes the free case,φ is the angle on the circular boundary,

af
n, bf

n, pf
n andqf

n are the undetermined Fourier coefficients. Substituting the Eqs.(2-55) and

(2-56) and using the degenerate kernels ofM(s, x), V (s, x), Mθ(s, x) andVθ(s, x) into the

Eq.(2-24), we have

pf
n = −

[Yn(λa)αJ
n(λa) + 2

πKn(λa)αI
n(λa)]

[Yn(λa)βJ
n (λa) + 2

πKn(λa)βI
n(λa) + 1−ν

a [Yn(λa)γJ
n (λa) + 2

πKn(λa)γI
n(λa)]]

af
n,

n = 0, 1, 2, . . . ,

(2-57)

qf
n = −

[Yn(λa)αJ
n(λa) + 2

πKn(λa)αI
n(λa)]

[Yn(λa)βJ
n (λa) + 2

πKn(λa)βI
n(λa) + 1−ν

a [Yn(λa)γJ
n (λa) + 2

πKn(λa)γI
n(λa)]]

bf
n,

n = 0, 1, 2, . . . .

(2-58)

where

βJ
n (λa) = λ3J ′′′n (λa) + ν[

1
a
λ2J ′′n(λa)− (

n
a

)2λJ ′n(λa)− 1
a2 λJ ′n(λa) + (

2n2

a3 )Jn(λa)], (2-59)

βI
n(λa) = λ3I ′′′n (λa) + ν[

1
a
λ2I ′′n(λa)− (

n
a

)2λI ′n(λa)− 1
a2 λI ′n(λa) + (

2n2

a3 )In(λa)], (2-60)

γJ
n (λa) = −n2[

1
a2 Jn(λa) +

λ
a

J ′(λa)], (2-61)

γI
n(λa) = −n2[

1
a2 In(λa) +

λ
a

I ′(λa)]. (2-62)
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Similarly, the Eq.(2-25) yields,

pf
n = −

[Y ′
n(λa)Jn(λa) + 2

πK ′
n(λa)In(λa)]

[Y ′
n(λa)βJ

n (λa) + 2
πK ′

n(λa)βI
n(λa) + 1−ν

a [Y ′
n(λa)γJ

n (λa) + 2
πK ′

n(λa)γI
n(λa)]]

af
n,

n = 0, 1, 2, . . . ,

(2-63)

qf
n = −

[Y ′
n(λa)Jn(λa) + 2

πK ′
n(λa)In(λa)]

[Y ′
n(λa)βJ

n (λa) + 2
πK ′

n(λa)βI
n(λa) + 1−ν

a [Y ′
n(λa)γJ

n (λa) + 2
πK ′

n(λa)γI
n(λa)]]

bf
n,

n = 0, 1, 2, . . . .

(2-64)

To seek nontrivial data for the generalized coefficients ofaf
n, pf

n, bf
n andqf

n, we can obtain the

eigenequation

[Yn(λa)αJ
n(λa) + 2

πKn(λa)αI
n(λa)]

[Yn(λa)βJ
n (λa) + 2

πKn(λa)βI
n(λa) + 1−ν

a [Yn(λa)γJ
n (λa) + 2

πKn(λa)γI
n(λa)]]

=
[Y ′

n(λa)Jn(λa) + 2
πK ′

n(λa)In(λa)]
[Y ′

n(λa)βJ
n (λa) + 2

πK ′
n(λa)βI

n(λa) + 1−ν
a [Y ′

n(λa)γJ
n (λa) + 2

πK ′
n(λa)γI

n(λa)]]

(2-65)

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(2-65) can be simplified to

[Kn+1(λa)Yn(λa)− Yn+1(λa)Kn(λa)]

{λa(1− ν)[−4n2(n− 1)In(λa)Jn(λa)− 2λ2a2In+1(λa)Jn+1(λa)]

+ 2nλ2a2(1− ν)(1− n)(In+1(λa)Jn(λa)− In(λa)Jn+1(λa))

+ [n2(1− ν)2(n2 − 1) + λ4a4](In+1(λa)Jn(λa) + In(λa)Jn+1(λa))} = 0

(2-66)

The former part in the Eq.(2-66) inside the middle bracket is the spurious eigenequation

which also appears in the clamped and simply-supported cases as shown in the Eqs.(2-44),

(2-54) and (2-66). It indicates that the spurious eigenequations of the Eqs.(2-44), (2-54) and

(2-66) are the same since the same formulation (null-field formulation of the Eqs.(2-24) and

(2-25)) is used. This reveals that spurious eigenequation depends on the formulation instead

of the specified boundary condition. It is noted that the true eigenequation of free plate does

not agree with that of the Leissa’s result [58]. However, the same true eigenvalues are ob-

tained numerically between the present and Leissa’s results. After finding the eigenvalues
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according to the Leissa’s eigenequation, the eigenvalues are not consistent to the data in his

book. After careful check, the eigenequation in the Leissa’s book was a misprint where the

index in the numerator of the right hand side of the equation should beJ instead ofI [42].

The eigenequation in the bigger bracket of the Eq.(2-66) can be simplified to be equivalent to

the Leissa’s result as shown in the Table 2-1.

2-2-2 Discrete system

Case 1. Clamped circular plate

For the clamped circular plate (u = 0 andθ = 0) with a radiusa, the Eqs.(2-28) and (2-29)

can be rewritten as

{0} = [U ]{v}+ [Θ] {m}, (2-67)

{0} = [Uθ] {v}+ [Θθ] {m}, (2-68)

By assembling the Eqs.(2-67) and (2-68) together, we have

[SM c]







v

m







= {0}, (2-69)

where the superscript “c ” denotes the clamped case and

[SM c] =





U Θ

Uθ Θθ





4N×4N

. (2-70)

For the existence of nontrivial solution of







v

m







, the determinant of the matrix versus

eigenvalue must be zero, i.e.,

det[SM c] = 0. (2-71)

Since the rotation symmetry is preserved for a circular boundary, the influence matrices for

the discrete system are found to be the circulants with the following forms into the Eq.(2-67),
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we have

[U ] =























z0 z1 z2 · · · z2N−1

z2N−1 z0 z1 · · · z2N−2

z2N−2 z2N−1 z0 · · · z2N−3
...

...
...

. ..
...

z1 z2 z3 · · · z0























2N×2N

(2-72)

The coefficients of each element can be obtained by using degenerate kernel

zm =
∫ (m+ 1

2 )∆φ

(m− 1
2 )∆φ

[−U(a, φ; a, φ)] adφ ≈ [−U(a, φm; a, φ)] a∆φ, m = 0, 1, 2, · · · , 2N − 1

(2-73)

where∆φ = 2π
2N , φm = m∆φ. By introducing the following bases for the circulants,[I],

([C2N ])1, ([C2N ])2, · · · , ([C2N ])2N−1, we can expand matrix[U ] into

[U ] = z0[I] + z1([C2N ])1 + z2([C2N ])2 + · · ·+ z2N−1([C2N ])2N−1, (2-74)

where

[C2N ] =

















0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

...
...

1 0 0 · · · 0

















2N×2N

. (2-75)

Based on the similar properties for the matrices of[U ] and[C2N ], we have

µ[U ]
` = z0 + z1α` + z2α2

` + · · ·+ z2N−1α2N−1
` , ` = 0, 1, 2, · · · , 2N − 1. (2-76)

whereµ[U ]
` andα` are the eigenvalues for[U ] and[C2N ], respectively. It is easily found that

the eigenvalues for the circulants[C2N ], are the roots forα2N = 1 as shown below:

α` = ei 2π`
2N , ` = 0,±1,±2, · · · ,±(N − 1), N or ` = 0, 1, 2, · · · , 2N − 1. (2-77)

The eigenvector for the circulant[C2N ] is

{φ`} =











































1

α`

α2
`
...

α2N−1
`











































2N×1

. (2-78)
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Substituting the Eq.(2-77) into the Eq.(2-76), we have

µ[U ]
` =

2N−1
∑

m=0

zmαm
` =

2N−1
∑

m=0

zmei 2π
2N m`, ` = 0,±1,±2, · · · ,±(N − 1), N. (2-79)

According to the definition forzm in the Eq.(2-73), we have

zm = z2N−m, m = 0, 1, 2, · · · , 2N − 1. (2-80)

Substitution of the Eq.(2-80) into the Eq.(2-79) yields

µ[U ]
` = z0 + (−1)`zN +

N−1
∑

m=1

(αm
` + α2N−m

` )zm =
2N−1
∑

m=0

cos(m`∆φ)zm. (2-81)

Substituting the Eq.(2-73) into the Eq.(2-81) forφ = 0 without loss of generality, the

Reimann sum of infinite terms reduces to the following integral

µ[U ]
` = lim

N→∞

2N−1
∑

m=0

cos(m`∆φ)[−U(a, φm; a, 0)] ≈
∫ 2π

0
cos(`φ)[−U(a, φm; a, 0)] adφ,

(2-82)

By using the degenerate kernel forU(s, x) and the orthogonal conditions, the Eq.(2-82) re-

duces to

µ[U ]
` = − πa

4λ2 [Y`(λa)J`(λa) +
2
π

K`(λa)I`(λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-83)

Similarly, we have

µ[Θ]
` =

πa
4λ

[Y`(λa)J ′`(λa) +
2
π

K`(λa)I ′`(λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-84)

κ[U ]
` = −πa

4λ
[Y ′

` (λa)J`(λa) +
2
π

K ′
`(λa)I`(λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-85)

κ[Θ]
` =

πa
4

[Y ′
` (λa)J ′`(λa) +

2
π

K ′
`(λa)I ′`(λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-86)

whereµ[Θ]
` , κ[U ]

` andκ[Θ]
` are the eigenvalues of[Θ], [Uθ] and[Θθ] matrices, respectively. Since

the four matrices[U ], [Θ], [Uθ] and[Θθ] are all symmetric circulants, they can be expressed
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by

[U ] = ΦΣUΦ−1 = Φ



































µ[U ]
0 0 0 · · · 0 0 0

0 µ[U ]
1 0 · · · 0 0 0

0 0 µ[U ]
−1 · · · 0 0 0

...
...

...
.. .

...
...

...

0 0 0 · · · µ[U ]
(N−1) 0 0

0 0 0 · · · 0 µ[U ]
−(N−1) 0

0 0 0 · · · 0 0 µ[U ]
N



































2N×2N

Φ−1,

(2-87)

[Θ] = ΦΣΘΦ−1 = Φ



































µ[Θ]
0 0 0 · · · 0 0 0

0 µ[Θ]
1 0 · · · 0 0 0

0 0 µ[Θ]
−1 · · · 0 0 0

...
...

...
. . .

...
...

...

0 0 0 · · · µ[Θ]
(N−1) 0 0

0 0 0 · · · 0 µ[Θ]
−(N−1) 0

0 0 0 · · · 0 0 µ[Θ]
N



































2N×2N

Φ−1,

(2-88)

[Uθ] = ΦΣUθΦ
−1 = Φ



































κ[U ]
0 0 0 · · · 0 0 0

0 κ[U ]
1 0 · · · 0 0 0

0 0 κ[U ]
−1 · · · 0 0 0

...
...

...
. ..

...
...

...

0 0 0 · · · κ[U ]
(N−1) 0 0

0 0 0 · · · 0 κ[U ]
−(N−1) 0

0 0 0 · · · 0 0 κ[U ]
N



































2N×2N

Φ−1,

(2-89)
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[Θθ] = ΦΣΘθΦ
−1 = Φ



































κ[Θ]
0 0 0 · · · 0 0 0

0 κ[Θ]
1 0 · · · 0 0 0

0 0 κ[Θ]
−1 · · · 0 0 0

...
...

...
. ..

...
...

...

0 0 0 · · · κ[Θ]
(N−1) 0 0

0 0 0 · · · 0 κ[Θ]
−(N−1) 0

0 0 0 · · · 0 0 κ[Θ]
N



































2N×2N

Φ−1,

(2-90)

where

Φ =
1√
2N













1 1 0 · · · 1 0 1

1 cos( 2π
2N ) sin( 2π

2N ) · · · cos( 2π(N−1)
2N ) sin( 2π(N−1)

2N ) cos( 2πN
2N )

1 cos( 4π
2N ) sin( 4π

2N ) · · · cos( 4π(N−1)
2N ) sin( 4π(N−1)

2N ) cos( 4πN
2N )

.

.

.
.
.
.

.

.

.
. . .

.

.

.
.
.
.

.

.

.

1 cos( 2π(2N−2)
2N ) sin( 2π(2N−2)

2N ) · · · cos( π(4N−4)(N−1)
2N ) sin( π(4N−4)(N−1)

2N ) cos( π(4N−4)(N)
2N )

1 cos( 2π(2N−1)
2N ) sin( 2π(2N−1)

2N ) · · · cos( π(4N−2)(N−1)
2N ) sin( π(4N−2)(N−1)

2N ) cos( π(4N−2)(N)
2N )













2N×2N

.

(2-91)

By employing the Eqs.(2-87)-(2-90) for the Eq.(2-70), we have

[SM c] =





ΦΣUΦ−1 ΦΣΘΦ−1

ΦΣUθΦ
−1 ΦΣΘθΦ

−1





4N×4N

, (2-92)

the Eq.(2-92) can be reformulated into

[SM c] =





Φ 0

0 Φ









ΣU ΣΘ

ΣUθ ΣΘθ









Φ 0

0 Φ





−1

. (2-93)

By using the property of the determinant in the Appendix 4, the determinant of[SM c]4N×4N

is

det[SM c] = det





ΣU ΣΘ

ΣUθ ΣΘθ



 =
N
∏

`=−(N−1)

(µ[U ]
` κ[Θ]

` − µ[Θ]
` κ[U ]

` ), (2-94)

sinceΦ is orthogonal. By employing the Eqs.(2-83)-(2-86) for the Eq.(2-94), we have

det[SM c] =
N
∏

`=−(N−1)

π2a2

16λ2

{[Y`(λa)J`(λa) +
2
π

K`(λa)I`(λa)][Y ′
` (λa)J ′`(λa) +

2
π

K ′
`(λa)I ′`(λa)]

− [Y`(λa)J ′`(λa) +
2
π

K`(λa)I ′`(λa)][Y ′
` (λa)J`(λa) +

2
π

K ′
`(λa)I`(λa)]}

(2-95)
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By using the recurrence relations of the Bessel function in the Appendix 2, the Eq.(2-95) can

be simplified into

det[SM c] =
N
∏

`=−(N−1)

πa2

8λ2 [K`+1(λa)Y`(λa)− Y`+1(λa)K`(λa)]

{I`+1(λa)J`(λa) + J`+1(λa)I`(λa)} = 0

(2-96)

Zero determinant in the Eq.(2-96) implies that the eigenequation is

[K`+1(λa)Y`(λa)− Y`+1(λa)K`(λa)]{I`+1(λa)J`(λa) + J`+1(λa)I`(λa)} = 0,

` = 0,±1,±2, · · · ,±(N − 1), N.
(2-97)

After comparing with the analytical solution for the clamped circular plate [58], the true

eigenequation for the continuous system can be obtained by approachingN in the the discrete

system to infinity. The former part in the Eq.(2-97) inside the middle bracket is the spurious

eigenequation while the latter part inside the big bracket is found to be the true eigenequa-

tion. The result of the Eq.(2-97) in the discrete system matches well with the Eq.(2-44) in the

continuous system.

Case 2. Simply-supported circular plate

For the simply-supported circular plate (u = 0 andm = 0) with a radiusa, we have

[SM s] =





U M

Uθ Mθ





4N×4N

, (2-98)

where the superscript “s ” denotes the simply-supported case. Since the rotation symmetry

is preserved for a circular boundary, the eigenvalues of the influence matrices for the discrete

system can be found by using the circulants as shown below:

µ[M ]
` = − πa

4λ2 [Y`(λa)αJ
` (λa) +

2
π

K`(λa)αI
` (λa)], ` = 0,±1,±2, · · · ,±(N − 1), N. (2-99)

κ[M ]
` = −πa

4λ
[Y ′

` (λa)αJ
` (λa) +

2
π

K ′
`(λa)αI

` (λa)], ` = 0,±1,±2, · · · ,±(N − 1), N. (2-100)

whereµ[M ]
` andκ[M ]

` are the eigenvalues of[M ] and[Mθ] matrices, respectively. Since the

two matrices[M ] and[Mθ] are all symmetric circulants, they can be expressed by

[M ] = ΦΣMΦT , (2-101)

[Mθ] = ΦΣMθΦ
T . (2-102)
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By employing the Eqs.(2-87), (2-89), (2-101) and (2-102) for the Eq.(2-98), we have

[SM s] =





Φ 0

0 Φ









ΣU ΣM

ΣUθ ΣMθ









Φ 0

0 Φ





T

. (2-103)

By using the property of the determinant in the Appendix 4, the determinant of[SM s]4N×4N

is

det[SM s] = det





ΣU ΣM

ΣUθ ΣMθ



 =
N
∏

`=−(N−1)

(µ[U ]
` κ[M ]

` − µ[M ]
` κ[U ]

` ), (2-104)

sinceΦ is orthogonal. By employing the Eqs.(2-83), (2-85), (2-99) and (2-100) for the Eq.(2-

104), we have

det[SM s] =
N
∏

`=−(N−1)

π2a2

16λ3

{[Y`(λa)J`(λa) +
2
π

K`(λa)I`(λa)][Y ′
` (λa)αJ

` (λa) +
2
π

K ′
`(λa)αI

` (λa)]

− [Y`(λa)αJ
` (λa) +

2
π

K`(λa)αI
` (λa)][Y ′

` (λa)J`(λa) +
2
π

K ′
`(λa)I`(λa)]}

(2-105)

By using the recurrence relations of the Bessel function in the Appendix 2, the Eq.(2-105)

can be simplified into

det[SM s] =
N
∏

`=−(N−1)

πa
8λ2 [K`+1(λa)Y`(λa)− Y`+1(λa)K`(λa)]

{(1− ν)I`(λa)Jn+1(λa) + In+1(λa)J`(λa)− 2λaI`(λa)J`(λa)} = 0

(2-106)

Zero determinant in the Eq.(2-106) implies that the eigenequation is

[K`+1(λa)Y`(λa)− Y`+1(λa)K`(λa)]

{(1− ν)I`(λa)Jn+1(λa) + In+1(λa)J`(λa)− 2λaI`(λa)J`(λa)} = 0,

` = 0,±1,±2, · · · ,±(N − 1), N.

(2-107)

After comparing with the analytical solution for the simply-supported circular plate [58],

the true eigenequation for the continuous system can be obtained by approachingN in the

discrete system to infinity. The former part in the Eq.(2-107) inside the middle bracket is

the spurious eigenequation while the latter part inside the big bracket is found to be the true
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eigenequation. The result of the Eq.(2-107) in the discrete system match well with the Eq.(2-

54) in the continuous system.

Case 3. Free circular plate

For the free circular plate (m = 0 andv = 0) with a radiusa, we have

[SM f ] =





M V

Mθ Vθ





4N×4N

, (2-108)

where the superscript “f ” denotes the free case. Since the rotation symmetry is preserved

for a circular boundary, the eigenvalues of the influence matrices for the discrete system can

be found by using the circulants as shown below:

µ[V ]
` = − πa

4λ2 [Y`(λa)βJ
` (λa) +

2
π

K`(λa)βI
` (λa)

+
1− ν

a
[Y`(λa)γJ

` (λa) +
2
π

K`(λa)γI
n(λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-109)

κ[V ]
` = −πa

4λ
[Y ′

` (λa)βJ
` (λa) +

2
π

K ′
`(λa)βI

` (λa)

+
1− ν

a
[Y ′

` (λa)γJ
` (λa) +

2
π

K ′
`(λa)γI

n(λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.
(2-110)

whereµ[V ]
` andκ[V ]

` are the eigenvalues of[V ] and[Vθ] matrices, respectively. Since the two

matrices[V ] and[Vθ] are all symmetric circulants, they can be expressed by

[V ] = ΦΣV ΦT , (2-111)

[Vθ] = ΦΣVθΦ
T , (2-112)

By employing the Eqs.(2-101), (2-102), (2-111) and (2-112) for the Eq.(2-108), we have

[SM f ] =





Φ 0

0 Φ









ΣM ΣV

ΣMθ ΣVθ









Φ 0

0 Φ





T

. (2-113)

By using the property of the determinant in the Appendix 4, the determinant of[SM f ]4N×4N

is

det[SM f ] = det





ΣU ΣM

ΣUθ ΣMθ



 =
N
∏

`=−(N−1)

(µ[M ]
` κ[V ]

` − µ[V ]
` κ[M ]

` ), (2-114)
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sinceΦ is orthogonal. By employing the Eqs.(2-99), (2-100), (2-109) and (2-110) for the

Eq.(2-114), we have

det[SM f ] =
N
∏

`=−(N−1)

π2a2

16λ3

{[Y`(λa)J`(λa) +
2
π

K`(λa)I`(λa)][Y ′
` (λa)αJ

` (λa) +
2
π

K ′
`(λa)αI

` (λa)]

− [Y`(λa)αJ
` (λa) +

2
π

K`(λa)αI
` (λa)][Y ′

` (λa)J`(λa) +
2
π

K ′
`(λa)I`(λa)]}.

(2-115)

By using the recurrence relations of the Bessel function in the Appendix 2, the Eq.(2-115)

can be simplified into

det[SM f ] =
N
∏

`=−(N−1)

πa
8λ2

[K`+1(λa)Y`(λa)− Y`+1(λa)K`(λa)]

{λa(1− ν)[−4`2(`− 1)]I`(λa)J`(λa)− 2λ2a2I`+1(λa)J`+1(λa)]

+ 2`λ2a2(1− ν)(1− `)(I`+1(λa)J`(λa)− I`(λa)J`+1(λa))

+ [`2(1− ν)2(`2 − 1) + λ4a4](I`+1(λa)J`(λa) + I`(λa)J`+1(λa))} = 0.

(2-116)

Zero determinant in the Eq.(2-116) implies that the eigenequation is

[K`+1(λa)Y`(λa)− Y`+1(λa)K`(λa)]

{λa(1− ν)[−4`2(`− 1)I`(λa)J`(λa)− 2λ2a2I`+1(λa)J`+1(λa)]

+ 2`λ2a2(1− ν)(1− `)(I`+1(λa)J`(λa)− I`(λa)J`+1(λa))

+ [`2(1− ν)2(`2 − 1) + λ4a4](I`+1(λa)J`(λa) + I`(λa)J`+1(λa))} = 0

` = 0,±1,±2, · · · ,±(N − 1), N.

(2-117)

After comparing with the analytical solution for the free circular plate [58], the true eigenequa-

tion for the continuous system can be obtained by approachingN in the discrete system to in-

finity. The former part in the Eq.(2-117) inside the middle bracket is the spurious eigenequa-

tion while the latter part inside the big bracket is the true eigenequation. The result of the
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Eq.(2-117) in the discrete system match well with the Eq.(2-66) in the continuous system. Af-

ter comparing the Eq.(2-97) with the Eqs.(2-107) and (2-117), the same spurious eigenequa-

tion ([K`+1(λa)Y`(λa) − Y`+1(λa)K`(λa)] = 0) is simultaneously embedded in theu, θ

formulation no matter what the boundary condition is.

Since any two equations in the plate formulation (the Eqs.(2-28)-(2-31)) can be chosen,6(C4
2)

options of the formulation can be considered. If we choose different combinations of the for-

mulae for any one of the the clamped, simply-supported or free circular plate cases, we can

obtain the same true eigenequation but different spurious eigenequations. At the same time,

the clamped, simply-supported and free circular plates result in the same spurious eigenequa-

tion, once the same formulation is chosen. The occurrence of spurious eigenequation only

depends on the formulation instead of the specified boundary condition. True eigenequation

depends on the specified boundary condition instead of the formulation. All the resluts are

summarized in the Table 2-2.

2-3 Mathematical analysis using the imaginary-part BEM

For the imaginary-part BEM, the kernel functionU(s, x) is the imaginary-part of the funda-

mental solution

U(s, x) = Im[Uc(s, x)] =
1

8λ2 [J0(λr) +
2
π

I0(λr)]. (2-118)

In order to obtain the true and spurious eigenequations for plate vibration using the imaginary-

part BEM, the degenerate kernel is adopted to analytically derive the true and spurious

eigenequation in the continuous and discrete systems of a circular plate. For the continu-

ous system, the spurious eigenequation is derived by using the degenerate kernel and Fourier

series. For the discrete system, mathematical analysis for the spurious eigenequation is done

by using the degenerate kernel and circulants. Three cases (clamped, simply-supported and

free plate) are demonstrated analytically in the continuous and the discrete systems, respec-

tively, in the following subsections.
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2-3-1 Continuous system

Case 1. Clamped circular plate

For the clamped circular plate (u = 0 andθ = 0) with a radiusa, we can obtain the eigenequa-

tion in the continuous formulation. The moment and shear force,m(s) andv(s) along the

circular boundary, can be expanded into Fourier series by

m(s) =
∞

∑

n=0

(pc
ncos(nφ) + qc

nsin(nφ)), s ∈ B, (2-119)

v(s) =
∞

∑

n=0

(ac
ncos(nφ) + bc

nsin(nφ)), s ∈ B, (2-120)

where the superscript “c ” denotes the clamped case,φ is the angle on the circular boundary,

ac
n, bc

n, pc
n andqc

n are the undetermined Fourier coefficients. Substituting the Eqs.(2-119) and

(2-120) into the Eqs.(2-24) and (2-25), we have

0 =−
∫ 2π

0
U(s, x)[

∞
∑

n=0

(ac
ncos(nφ) + bc

nsin(nφ))] dB

+
∫ 2π

0
Θ(s, x)[

∞
∑

n=0

(pc
ncos(nφ) + qc

nsin(nφ))] dB, x ∈ B,

(2-121)

0 =−
∫ 2π

0
Uθ(s, x)[

∞
∑

n=0

(ac
ncos(nφ) + bc

nsin(nφ))] dB

+
∫ 2π

0
Θθ(s, x)[

∞
∑

n=0

(pc
ncos(nφ) + qc

nsin(nφ))] dB, x ∈ B.

(2-122)

The kernel functions,U(s, x), Θ(s, x), Uθ(s, x) andΘθ(s, x), can be expanded by using the

expansion formulae,

J0(λr) =























J i
0(λr) =

∞
∑

m=−∞
Jm(λρ)Jm(λρ) cos(m(φ− φ)), ρ > ρ,

Je
0 (λr) =

∞
∑

m=−∞
Jm(λρ)Jm(λρ) cos(m(φ− φ)), ρ > ρ,

(2-123)

I0(λr) =























Ii
0(λr) =

∞
∑

m=−∞
(−1)mIm(λρ)Im(λρ) cos(m(φ− φ)), ρ > ρ,

Ie
0(λr) =

∞
∑

m=−∞
(−1)mIm(λρ)Im(λρ) cos(m(φ− φ)), ρ > ρ,

(2-124)

Similarly, the other kernels can also be expanded into degenerate forms. By using the degen-

erate kernels into the Eq.(2-121) and by employing the orthogonality condition of the Fourier
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series, the Fourier coefficientsac
n, bc

n, pc
n andqc

n satisfy

pc
n =

1
λ

[Jn(λa)Jn(λa) + 2
π (−1)nIn(λa)In(λa)]

[Jn(λa)J ′n(λa) + 2
π (−1)nIn(λa)I ′n(λa)]

ac
n, n = 0, 1, 2, . . . , (2-125)

qc
n =

1
λ

[Jn(λa)Jn(λa) + 2
π (−1)nIn(λa)In(λa)]

[Jn(λa)J ′n(λa) + 2
π (−1)nIn(λa)I ′n(λa)]

bc
n, n = 0, 1, 2, . . . . (2-126)

Similarly, the Eq.(2-122) yields,

pc
n =

1
λ

[J ′n(λa)Jn(λa) + 2
π (−1)nI ′n(λa)In(λa)]

[J ′n(λa)J ′n(λa) + 2
π (−1)nI ′n(λa)I ′n(λa)]

ac
n, n = 0, 1, 2, . . . , (2-127)

qc
n =

1
λ

[J ′n(λa)Jn(λa) + 2
π (−1)nI ′n(λa)In(λa)]

[J ′n(λa)J ′n(λa) + 2
π (−1)nI ′n(λa)I ′n(λa)]

bc
n, n = 0, 1, 2, . . . . (2-128)

To seek nontrivial data for the generalized coefficients ofac
n, pc

n, bc
n andqc

n, we can obtain the

eigenequation by using either the Eqs.(2-125) and (2-127) or the Eqs.(2-126) and (2-128)

Jn(λa)Jn(λa) + 2
π (−1)nIn(λa)In(λa)

Jn(λa)J ′n(λa) + 2
π (−1)nIn(λa)I ′n(λa)

=
J ′n(λa)Jn(λa) + 2

π (−1)nI ′n(λa)In(λa)
J ′n(λa)J ′n(λa) + 2

π (−1)nI ′n(λa)I ′n(λa)
(2-129)

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(2-129) can be simplified to

[In+1(λa)Jn(λa) + Jn+1(λa)In(λa)]{In+1(λa)Jn(λa) + Jn+1(λa)In(λa)} = 0 (2-130)

The former part in the Eq.(2-130) inside the middle bracket is the spurious eigenequation

while the latter part inside the big bracket is found to be the true eigenequation after com-

paring with the exact eigenequation [58]. The true eigenequation in the Eq.(2-130) by using

the imaginary-part BEM is the same as the former one in the Eq.(2-44) by using the real-

part method. In this case, it is interesting to find that the true and spurious eigenequation

are the same. We can also comment that no spurious eigenvalue occurs although the spu-

rious multiplicity appears. This case is similar to the membrane case with eigenequation

Jn(λa)Jn(λa) = 0 as shown in Table 2-3 when the imaginary-part BEM is employed to

solve the Dirichlet problem [12].

Case 2. Simply-supported circular plate

For the simply-supported circular plate (u = 0 andm = 0) with a radiusa, we can obtain
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the eigenequation in the continuous formulation. Similarly, the moment and shear force,θ(s)

andv(s) along the circular boundary, can be expanded into Fourier series by

θ(s) =
∞

∑

n=0

(ps
ncos(nφ) + qs

nsin(nφ)), s ∈ B, (2-131)

v(s) =
∞

∑

n=0

(as
ncos(nφ) + bs

nsin(nφ)), s ∈ B, (2-132)

where the superscript “s ” denotes the simply-supported case,φ is the angle on the circular

boundary,as
n, bs

n, ps
n andqs

n are the undetermined Fourier coefficients. Substituting the Eqs.(2-

131) and (2-132) and using the degenerate kernels ofU(s, x), M(s, x), Uθ(s, x) andMθ(s, x)

into the Eq.(2-24), we have

ps
n = −

[Jn(λa)Jn(λa) + 2
π (−1)n

n(λa)In(λa)]
[Jn(λa)αJ

n(λa) + 2
π (−1)nIn(λa)αI

n(λa)]
as

n, n = 0, 1, 2, . . . , (2-133)

qs
n = −

[Jn(λa)Jn(λa) + 2
π (−1)nIn(λa)In(λa)]

[Jn(λa)αJ
n(λa) + 2

π (−1)nIn(λa)αI
n(λa)]

bs
n, n = 0, 1, 2, . . . . (2-134)

Similarly, the Eq.(2-25) yields,

ps
n = −

[J ′n(λa)Jn(λa) + 2
π (−1)nI ′n(λa)In(λa)]

[J ′n(λa)αJ
n(λa) + 2

π (−1)nI ′n(λa)αI
n(λa)]

as
n, n = 0, 1, 2, . . . , (2-135)

qs
n = −

[J ′n(λa)Jn(λa) + 2
π (−1)nI ′n(λa)In(λa)]

[J ′n(λa)αJ
n(λa) + 2

π (−1)nI ′n(λa)αI
n(λa)]

bs
n, n = 0, 1, 2, . . . . (2-136)

To seek nontrivial data for the generalized coefficients ofas
n, ps

n, bs
n andqs

n, we can obtain the

eigenequations as

Jn(λa)Jn(λa) + 2
π (−1)nIn(λa)In(λa)

Jn(λa)αJ
n(λa) + 2

π (−1)nIn(λa)αI
n(λa)

=
J ′n(λa)Jn(λa) + 2

π (−1)nI ′n(λa)In(λa)
J ′n(λa)αJ

n(λa) + 2
π (−1)nI ′n(λa)αI

n(λa)

(2-137)

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(2-137) can be simplified to

[In+1(λa)Jn(λa) + Jn+1(λa)In(λa)]

{(1− ν)In(λa)Jn+1(λa) + In+1(λa)Jn(λa)− 2λaIn(λa)Jn(λa)} = 0
(2-138)

The former part in the Eq.(2-138) inside the middle bracket is the spurious eigenequation

while the latter part inside the big bracket is found to be the true eigenequation after com-

paring with the exact eigenequation [58]. The true eigenequation in the Eq.(2-138) by using
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the imaginary-part BEM is the same as the former one in the Eq.(2-54) by using the real-part

method.

Case 3. Free circular plate

For the free circular plate (m = 0 andv = 0) with a radiusa, we can obtain the eigenequation

in the continuous formulation. Similarly, the displacement and slope,u(s) andθ(s) along the

circular boundary, can be expanded into Fourier series by

u(s) =
∞

∑

n=0

(pf
ncos(nφ) + qf

nsin(nφ)), s ∈ B, (2-139)

θ(s) =
∞

∑

n=0

(af
ncos(nφ) + bf

nsin(nφ)), s ∈ B, (2-140)

where the superscript “f ” denotes the free case,φ is the angle on the circular boundary,

af
n, bf

n, pf
n andqf

n are the undetermined Fourier coefficients. Substituting the Eqs.(2-139) and

(2-140) and using the degenerate kernels ofM(s, x), V (s, x), Mθ(s, x) andVθ(s, x) into the

Eq.(2-24), we have

pf
n = −

[Jn(λa)αJ
n(λa) + 2

π (−1)nIn(λa)αI
n(λa)]

[Jn(λa)βJ
n (λa) + 2

π (−1)nIn(λa)βI
n(λa) + 1−ν

a [Jn(λa)γJ
n (λa) + 2

π (−1)nIn(λa)γI
n(λa)]]

af
n,

n = 0, 1, 2, . . . ,

(2-141)

qf
n = −

[Jn(λa)αJ
n(λa) + 2

π (−1)nIn(λa)αI
n(λa)]

[Jn(λa)βJ
n (λa) + 2

π (−1)nIn(λa)βI
n(λa) + 1−ν

a [Jn(λa)γJ
n (λa) + 2

π (−1)nIn(λa)γI
n(λa)]]

bf
n,

n = 0, 1, 2, . . . .

(2-142)

Similarly, the Eq.(2-25) yields,

pf
n = −

[J ′n(λa)Jn(λa) + 2
π (−1)nI ′n(λa)In(λa)]

[J ′n(λa)βJ
n (λa) + 2

π (−1)nI ′n(λa)βI
n(λa) + 1−ν

a [J ′n(λa)γJ
n (λa) + 2

π (−1)nI ′n(λa)γI
n(λa)]]

af
n,

n = 0, 1, 2, . . . ,

(2-143)
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qf
n = −

[J ′n(λa)Jn(λa) + 2
π (−1)nI ′n(λa)In(λa)]

[J ′n(λa)βJ
n (λa) + 2

π (−1)nI ′n(λa)βI
n(λa) + 1−ν

a [J ′n(λa)γJ
n (λa) + 2

π (−1)nI ′n(λa)γI
n(λa)]]

bf
n,

n = 0, 1, 2, . . . .

(2-144)

To seek nontrivial data for the generalized coefficients ofaf
n, pf

n, bf
n andqf

n, we can obtain the

eigenequation

[Jn(λa)αJ
n(λa) + 2

π (−1)nIn(λa)αI
n(λa)]

[Jn(λa)βJ
n (λa) + 2

π (−1)nIn(λa)βI
n(λa) + 1−ν

a [Jn(λa)γJ
n (λa) + 2

π (−1)nIn(λa)γI
n(λa)]]

=
[J ′n(λa)Jn(λa) + 2

π (−1)nI ′n(λa)In(λa)]
[J ′n(λa)βJ

n (λa) + 2
π (−1)nI ′n(λa)βI

n(λa) + 1−ν
a [J ′n(λa)γJ

n (λa) + 2
π (−1)nI ′n(λa)γI

n(λa)]]

(2-145)

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(2-145) can be simplified to

[In+1(λa)Jn(λa) + Jn+1(λa)In(λa)]

{λa(1− ν)[−4n2(n− 1)In(λa)Jn(λa)− 2λ2a2In+1(λa)Jn+1(λa)]

+ 2nλ2a2(1− ν)(1− n)(In+1(λa)Jn(λa)− In(λa)Jn+1(λa))

+ [n2(1− ν)2(n2 − 1) + λ4a4](In+1(λa)Jn(λa) + In(λa)Jn+1(λa))} = 0

(2-146)

The former part in the Eq.(2-146) inside the middle bracket is the spurious eigenequation

which also appears in the clamped and simply-supported cases. It indicates that the spurious

eigenequations of the Eqs.(2-130), (2-138) and (2-146) are the same since the same formula-

tion (null-field formulation of the Eqs.(2-24) and (2-25)) is used. This indicates that spurious

eigenequation depends on the formulation instead of the specified boundary condition. The

true eigenequation in the Eq.(2-146) by using the imaginary-part BEM agrees well with the

former one in the Eq.(2-66) by using the real-part BEM.

2-3-2 Discrete system

Case 1. Clamped circular plate

For the clamped circular plate (u = 0 andθ = 0) with a radiusa, we have
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[SM c] =





U Θ

Uθ Θθ





4N×4N

. (2-147)

where the superscript “c ” denotes the clamped case. Since the rotation symmetry is pre-

served for a circular boundary, the eigenvalues of the influence matrices for the discrete sys-

tem can be found by using the circulants as shown below:

µ[U ]
` = − πa

4λ2 [J`(λa)J`(λa) +
2
π

(−1)`I`(λa)I`(λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-148)

µ[Θ]
` =

πa
4λ

[J`(λa)J ′`(λa) +
2
π

(−1)`I`(λa)I ′`(λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-149)

κ[U ]
` = −πa

4λ
[J ′`(λa)J`(λa) +

2
π

(−1)`I ′`(λa)I`(λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-150)

κ[Θ]
` =

πa
4

[J ′`(λa)J ′`(λa) +
2
π

(−1)`I ′`(λa)I ′`(λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-151)

whereµ[Θ]
` , κ[U ]

` andκ[Θ]
` are the eigenvalues of[Θ], [Uθ] and[Θθ] matrices, respectively. Since

the four matrices[U ], [Θ], [Uθ] and[Θθ] are all symmetric circulants, they can be expressed

by

[U ] = ΦΣUΦT (2-152)

[Uθ] = ΦΣUθΦ
T (2-153)

[Θθ] = ΦΣΘθΦ
T (2-154)

By employing the Eqs.(2-152)-(2-154) for the Eq.(2-147), we have

[SM c] =





Φ 0

0 Φ









ΣU ΣΘ

ΣUθ ΣΘθ









Φ 0

0 Φ





T

. (2-155)
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By using the property of the determinant in the Appendix 4, the determinant of[SM c]4N×4N

is

det[SM c] = det





ΣU ΣΘ

ΣUθ ΣΘθ



 =
N
∏

`=−(N−1)

(µ[U ]
` κ[Θ]

` − µ[Θ]
` κ[U ]

` ), (2-156)

sinceΦ is orthogonal. By employing the Eqs.(2-148)-(2-151) for the Eq.(2-156), we have

det[SM c] =
N
∏

`=−(N−1)

π2a2

16λ2

{[J`(λa)J`(λa) +
2
π

(−1)`I`(λa)I`(λa)][J ′`(λa)J ′`(λa) +
2
π

(−1)`I ′`(λa)I ′`(λa)]

− [J`(λa)J ′`(λa) +
2
π

(−1)`I`(λa)I ′`(λa)][J ′`(λa)J`(λa) +
2
π

(−1)`I ′`(λa)I`(λa)]}

(2-157)

By using the recurrence relations of the Bessel function in the Appendix 2, the Eq.(2-157)

can be simplified into

det[SM c] =
N
∏

`=−(N−1)

πa2

8λ2 [I`+1(λa)J`(λa) + J`+1(λa)I`(λa)]

{I`+1(λa)J`(λa) + J`+1(λa)I`(λa)} = 0

(2-158)

Zero determinant in the Eq.(2-158) implies that the eigenequation is

[I`+1(λa)J`(λa) + J`+1(λa)I`(λa)]{I`+1(λa)J`(λa) + J`+1(λa)I`(λa)} = 0,

` = 0,±1,±2, · · · ,±(N − 1), N.
(2-159)

After comparing with the analytical solution for the clamped circular plate [58], the true

eigenequation for the continuous system can be obtained by approachingN in the the dis-

crete system to infinity. The former part in the Eq.(2-159) inside the middle bracket is the

spurious eigenequation while the latter part inside the big bracket is found to be the true

eigenequation. The result of the Eq.(2-159) in the discrete system matches well with the

Eq.(2-130) in the continuous system.

Case 2. Simply-supported circular plate

For the simply-supported circular plate (u = 0 andm = 0) with a radiusa, we have

[SM s] =





U M

Uθ Mθ





4N×4N

, (2-160)
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where the superscript “s ” denotes the simply-supported case. Since the rotation symmetry

is preserved for a circular boundary, the eigenvalues of the influence matrices for the discrete

system can be found by using the circulants as shown below:

µ[M ]
` = − πa

4λ2 [J`(λa)αJ
` (λa) +

2
π

(−1)`I`(λa)αI
` (λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-161)

κ[M ]
` = −πa

4λ
[J ′`(λa)αJ

` (λa) +
2
π

(−1)`I ′`(λa)αI
` (λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-162)

whereµ[M ]
` andκ[M ]

` are the eigenvalues of[M ] and[Mθ] matrices, respectively. Since the

two matrices[M ] and[Mθ] are all symmetric circulants, they can be expressed by

[M ] = ΦΣMΦT , (2-163)

[Mθ] = ΦΣMθΦ
T . (2-164)

By employing the Eqs.(2-152), (2-153), (2-163) and (2-164) for the Eq.(2-160), we have

[SM s] =





Φ 0

0 Φ









ΣU ΣM

ΣUθ ΣMθ









Φ 0

0 Φ





T

. (2-165)

By using the property of the determinant in the Appendix 4, the determinant of[SM s]4N×4N

is

det[SM s] = det





ΣU ΣM

ΣUθ ΣMθ



 =
N
∏

`=−(N−1)

(µ[U ]
` κ[M ]

` − µ[M ]
` κ[U ]

` ), (2-166)

sinceΦ is orthogonal. By employing the Eqs.(2-148), (2-150), (2-161) and (2-162) for the

Eq.(2-166), we have

det[SM s] =
N
∏

`=−(N−1)

π2a2

16λ3

{[J`(λa)J`(λa) +
2
π

(−1)`I`(λa)I`(λa)][J ′`(λa)αJ
` (λa) +

2
π

(−1)`I ′`(λa)αI
` (λa)]

− [J`(λa)αJ
` (λa) +

2
π

(−1)`I`(λa)αI
` (λa)][J ′`(λa)J`(λa) +

2
π

(−1)`I ′`(λa)I`(λa)]}

(2-167)
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By using the recurrence relations of the Bessel function in the Appendix 2, the Eq.(2-167)

can be simplified into

det[SM s] =
N
∏

`=−(N−1)

πa
8λ2 [I`+1(λa)J`(λa) + J`+1(λa)I`(λa)]

{(1− ν)I`(λa)Jn+1(λa) + In+1(λa)J`(λa)− 2λaI`(λa)J`(λa)} = 0

(2-168)

Zero determinant in the Eq.(2-168) implies that the eigenequation is

[I`+1(λa)J`(λa) + J`+1(λa)I`(λa)]

{(1− ν)I`(λa)Jn+1(λa) + In+1(λa)J`(λa)− 2λaI`(λa)J`(λa)} = 0,

` = 0,±1,±2, · · · ,±(N − 1), N.

(2-169)

After comparing with the analytical solution for the simply-supported circular plate [58],

the true eigenequation for the continuous system can be obtained by approachingN in the

discrete system to infinity. The former part in the Eq.(2-169) inside the middle bracket is

the spurious eigenequation while the latter part inside the big bracket is found to be the true

eigenequation. The result of the Eq.(2-169) in the discrete system match well with the Eq.(2-

138) in the continuous system.

Case 3. Free circular plate

For the free circular plate (m = 0 andv = 0) with a radiusa, we have

[SM f ] =





M V

Mθ Vθ





4N×4N

, (2-170)

where the superscript “f ” denotes the free case. Since the rotation symmetry is preserved

for a circular boundary, the eigenvalues of the influence matrices for the discrete system can

be found by using the circulants as shown below:

µ[V ]
` = − πa

4λ2 [J`(λa)βJ
` (λa) +

2
π

(−1)`I`(λa)βI
` (λa)

+
1− ν

a
[J`(λa)γJ

` (λa) +
2
π

(−1)`I`(λa)γI
n(λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-171)
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κ[V ]
` = −πa

4λ
[J ′`(λa)βJ

` (λa) +
2
π

(−1)`I ′`(λa)βI
` (λa)

+
1− ν

a
[J ′`(λa)γJ

` (λa) +
2
π

(−1)`I ′`(λa)γI
n(λa)], ` = 0,±1,±2, · · · ,±(N − 1), N.

(2-172)

whereµ[V ]
` andκ[V ]

` are the eigenvalues of[V ] and[Vθ] matrices, respectively. Since the two

matrices[V ] and[Vθ] are all symmetric circulants, they can be expressed by

[V ] = ΦΣV ΦT , (2-173)

[Vθ] = ΦΣVθΦ
T , (2-174)

By employing the Eqs.(2-163), (2-164), (2-173) and (2-174) for the Eq.(2-170), we have

[SM f ] =





Φ 0

0 Φ









ΣM ΣV

ΣMθ ΣVθ









Φ 0

0 Φ





T

. (2-175)

By using the property of the determinant in the Appendix 4, the determinant of[SM f ]4N×4N

is

det[SM f ] = det





ΣU ΣM

ΣUθ ΣMθ



 =
N
∏

`=−(N−1)

(µ[M ]
` κ[V ]

` − µ[V ]
` κ[M ]

` ), (2-176)

sinceΦ is orthogonal. By employing the Eqs.(2-161), (2-162), (2-171) and (2-172) for the

Eq.(2-176), we have

det[SM f ] =
N
∏

`=−(N−1)

π2a2

16λ3

{[J`(λa)J`(λa) +
2
π

(−1)`I`(λa)I`(λa)][J ′`(λa)αJ
` (λa) +

2
π

(−1)`I ′`(λa)αI
` (λa)]

− [J`(λa)αJ
` (λa) +

2
π

(−1)`I`(λa)αI
` (λa)][J ′`(λa)J`(λa) +

2
π

(−1)`I ′`(λa)I`(λa)]}.

(2-177)

By using the recurrence relations of the Bessel function in the Appendix 2, the Eq.(2-177)

34



can be simplified into

det[SM f ] =
N
∏

`=−(N−1)

πa
8λ2

[I`+1(λa)J`(λa) + J`+1(λa)I`(λa)]

{λa(1− ν)[−4`2(`− 1)]I`(λa)J`(λa)− 2λ2a2I`+1(λa)J`+1(λa)]

+ 2`λ2a2(1− ν)(1− `)(I`+1(λa)J`(λa)− I`(λa)J`+1(λa))

+ [`2(1− ν)2(`2 − 1) + λ4a4](I`+1(λa)J`(λa) + I`(λa)J`+1(λa))} = 0.

(2-178)

Zero determinant in the Eq.(2-178) implies that the eigenequation is

[I`+1(λa)J`(λa) + J`+1(λa)I`(λa)]

{λa(1− ν)[−4`2(`− 1)I`(λa)J`(λa)− 2λ2a2I`+1(λa)J`+1(λa)]

+ 2`λ2a2(1− ν)(1− `)(I`+1(λa)J`(λa)− I`(λa)J`+1(λa))

+ [`2(1− ν)2(`2 − 1) + λ4a4](I`+1(λa)J`(λa) + I`(λa)J`+1(λa))} = 0

` = 0,±1,±2, · · · ,±(N − 1), N.

(2-179)

After comparing with the analytical solution for the free circular plate [58], the true eigenequa-

tion for the continuous system can be obtained by approachingN in the discrete system to in-

finity. The former part in the Eq.(2-179) inside the middle bracket is the spurious eigenequa-

tion while the latter part inside the big bracket is the true eigenequation. The result of the

Eq.(2-179) in the discrete system match well with the Eq.(2-146) in the continuous sys-

tem. After comparing the Eq.(2-159) with the Eqs.(2-169) and (2-179), the same spurious

eigenequation ([I`+1(λa)J`(λa) + J`+1(λa)I`(λa)] = 0) is simultaneously embedded in the

u, θ formulation no matter what the boundary condition is.

Since any two equations in the plate formulation (the Eqs.(2-28)-(2-31)) can be chosen,6(C4
2)

options of the formulation can be considered. If we choose different combinations of the for-

mulae for any one of the the clamped, simply-supported or free circular plate cases, we can

obtain the same true eigenequation but different spurious eigenequations. At the same time,

the clamped, simply-supported and free circular plates result in the same spurious eigenequa-

tion, once the same formulation is chosen. The occurrence of spurious eigenequation only
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depends on the formulation instead of the specified boundary condition. True eigenequation

depends on the specified boundary condition instead of the formulation. All the resluts are

summarized in the Table 2-4.

2-4 Numerical results and discussions

Circular plate (clamped, simply-supported and free (C, S and F) boundary conditions)

A circular plate with a radius of one meter(a = 1 m) and the Poisson ratioν = 0.33 are con-

sidered. The boundary is discretized into ten constant elements. Since any two equations in

the plate formulation (the Eqs.(2-28)-(2-31)) can be chosen,6(C4
2) options of the formulation

can be considered. By using the real-part and imaginary-part BEMs, the numerical results

are shown below:

Real-part BEM:

Based on the six real-part formulations, the determinants of[SM ] versus frequency parame-

ter λ for the clamped, simply-supported and free circular plates are shown in Figures 2-1∼

2-3, respectively. In each figure, we find that the true eigenvalues depends on the specified

boundary condition (C, S and F) instead of the six formulations (a, b, c, d, e and f). The spu-

rious eigenvalues are embedded in each formulation as shown in Figures 2-1∼ 2-3, which

satisfy the spurious eigenequations in the Table 2-2. For example, if we use theu, θ formu-

lation to solve the circular plates subject to different boundary conditions (Figures 2-1.(a),

2-2.(a) and 2-3.(a)), the spurious eigenvalues appear at the positions which satisfy the spu-

rious eigenequation[K`+1(λa)Y`(λa) − Y`+1(λa)K`(λa)] = 0 as embedded in Eqs.(2-44),

(2-54), (2-66), (2-97), (2-107) and (2-117). In order to distinguish the spurious eigenvalues,

Figures 2-4.(a)-(f) show the determinant of[SM ] versusλ using the formualtion (e.g. u, θ

andu, m formulation) to solve the the circular plates subject to different boundary conditions.

It is found that any one of the clamped, simply-supported and free cases results in the same

spurious eigenvalues, once the formulation (a, b and c -u, θ formulation; d, e and f -u,m

formulation) is employed. The numerical results reconfirm that the occurrence of spurious
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eigenvalues only depends on the formulation instead of the specified boundary condition. All

the spurious eigenequations in the real-part BEM are summarized in the the Table 2-2.

Imaginary-part BEM:

Based on the six imaginary-part formulations, the determinant of[SM ] versus frequency pa-

rameterλ for the clamped, simply-supported and free circular plates are shown in Figures

2-5 ∼ 2-7, respectively. In each figure, we find that the true eigenvalues depends on the

specified boundary condition (C, S and F) instead of the six formulations (a, b, c, d, e and

f). The spurious eigenvalues are embedded in each formulation as shown in Figures 2-5∼

2-7, which satisfy the spurious eigenequations in the Table 2-4. For example, if we use the

u, θ formulation to solve the circular plates subject to different boundary conditions (Figures

2-5.(a), 2-6.(a) and 2-7.(a)), the spurious eigenvalues appear at the positions which satisfy the

spurious eigenequation[I`+1(λa)J`(λa)+J`+1(λa)I`(λa)] = 0 as embedded in Eqs.(2-130),

(2-138), (2-146), (2-159), (2-169) and (2-179). In order to distinguish the spurious eigenval-

ues, Figures 2-8.(a)-(f) show the determinant of[SM ] versusλ using the formualtion (e.g.u,

θ andu, m formulation) to solve the circular plates subject to different boundary conditions.

It is found that any one of the clamped, simply-supported and free cases results in the same

spurious eigenvalues, once we use the formulation (a, b and c -u, θ formulation; d, e and f

- u,m formulation). The numerical results reconfirm that the occurrence of spurious eigen-

values only depends on the formulation instead of the specified boundary condition. All the

spurious eigenequations in the imaginary-part BEM are summarized in the Table 2-4.

The numerical results of the true eigenvalues agree well with the data in Leissa [58] by using

the real and imaginary-part BEMs as shown in the Tables 2-5, 2-6 and 2-7 for the clamped,

simply-supported and free circular plates, respectively.
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2-5 Concluding remarks

The real and imaginary-part BEM formulations have been derived for the free vibration of

plates. For a circular plate, the true and spurious eigenequations were derived analytically

by using the degenerate kernel, Fourier series and circulants in the continuous and discrete

systems. The eigenvalues were determined numerically. Since any two equations in the

plate formulation (4 equations) can be chosen,C4
2 (6) options can be considered. The oc-

currence of spurious eigenequation only depends on the formulation instead of the specified

boundary condition, while the true eigenequation is independent of the formulation and is

relevant to the specified boundary condition. All the results are shown in the Tables 2-2

and 2-4. Three cases were demonstrated analytically and numerically to see the validity of

the present method. Although the circular case lacks generality, it leads significant insight

into the occurring mechanism of true and spurious eigenequation. Here, the proof is only

limited to the circular case, it is a great help to the researchers who may require analytical

explanation to understand why the spurious eigenequation occurs. The same algorithm in

the discrete system can be applied to solve arbitrary-shaped plate numerically without any

difficulty. Nevertheless, mathematical derivation in the continuous and discrete systems can

not be done analytically. How to avoid the occurrence of the spurious eigenvalues will be

addressed in the next chapter.
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Chapter 3 Treatment of the spurious eigenvalues for

simply-connected eigenproblems

Summary

In this chapter, four alternatives (SVD updating technique, the Burton & Miller method,

the complex-valued BEM and the CHEEF method) are adopted to suppress the occurrence

of the spurious eigenvalues for the simply-connected eigenproblem of plate in the real and

imaginary-part BEMs. A clamped case is demonstrated analytically in the continuous and

discrete systems.

3-1 SVD updating technique

3-1-1 Continuous system

A conventional approach to detect the nonunique solution is the criterion of satisfying all

the Eqs.(2-28)-(2-31) at the same time in the real-part BEM. For the clamped plate (u =

0 and θ = 0), the moment and shear force (m(s) and v(s)) along the circular boundary,

can be expanded into Fourier series as shown in the Eqs.(2-33) and (2-34) in the Chapter

2. By substituting the degenerate kernels into the Eqs.(2-24)-(2-25) and by employing the

orthogonality condition of the Fourier series, the Fourier coefficientsac
n, bc

n, pc
n andqc

n satisfy

the Eqs.(2-39)-(2-42) as shown in the Chapter 2. If we employ the Eq.(2-26) to sovle the

same eigenproblem, we obtain the Fourier coefficientsac
n, bc

n, pc
n andqc

n satisfying

pc
n =

[αY
n (λa)Jn(λa) + 2

παK
n (λa)In(λa)]

[αY
n (λa)J ′n(λa) + 2

παK
n (λa)I ′n(λa)]

ac
n, n = 0, 1, 2, . . . , (3-1)

qc
n =

[αY
n (λa)Jn(λa) + 2

παK
n (λa)In(λa)]

[αY
n (λa)J ′n(λa) + 2

παK
n (λa)I ′n(λa)]

bc
n, n = 0, 1, 2, . . . . (3-2)

Similarly, the Eq.(2-27) yields,

pc
n =

[βY
n (λa)Jn(λa) + 2

π βK
n (λa)(λa)In(λa) + 1−ν

a [γY
n (λa)Jn(λa) + 2

π γK
n (λa)In(λa)]]

[βY
n (λa)J ′n(λa) + 2

π βK
n (λa)(λa)I ′n(λa) + 1−ν

a [γY
n (λa)J ′n(λa) + 2

π γK
n (λa)I ′n(λa)]]

ac
n,

n = 0, 1, 2, . . . ,

(3-3)
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qc
n =

[βY
n (λa)Jn(λa) + 2

π βK
n (λa)(λa)In(λa) + 1−ν

a [γY
n (λa)Jn(λa) + 2

π γK
n (λa)In(λa)]]

[βY
n (λa)J ′n(λa) + 2

π βK
n (λa)(λa)I ′n(λa) + 1−ν

a [γY
n (λa)J ′n(λa) + 2

π γK
n (λa)I ′n(λa)]]

bc
n,

n = 0, 1, 2, . . . .

(3-4)

When the eigenvalues satisfy the true eigenequation of

{In+1(λa)Jn(λa) + Jn+1(λa)In(λa)} = 0, n = 0,±1,±2, · · · ,±(N − 1), N, (3-5)

the Eqs.(2-39), (2-41), (3-1) and (3-3) can be simplified to

pc
n =

I(λa)
λI ′n(λa)

ac
n, n = 0, 1, 2, . . . . (3-6)

In this case, we obtain the nontrivial data of the true boundary mode in the column vector
form by employing the Eq.(3-6) as shown below:8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ac
0

pc
0

ac
1

bc
1

pc
1

qc
1
...

ac
n

bc
n

pc
n

qc
n

...

ac
2N

bc
2N

pc
2N

qc
2N

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

=

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

0

0

0

0

0

0
...

1

0

In(λa))/λI′n(λa)

0
...

0

0

0

0

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ac
n +

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

0

0

0

0

0

0
...

0

1

0

In(λa))/λI′n(λa)
...

0

0

0

0

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

bc
n, (3-7)

whereac
n andbc

n are arbitrary. The column vector of the true boundary modes are the same by

using any one of the Eqs.(2-39), (2-41), (3-1) and (3-3). In case of the spurious eigenvalue,

the Eqs.(2-39), (2-41), (3-1) and (3-3) can not obtain the commom term. After recollecting

any two terms of the Eqs.(2-39), (2-41), (3-1) and (3-3) by using the recurrence relations of

the Bessel function in the Appendix 2, it is found that all the results can be simplified to six

different spurious eigenequations as shown in the Table 2-2. The same true eigenequation is

commonly imbedded in the six real-part formulations. The only possibility to seek nontrivial
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data for the generalized coefficients is only the common one (true eigenequation in the Eq.(3-

5)) to be zero.

This indicates that only the true eigenequation of the clamped circular plate is sorted out

since the true eigenequation is simultaneously embedded in the six real-part formulations.

The result matches well with the Eqs.(2-44) and (2-97) in the continuous and discrete sys-

tems, respectively. Since we solve the same problem by using the imaginary-part BEM, only

the true eigenequation of the clamped circular plate is sorted out for the same reason that

the true eigenequation is simultaneously embedded in the six imaginary-part formulations.

This is the mathematical meaning of the SVD technique of updating term in the continuous

system. We will apply the SVD updating technique in the discrete system.

3-1-2 Discrete system

In the discrete system, the approach to detect the spurious eigensolution is the criterion of

satisfying all the Eqs.(2-28)-(2-31) at the same time in the real-part BEM. For the clamped

plate (u = 0 andθ = 0), the Eqs.(2-28)-(2-31) reduce to

0 = [U ]{v}+ [Θ]{m}, (3-8)

0 = [Uθ]{v}+ [Θθ]{m}, (3-9)

0 = [Um]{v}+ [Θm]{m}, (3-10)

0 = [Uv]{v}+ [Θv]{m}. (3-11)

After rearranging the terms, the Eqs.(3-8) and (3-9) can be assembled to

[SM c
1 ]







v

m







= {0}, (3-12)

where

[SM c
1 ] =





U Θ

Uθ Θθ



 . (3-13)

41



Similarly, the Eqs.(3-10) and (3-11) yield

[SM c
2 ]







v

m







= {0}, (3-14)

where

[SM c
2 ] =





Um Θm

Uv Θv



 . (3-15)

Since the real-part BEM misses the imaginary-part information, we can reconstruct the inde-

pendent equation by differentiation. To obtain an overdetermined system, we can combine

the Eqs.(3-12) and (3-14) by using the SVD technique of updating term as shown below:

[C]







v

m







= {0}, (3-16)

where

[C] =





SM c
1

SM c
2





8N×4N

. (3-17)

Since the eigenequation is nontrivial, the rank of the matrix[C] must be smaller than4N , the

4N singular values for the matrix[C] must have at least one zero value. The explicit form for

the matrix[C] can be decomposed into

[C] =

















Φ 0 0 0

0 Φ 0 0

0 0 Φ 0

0 0 0 Φ

















8N×8N

















ΣU ΣΘ

ΣUθ ΣΘθ

ΣUm ΣΘm

ΣUv ΣΘv

















8N×4N





ΦT 0

0 ΦT





4N×4N

. (3-18)

Based on the equivalence between the SVD technique and the least-squares method in math-

ematical essence, the least squares form leads to

[C]T [C] =





Φ 0

0 Φ





4N×4N

[D]4N×4N





Φ 0

0 Φ





T

4N×4N

(3-19)

where

[D] =





ΣU ΣUθ ΣUm ΣUv

ΣΘ ΣΘθ ΣΘm ΣΘv





4N×8N

















ΣU ΣΘ

ΣUθ ΣΘθ

ΣUm ΣΘm

ΣUv ΣΘv

















8N×4N

(3-20)
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If the determinant of the matrix[C]T [C] is zero, we can obtain the nontrivial solution. Since

Φ is orthogonal, the determinant of the matrix[C]T [C] is equal to the determinant of the

matrix [D]. By calculating the determinant of the matrix[D], we have

det[D] =
N
∏

`=−(N−1)

[(µ[U ]
` κ[Θ]

` − µ[Θ]
` κ[U ]

` )2 + (µ[U ]
` ζ [Θ]

` − µ[Θ]
` ζ [U ]

` )2 + (µ[U ]
` δ[Θ]

` − µ[Θ]
` δ[U ]

` )2

+ (κ[U ]
` ζ [Θ]

` − κ[Θ]
` ζ [U ]

` )2 + (κ[U ]
` δ[Θ]

` − κ[Θ]
` δ[U ]

` )2 + (ζ [U ]
` δ[Θ]

` − ζ [Θ]
` δ[U ]

` )2],

(3-21)

whereζ [U ]
` , ζ [Θ]

` , δ[Θ]
` andδ[U ]

` are the eigenvalues of the matrics[Um], [Θm], [Uv] and [Θv],

respectively. The only possibility for the zero determinant of the matrix[D] occurs when the

six terms,(µ[U ]
` κ[Θ]

` −µ[Θ]
` κ[U ]

` ), (µ[U ]
` ζ [Θ]

` −µ[Θ]
` ζ [U ]

` ), (µ[U ]
` δ[Θ]

` −µ[Θ]
` δ[U ]

` ), (κ[U ]
` ζ [Θ]

` −κ[Θ]
` ζ [U ]

` ),

(κ[U ]
` δ[Θ]

` − κ[Θ]
` δ[U ]

` ) and(ζ [U ]
` δ[Θ]

` − ζ [Θ]
` δ[U ]

` ) are all zeros at the same time for the same`.

Here we can find that the six terms exactly result in the six different spurious eigenequations

as shown in the Table 2-2, and the same true eigenequation is commonly imbedded in the six

real-part formulations. The only possibility for the zero determinant of the matrix[D] is the

common term (true eigenequation in the Eq.(3-5)) to be zero.

This indicates that only the true eigenequation of the clamped circular plate is sorted out in

the SVD updating matrix since the true eigenequation is simultaneously embedded in the six

real-part formulations (the Eq.(3-21)). The result matches well with the Eqs.(2-44) and (2-

97) in the continuous and discrete systems, respectively. Since we solve the same problem

by using the imaginary-part BEM, only the true eigenequation of the clamped circular plate

is sorted out for the same reason that the true eigenequation is simultaneously embedded in

the six imaginary-part formulations.

3-2 Burton & Miller method and the complex-valued BEM

In the exterior acoustics of Helmholtz equation by using the dual BEM, Burton & Miller uti-

lized the product of hypersingular equation with an imaginary constant and added the singular
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equation to deal with the fictitious-frequency problem which results in a non-uniqueness so-

lution. We will extend this concept to suppress the appearence of the spurious eigenequation

of simply-connected plate in the real-part or imaginary-part BEM.

3-2-1 Continuous system

For the clamped circular plate with a radiusa, combination of the Eqs.(2-24) and (2-26) with

an imaginary number by using the real-part BEM yields

0 =−
∫

B
[U(s, x) + iUm(s, x)]v(s) dB(s) +

∫

B
[Θ(s, x) + iΘm(s, x)]m(s) dB(s) (3-22)

Similarly, the Eqs.(2-25) and (2-27) yield,

0 =−
∫

B
[Uθ(s, x) + iUv(s, x)]v(s) dB(s) +

∫

B
[Θθ(s, x) + iΘv(s, x)]m(s) dB(s) (3-23)

The moment and shear force,m(s) andv(s) along the circular boundary, can be expanded

into Fourier series as shown in the Eqs.(2-33) and (2-34) in the Chapter 2. By using the

degenerate kernels into the Eq.(3-22) and by employing the orthogonality condition of the

Fourier series, the Fourier coefficientsac
n, bc

n, pc
n andqc

n satisfy

pc
n =

[Yn(λa)Jn(λa) + 2
πKn(λa)In(λa)] + i[αY

n (λa)Jn(λa) + 2
παK

n (λa)In(λa)]
[Yn(λa)J ′n(λa) + 2

πKn(λa)I ′n(λa)] + i[αY
n (λa)J ′n(λa) + 2

παK
n (λa)I ′n(λa)]

ac
n,

n = 0, 1, 2, . . . ,

(3-24)

qc
n =

[Yn(λa)Jn(λa) + 2
πKn(λa)In(λa)] + i[αY

n (λa)Jn(λa) + 2
παK

n (λa)In(λa)]
[Yn(λa)J ′n(λa) + 2

πKn(λa)I ′n(λa)] + i[αY
n (λa)J ′n(λa) + 2

παK
n (λa)I ′n(λa)]

bc
n,

n = 0, 1, 2, . . . .

(3-25)

Similarly, the Eq.(3-23) yields,

pc
n =

λ[Y ′
n(λa)Jn(λa) + 2

πK ′
n(λa)In(λa)]

λ[Y ′
n(λa)J ′n(λa) + 2

πK ′
n(λa)I ′n(λa)]

+i[βY
n (λa)Jn(λa) + 2

πβK
n (λa)In(λa) + 1−ν

a [γY
n (λa)Jn(λa) + 2

πγK
n (λa)(λa)In(λa)]]

+i[βY
n (λa)J ′n(λa) + 2

πβK
n (λa)I ′n(λa) + 1−ν

a [γY
n (λa)J ′n(λa) + 2

πγK
n (λa)I ′n(λa)]]

ac
n,

n = 0, 1, 2, . . . ,

(3-26)
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qc
n =

λ[Y ′
n(λa)Jn(λa) + 2

πK ′
n(λa)In(λa)]

λ[Y ′
n(λa)J ′n(λa) + 2

πK ′
n(λa)I ′n(λa)]

+i[βY
n (λa)Jn(λa) + 2

πβK
n (λa)In(λa) + 1−ν

a [γY
n (λa)Jn(λa) + 2

πγK
n (λa)(λa)In(λa)]]

+i[βY
n (λa)J ′n(λa) + 2

πβK
n (λa)I ′n(λa) + 1−ν

a [γY
n (λa)J ′n(λa) + 2

πγK
n (λa)I ′n(λa)]]

bc
n,

n = 0, 1, 2, . . . .

(3-27)

To seek nontrivial data for the generalized coefficients ofac
n, pc

n, bc
n andqc

n, we can obtain the

eigenequation by using either the Eqs.(3-24) and (3-26) or the Eqs.(3-25) and (3-27)

λ[Y ′
n(λa)Jn(λa) + 2

πK ′
n(λa)In(λa)]

λ[Y ′
n(λa)J ′n(λa) + 2

πK ′
n(λa)I ′n(λa)]

+i[βY
n (λa)Jn(λa) + 2

πβK
n (λa)In(λa) + 1−ν

a [γY
n (λa)Jn(λa) + 2

πγK
n (λa)(λa)In(λa)]]

+i[βY
n (λa)J ′n(λa) + 2

πβK
n (λa)I ′n(λa) + 1−ν

a [γY
n (λa)J ′n(λa) + 2

πγK
n (λa)I ′n(λa)]]

=
λ[Y ′

n(λa)Jn(λa) + 2
πK ′

n(λa)In(λa)]
λ[Y ′

n(λa)J ′n(λa) + 2
πK ′

n(λa)I ′n(λa)]

+i[βY
n (λa)Jn(λa) + 2

πβK
n (λa)In(λa) + 1−ν

a [γY
n (λa)Jn(λa) + 2

πγK
n (λa)(λa)In(λa)]]

+i[βY
n (λa)J ′n(λa) + 2

πβK
n (λa)I ′n(λa) + 1−ν

a [γY
n (λa)J ′n(λa) + 2

πγK
n (λa)I ′n(λa)]]

(3-28)

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(3-28) can be simplified to

[A(λ) + iB(λ)]{In+1(λa)Jn(λa) + Jn+1(λa)In(λa)} = 0 (3-29)

Since the term[A(λ) + iB(λ)] is never zero for anyλ, we can obtain the true eigenvalues by

using the real-part BEM in conjunction with the Burton & Miller concept. Nevertheless, if

we combine theu, θ andm, v formulations oru, v andθ, m formulations, the method fails.

The reason is that theu, v andθ, m formulation have the same spurious eigenequation. It

occurs thatA(λ) (B(λ)) may always be zero for anyλ, this results in the spurious eigen-

value since the other coefficient (B(λ) (A(λ))) may be zero. Only the combination ofu, m

andθ, v real-part formulation can obtain the true eigenvalues. All the explicit forms of the

[A(λ)+ iB(λ)] are shown in the Table 3-1 by using the real-part BEM. Similarly, we can use

the imaginary-part BEM in conjunction with the Burton & Miller concept to solve the same

problem. Only the combination ofu, m andθ, v imaginary-part formulations can obtain the
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true eigenvalues. All the results of the[A(λ) + iB(λ)] are shown in the Table 3-2 by using

the imaginary-part BEM.

Since the real (resp. imaginary)-part BEM misses imaginary (resp. real)-part information, we

can reconstruct the independent equation by adding the other real (resp. imaginary)-part BEM

multiplied by an imaginary unit. By employing the Burton & Miller concept to combine the

real and imaginary-part for the same formulation (e. g. u, θ formulae), the complex-valued

BEM can be treated as a special case of Burton & Miller method. This indicates that Burton

& Miller method and the complex-valued BEM are mathematical equivalent if we choose the

same formulation (e. g. u, θ formulae). In this case, we construct the real-part formulation

(u, θ formulae) and combine withm, v formulae by multiplying an imaginary unit.

Now, we consider the complex-valued BEM to solve the same problem by using

U(s, x) = Uc(s, x) =
1

8λ2 [(Y0(λr) + iJ0(λr)) +
2
π

(K0(λr) + iI0(λr))] (3-30)

By using the degenerate kernels into the Eq.(3-22) and by employing the orthogonality con-

dition of the Fourier series for the clamped case, the Fourier coefficientsac
n, bc

n, pc
n andqc

n

satisfy

pc
n =

1
λ

[Yn(λa)Jn(λa) + 2
πKn(λa)In(λa)] + i[Jn(λa)Jn(λa) + 2

πIn(λa)In(λa)]
[Yn(λa)J ′n(λa) + 2

πKn(λa)I ′n(λa)] + i[Jn(λa)J ′n(λa) + 2
πIn(λa)I ′n(λa)]

ac
n,

n = 0, 1, 2, . . . ,

(3-31)

qc
n =

1
λ

[Yn(λa)Jn(λa) + 2
πKn(λa)In(λa)] + i[Jn(λa)Jn(λa) + 2

πIn(λa)In(λa)]
[Yn(λa)J ′n(λa) + 2

πKn(λa)I ′n(λa)] + i[Jn(λa)J ′n(λa) + 2
πIn(λa)I ′n(λa)]

bc
n,

n = 0, 1, 2, . . . .

(3-32)

46



Similarly, the Eq.(3-23) yields,

pc
n =

1
λ

[Y ′
n(λa)Jn(λa) + 2

πK ′
n(λa)In(λa)] + i[Jn(λa)Jn(λa) + 2

πIn(λa)In(λa)]
[Y ′

n(λa)J ′n(λa) + 2
πK ′

n(λa)I ′n(λa)] + i[Jn(λa)J ′n(λa) + 2
πIn(λa)I ′n(λa)]

ac
n,

n = 0, 1, 2, . . . ,

(3-33)

qc
n =

1
λ

[Y ′
n(λa)Jn(λa) + 2

πK ′
n(λa)In(λa)] + i[Jn(λa)Jn(λa) + 2

πIn(λa)In(λa)]
[Y ′

n(λa)J ′n(λa) + 2
πK ′

n(λa)I ′n(λa)] + i[Jn(λa)J ′n(λa) + 2
πIn(λa)I ′n(λa)]

bc
n,

n = 0, 1, 2, . . . .

(3-34)

To seek nontrivial data for the generalized coefficients ofac
n, pc

n, bc
n andqc

n, we can obtain the

eigenequation by using either the Eqs.(3-24) and (3-33) or the Eqs.(3-32) and (3-34)

[Yn(λa)Jn(λa) + 2
πKn(λa)In(λa)] + i[Jn(λa)Jn(λa) + 2

πIn(λa)In(λa)]
[Yn(λa)J ′n(λa) + 2

πKn(λa)I ′n(λa)] + i[Jn(λa)J ′n(λa) + 2
πIn(λa)I ′n(λa)]

=
[Y ′

n(λa)Jn(λa) + 2
πK ′

n(λa)In(λa)] + i[Jn(λa)Jn(λa) + 2
πIn(λa)In(λa)]

[Y ′
n(λa)J ′n(λa) + 2

πK ′
n(λa)I ′n(λa)] + i[Jn(λa)J ′n(λa) + 2

πIn(λa)I ′n(λa)]

(3-35)

After recollecting the terms by using the recurrence relations of the Bessel function in the

Appendix 2, the Eq.(3-28) can be simplified to

[A(λ) + iB(λ)]{In+1(λa)Jn(λa) + Jn+1(λa)In(λa)} = 0 (3-36)

Since the term[A(λ) + iB(λ)] is never zero for anyλ, we can obtain the true eigenvalues by

using the complex-valued BEM. All the explicit forms of the[A(λ) + iB(λ)] are shown in

the Table 3-3 by using the complex-valued BEM.

3-2-2 Discrete system

By combining the Eqs.(3-12) and (3-14) with an imaginary number in the real-part BEM, we

have

[[SM c
1 ] + i[SM c

2 ]]







v

m







= 0. (3-37)
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The determinant of the[SM c
1 ] + i[SM c

2 ] is obtained by using the circulant as

det[[SM c
1 ] + i[SM c

2 ]] =
N
∏

`=−(N−1)

[A(λ) + iB(λ)]{I`+1(λa)J`(λa) + J`+1(λa)I`(λa)}

(3-38)

Since the term[A(λ) + iB(λ)] is never zero for anyλ, we can obtain the true eigenvalues

by using the real-part BEM in conjunction with the Burton & Miller concept. Nevertheless,

if we combine theu, θ andm, v formulations oru, v andθ, m formulations, the method

fails. The reason is that theu, v andθ, m formulation have the same spurious eigenequa-

tion. It occurs thatA(λ) (B(λ)) may always be zero for anyλ, this results in the spurious

eigenvalue since the other coefficient (B(λ) (A(λ))) may be zero. Only the combination of

u, m andθ, v real-part formulation can obtain the true eigenvalues. All the explicit forms of

the [A(λ) + iB(λ)] are shown in the Table 3-1 for the real-part BEM. Similarly, we can use

the imaginary-part BEM in conjunction with the Burton & Miller concept to solve the same

problem. Only the combination ofu, m andθ, v imaginary-part formulation can obtain the

true eigenvalues. All the explicit forms of the[A(λ) + iB(λ)] are shown in the Table 3-2 for

the imaginary-part BEM.

Since the real (resp. imaginary)-part BEM misses the imaginary (resp. real)-part information,

we can reconstruct the independent equation by adding the other real (resp. imaginary)-part

BEM with multiplication an imaginary unit. By employing the Burton & Miller concept to

combine the real and imaginary-part for the same formulation (e. g. u, θ formulae), the

complex-valued BEM can be treated as a special case of Burton & Miller method. This in-

dicates that Burton & Miller method and the complex-valued BEM are mathematical equiv-

alent if we choose the same formulation (e. g. u, θ formulae). In this case, we construct

one real-part formulation (u, θ formulae) and combine withm, v formulae by multiplying an

imaginary number.

Now, we consider the complex-valued BEM to solve the same problem using

U(s, x) = Uc(s, x) =
1

8λ2 [(Y0(λr) + iJ0(λr)) +
2
π

(K0(λr) + iI0(λr))] (3-39)
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For the clamped circular plate (u = 0 andθ = 0), we have

[SM ]







v

m







= 0. (3-40)

We can also obtain the determinant of the[SM ] by using the circulant as

det[SM ] =
N
∏

`=−(N−1)

{I`+1(λa)J`(λa) + J`+1(λa)I`(λa)}[A + iB] (3-41)

Since the term[A(λ) + iB(λ)] is never zero for anyλ, we can obtain the true eigenvalues by

using the complex-valued BEM. All the explicit forms of the[A(λ) + iB(λ)] are shown in

the Table 3-3 for the complex-valued BEM.

3-3 CHEEF method

3-3-1 Continuous system

By substituting the degenerate kernels in the real-part BEM of the Eqs.(2-37) and (2-38) for

the interior point(0 < ρ < a) and the relationship between the Fourier coefficients of the

Eq.(2-39) intou formula in the Eq.(2-6), we have

u(ρ, φ) ={
Jn(λρ)[Yn(λa)(Yn(λa)Jn+1(λa)− Yn+1(λa)Jn(λa))− 2

π Kn(λa)(In+1(λa)Yn(λa) + Yn+1(λa)In(λa))]
8λ2[Yn(λa)J ′n(λa) + 2

π Kn(λa)I ′n(λa)]

+
In(λρ)[Yn(λa)(Jn+1(λa)Kn(λa)−Kn+1(λa)Jn(λa))− 2

π Kn(λa)( 2
π In+1(λa)Kn(λa) + 2

π Kn+1(λa)In(λa))]
8λ2[Yn(λa)J ′n(λρ) + 2

π Kn(λa)I ′n(λρ)]
}

(pc
ncos(nφ) + qc

nsin(nφ)), 0 < ρ < a, 0 ≤ φ < 2π.

(3-42)

For the exterior point(a < ρ), the null-field integral equation yields

0 =
[Jn(λa)In+1(λa) + In(λa)Jn+1(λa)][ 2

πYn(λa)Kn(λρ)− 2
πKn(λa)Yn(λρ)]

8λ2[Yn(λa)J ′n(λa) + 2
πKn(λa)I ′n(λa)]

(pc
ncos(nφ) + qc

nsin(nφ)), a < ρ, 0 ≤ φ < 2π.

(3-43)

When the true eigenvalueλ satisfies the Eq.(3-5), we can find that the field of the interior

(ρ < a) and exterior(a < ρ) points are the nontrivial solution and null-field, respectively.

It is found that the solution of the exterior point(a < ρ) is not a null-field for the spurious
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eigenvalue. This provides us a clue to filter out the spurious eigenvalue. By this way, the

exterior point can be chosen to obtain an independent constraint in the null-field equation in

order to suppress the occurrence of the spurious eigenvalues for the simply-connected plate

eigenproblem. In another words, the Eq.(3-43) can be a discriminant for the spurious eigen-

value once the null-field equation is not satisfied.

In this section, we employ the CHEEF method to deal with the problem of spurious eigenval-

ues. Firstly, we choose a CHEEF point(ρ1, φ1) outside the domain(a < ρ1, 0 < φ1 < 2π).

By substituting the CHEEF point into the Eq.(3-43), we have

0 =
[Jn(λa)In+1(λa) + In(λa)Jn+1(λa)][ 2

πYn(λa)Kn+1(λρ1)− 2
πKn(λa)Yn+1(λρ1)]

8λ2[Yn(λa)J ′n(λa) + 2
πKn(λa)I ′n(λa)]

(pc
ncos(nφ1) + qc

nsin(nφ1))

(3-44)

Comparing the Eq.(3-44) with the true eigenequation in the Eq.(3-5), the Eq.(3-44) shows the

consistency of the null-field whena < ρ1. For the spurious eigenvalue, the Eq.(3-44) can not

be satisfied once[Yn(λa)Kn(λρ1) − Kn(λa)Yn(λρ1)] 6= 0. By this way, the Eq.(3-44) can

provide the independent constraint to detect the spurious eigenequation[Yn(λa)Kn+1(λa)−

Kn(λa)Yn+1(λa)] = 0 if [Yn(λa)Kn(λρ1) − Kn(λa)Yn(λρ1)] 6= 0. Because one added

point supplies at most one constraint, an additional point is required for the eigenvalues of

multiplicity two, in order to obtain sufficient constraints. Therefore, we add another point

(ρ2, φ2) in the complementary domain(a < ρ1, 0 < φ1 < 2π). Substituting the field point

(ρ2, φ2) into the Eq.(3-43), we have

0 =
[Jn(λa)In+1(λa) + In(λa)Jn+1(λa)][ 2

πYn(λa)Kn(λρ2)− 2
πKn(λa)Yn(λρ2)]

8λ2[Yn(λa)J ′n(λa) + 2
πKn(λa)I ′n(λa)]

(pc
ncos(nφ2) + qc

nsin(nφ2))

(3-45)

To seek nontrivial data for the generalized coefficients ofpc
n andqc

n by using the Eqs.(3-44)

and (3-45), we have

[W ] =





{ 2
π Yn(λa)Kn(λρ1)− 2

π Kn(λa)Yn(λρ1)}cos(nφ1) { 2
π Yn(λa)Kn(λρ1)− 2

π Kn(λa)Yn(λρ1)}sin(nφ1)

{ 2
π Yn(λa)Kn(λρ2)− 2

π Kn(λa)Yn(λρ2)}cos(nφ2) { 2
π Yn(λa)Kn(λρ2)− 2

π Kn(λa)Yn(λρ2)}sin(nφ2)





(3-46)
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If the determinant of the matrix[W ] is zero, the coefficientspc
n and qc

n can be arbitrary;

i.e., the Eqs.(3-44) and (3-45) do not provide two independent constraints. In this case, the

intersection angle(φ1 − φ2) between the two selected points satisfying

sin n(φ1 − φ2) = 0, or φ1 − φ2 =
π
n

, n = 1, 2, 3, · · · , (3-47)

makes the two equations dependent. Besides, the CHEEF points(ρ1, φ1) and(ρ2, φ2) should

not satisfy[Yn(λa)Kn(λρ1)−Kn(λa)Yn(λρ1)] = 0 and[Yn(λa)Kn(λρ2)−Kn(λa)Yn(λρ2)] =

0. Therefore, we must avoid this point in order to effectively filter out the spurious eigenval-

ues of multiplicity two.

Here, we extend the concept of the CHEEF method from interior acoustics to the plate vi-

bration. The details for the CHEEF method will be elaborated on the discrete system in real

computations.

3-3-2 Discrete system

Consider the eigenproblem for the clamped plate, the Eqs.(2-24) and (2-25) can be rewritten

as




U Θ

Uθ Θθ





4N×4N







v

m







4N×1

= {0}4N×1 , (3-48)

By moving the field pointx to be the CHEEF point outside the domain, we have




UC ΘC

UC
θ ΘC

θ





2NC×4N







v

m







4N×1

= {0}4N×1 , (3-49)

where the superscriptC denotes the CHEEF point in the null-field equation and the subscript

Nc (≥ 1) indicates the number of additional CHEEF points. Combining the Eqs.(3-48) and

(3-49) together to obtain the overdetermined system, we have

[C∗]







v

m







4N×1

= {0}(4N+2NC)×1 , (3-50)
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where

[C∗] =

















U Θ

Uθ Θθ

UC ΘC

UC
θ ΘC

θ

















(4N+2NC)×4N

(3-51)

Therefore, an overdetermined system is obtained to ensure a unique solution. According to

the successful experience of CHEEF technique for interior acoustics, we can overcome the

spurious-eigenvalue problem for the simply-connected plate eigenproblem by using the real

or imaginary BEM. Also, the optimum number of the CHEEF points and their appropriate

positions will be addressed in the numerical results.

The concept of the CHEEF method and SVD technique of updating term are the same in

constructing an overdetermined system to solve a unique solution. From the computation

point of view, CHEEF method used the minimum number of dimension than that of SVD

technique of updating term although it may take risk for the failure CHEEF points. In an-

other words, it works to overcome the spurious eigenproblems by using only real-part or

imaginary-part formulation, if we provide enough constraints by adding the CHEEF points.

Because the CHEEF method has used the Hilbert-transform relation between the real-part

and imaginary-part kernels. Therefore, the conventional method (complex-valued BEM) to

solve the eigenproblem seems to overlook the Hilbert-transform relation and take too much

computation.

3-4 Numerical results and discussions

Circular plate (clamped, simply-supported and free boundary conditions)

A circular plate with a radius of one meter(a = 1 m) and the Poisson ratioν = 0.33 are

considered. The circular boundary is discretized into ten constant elements. Since any two

equations in the plate formulation (the Eqs.(2-28)-(2-31)) can be chosen,6(C4
2) options of

the formulation can be considered. The numerical results of the four methods to suppress the
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spurious are shown below:

SVD updating technique

Figures 3-1.(a)-(f) show the determinant of the[C]T [C] versusλ for the clamped, simply-

supported and free circular plates using the six real-part formulations in conjunction with the

SVD technique of updating term. It is found that the spurious eigenvalues are filtered out and

only the true eigenvalues appear as predicted in Eq.(3-21) for the clamped case. Figures 3-

2.(a)-(f) show the determinant of the[C]T [C] versusλ for the clamped, simply-supported and

free circular using the six imaginary-part formulations in conjunction with the SVD technique

of updating term. Similarly, only the true eigenvalues are obtained without contaimination of

the spurious eigenvalues. Good agreement is made.

Burton & Miller method and the complex-valued BEM

Figures 3-3∼ 3-5 show the determinant of the[SM ] versusλ for the clamped, simply-

supported and free circular plates using the six real-part formulations in conjunction with

Burton & Miller concept. The failure cases are shown in the (a), (c), (d) and (f) cases as

predicted in the Table 3-1. Only the combination ofu, m andθ, v formulation can obtain the

true eigenvalues in Figures 3-3.(b), 3-3.(e), 3-4.(b), 3-4.(e), 3-5.(b) and 3-5.(e) as predicted

in the Table 3-1, sinceA(λ) andB(λ) can not be zero at the same time. For the case by

using theu, θ formualtion in conjunction them, v formulations after multiplying an imagi-

nary number for solving the circular plates subject to different boundary conditions (3-3.(a),

3-4.(a) and 3-5.(a)), the spurious eigenvalues occur sinceA(λ) may be zero for the spurious

eigenvalues andB(λ) is always zero in the Table 3-2. Figures 3-6∼ 3-8 show the determi-

nant of the[SM ] versusλ for the clamped, simply-supported and free circular plates using

the six imaginary-part formulations in conjunction with the Burton & Miller concept. The

failure cases are shown in the (a), (c), (d) and (f) as predicted in the Table 3-2. It must be

noted that the spurious eigenvlaues still occur in Figures 3-8(a) and 3-8(f) for the free circu-

lar plate by using the imaginary-part BEM in conjunction with the Burton & Miller concept.

The spurious eigenequations ofu, θ andm, v imaginary formulation are imbedded in the

termA(λ) by using the combination ofu, θ andm, v imaginary formulation, and the spuri-

ous eigenequation ofm, v imaginary formulation are the same with the true eigenequation
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of the free circular plate. The true and spurious eigenvalues are very close in the plot range

(0 < λ < 8) by usingu, θ andm, v imaginary-part formulations in conjunction with the Bur-

ton & Miller concept. Only the combination ofu, m andθ, v formulation can obtain the true

eigenvalues in the Figures 3-6.(b), 3-6.(e), 3-7.(b), 3-7.(e), 3-8.(b) and 3-8.(e) as predicted in

the Table 3-1, sinceA(λ) andB(λ) can not be zero at the same time. For the case by using the

u, θ formualtion in conjunction them, v formulations after multiplying an imaginary number

for solving the circular plates subject to different boundary conditions (3-6.(a), 3-7.(a) and

3-8.(a)), the spurious eigenvalues occur sinceA(λ) may be zero for the spurious eigenvalues

sinceB(λ) is always zero in the Table 3-2. By using the complex-valued BEM, the sixC4
2

formulations can obtain the true eigenvalues. Figures 3-9∼ 3-11 show the determinant of

the [SM ] versusλ for the clamped, simply-supported and free circular plates using the six

complex-valued BEM. No spurious eigenvalue appears.

CHEEF method

Figures 3-12.(a)-(c) show the minimum singular valueσ1 of the[C∗] versusλ for the clamped

circular plate by using the real-part (u, θ) formulations in conjunction with zero (without

CHEEF point), one and two CHEEF points, respectively. The first CHEEF point(ρ1, φ1) lo-

cates at(1.50, π/4). It is interesting to find that only one CHEEF point can not suppress the

appearance of all the spurious eigenvalues (3.78, 4.90 and 6.01) as shown in Figure 3-12.(b).

By adding another CHEEF point(ρ2, φ2) which locates at(1.45, 29π/36), and the angle

(φ1 − φ2) between the two selected points is5π/9, only the true eigenvalues are obtained

as shown in Figure 3-12.(c) by using the two valid CHEEF points. Similarly, Figures 3-

12.(d)-(f) show the minimum singular valueσ1 of the[C∗] versusλ for thesimply-supported

circular plate by using the real-part (u, θ) formulations in conjunction with zero (without

CHEEF point), one and two CHEEF points. The CHEEF points(ρ1, φ1) and(ρ2, φ2) locate

at (1.50, π/4) and(1.45, 29π/36), and the angle(φ1−φ2) between the two selected points is

5π/9. Good agreement is made by using the CHEEF method. Only the true eigenvalues are

obtained.

For clamped, simply-supported and free circular cases, the SVD technique of updating term,
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the Burton & Miller method (u, m andθ, v formulations), the complex-valued BEM and the

CHEEF method can obtain the same true eigenvalues. All the numerical resluts of the eigen-

values agree well with the data in Leissa [58]. From the computation point of view, CHEEF

method use the minimum number of matrix dimension although it may take risk for the failure

CHEEF points. The internal Hilbert-transform relation between the real and imaginary-part

kernels has been imbedded. The complete information (real-part and imaginary-part) in the

complex-valued BEM is not fully required after comparing with the real-part (imaginary-

part) BEM in conjunction with the CHEEF technique. After obtaining the true eigenvalues,

we can also obtain the interior modes for plate vibration. The former six interior modes for

the clamped circular plate are shown in Figures 3-13 by using the Eq.(3-42). The numerical

results of the former six interior modes for the clamped circular plate are shown in Figures

3-14 and 3-15 by using the real-part and complex-valued BEMs.

3-5 Concluding remarks

Four alternatives (SVD updating technique, the Burton & Miller method, the complex-valued

BEM and the CHEEF method) were adopted to suppress the occurrence of the spurious eigen-

values for the clamped plate in the real-part and imaginary-part BEMs. The SVD updat-

ing technique was employed to deal with the problem of spurious eigenvalue occurring in

the simply-connected plate eigenproblem. Then, the numerical experiments of the clamped,

simply-supported and free circular plate problems were performed to demonstrate the valid-

ity of the remedies. The role of the Burton & Miller method for spurious-eigenvalue problem

instead of fictitious-frequency problem of exterior acoustics of simply-connected plate has

also been examined. By choosing the valid CHEEF points, we can suppress the occurrence

of the spurious eigenvalues for the clamped plate in the real-part or imaginary-part BEM.

For clamped, simply-supported and free circular cases, the SVD technique of updating term,

the Burton & Miller method (u, m andθ, v formulations), the complex-valued BEM and the

CHEEF method can obtain the true eigenvalues and the results agree well with the data in

Leissa [58].
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Chapter 4 Boundary element method for the free vibration

of multiply-connected plate

Summary

In this chapter, the eigenproblem for the multiply-connected plate is solved by using the

boundary element method. The true and spurious eigenequations for the plate eigenproblem

are derived by using the complex-valued BEM. Since any two boundary integral equations

in the plate formulation (4 equations) can be chosen,6 (C4
2) options can be considered. The

occurring mechanism of the spurious eigenequation for the plate eigenproblem in each for-

mulation is studied analytically in both the continuous and discrete systems. For the continu-

ous system, degenerate kernels for the fundamental solution and the Fourier series expansion

for boundary densities are employed to derive the true and spurious eigenequations analyti-

cally for an annular plate. For the discrete system, the degenerate kernels of the fundamental

solution and circulants for the influence matrices resulting from the annular boundary are

employed to determine the spurious eigenequation. Three types of plates subject to C-C, S-S

and F-F (C, S and F mean clamped, simply-supported and free boundary conditions, the first

and second indices denote the outer and inner boundaries, respectively) are demonstrated an-

alytically in the continuous and discrete systems. Several examples of plates subject to C-C,

C-S, C-F, S-C, S-S, S-F, F-C, F-S and F-F are illustrated to check the validity of the present

formulations.

4-1 Mathematical analysis using the complex-valued BEM

In the Chapter 2, either real-part or imaginary-part BEM results in the spurious eigenval-

ues for the simply-connected domain. Although a complex-valued BEM can avoid the ap-

pearence of the spurious eigenvalues for simply-connected domain as shown in the Chapter

3, the spurious eigenvalues may occur for the multiply-connected domain [21, 31]. Here, the
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kernel functionU(s, x) is the complex-valued fundamental solution as shown below:

U(s, x) = Uc(s, x) =
1

8λ2 [(Y0(λr) + iJ0(λr)) +
2
π

(K0(λr) + iI0(λr))]. (4-1)

In order to derive the true and spurious eigenequations for multiply-connected plate using

the complex-valued BEM, the degenerate kernel is adopted to analytically derive the true and

spurious eigenequations in the continuous and discrete systems of an annular plate. Here,

the same boundary conditions on the outer and inner boundaries (C-C, S-S and F-F) are con-

sidered. Three cases are demonstrated analytically in the continuous and discrete systems as

shown in the following subsections.

4-1-1 Continuous system

Case 1. Annular plate clamped on both the outer and inner boundaries

To consider an annular plate clamped on the the outer circleB1 (u1 = 0 andθ1 = 0) and

the inner circleB2 (u2 = 0 andθ2 = 0), whereu1, θ1, u2 andθ2 are the displacement and

slope on theB1 andB2, respectively. The radii of the outer and inner circles area andb,

respectively. We can obtain the eigenequation in the continuous formulation. The moment

and shear force,m1(s), m2(s), v1(s) andv2(s) along the circular boundary, can be expanded

into Fourier series by

m1(s) =
∞

∑

n=0

(pcc
1,ncos(nφ) + qcc

1,nsin(nφ)), s ∈ B1, (4-2)

m2(s) =
∞

∑

n=0

(pcc
2,ncos(nφ) + qcc

2,nsin(nφ)), s ∈ B2, (4-3)

v1(s) =
∞

∑

n=0

(acc
1,ncos(nφ) + bcc

1,nsin(nφ)), s ∈ B1, (4-4)

v2(s) =
∞

∑

n=0

(acc
2,ncos(nφ) + bcc

2,nsin(nφ)), s ∈ B2, (4-5)

where the superscript “cc ” denotes the clamped-clamped case,φ is the angle on the circular

boundary,acc
i,n, bcc

i,n, pcc
i,n andqcc

i,n (i = 1, 2) are the undetermined Fourier coefficients onBi

(i = 1, 2). When the field point locates onB1, substitution of the Eqs.(4-2) - (4-5) into the
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Eqs.(2-24) and (2-25) yields

0 =−
∫

B1

U(s, x)[
∞

∑

n=0

(acc
1,ncos(nφ) + bcc

1,nsin(nφ))] dB(s)

−
∫

B2

U(s, x)[
∞

∑

n=0

(acc
2,ncos(nφ) + bcc

2,nsin(nφ))] dB(s)

+
∫

B1

Θ(s, x)[
∞

∑

n=0

(pcc
1,ncos(nφ) + qcc

1,nsin(nφ))] dB(s)

+
∫

B2

Θ(s, x)[
∞

∑

n=0

(pcc
2,ncos(nφ) + qcc

2,nsin(nφ))] dB(s), x ∈ B1,

(4-6)

0 =−
∫

B1

Uθ(s, x)[
∞

∑

n=0

(acc
1,ncos(nφ) + bcc

1,nsin(nφ))] dB(s)

−
∫

B2

Uθ(s, x)[
∞

∑

n=0

(acc
2,ncos(nφ) + bcc

2,nsin(nφ))] dB(s)

+
∫

B1

Θθ(s, x)[
∞

∑

n=0

(pcc
1,ncos(nφ) + qcc

1,nsin(nφ))] dB(s)

+
∫

B2

Θθ(s, x)[
∞

∑

n=0

(pcc
2,ncos(nφ) + qcc

2,nsin(nφ))] dB(s), x ∈ B1,

(4-7)

When the field point locates onB2, substitution of the Eqs.(4-2) - (4-5) into the Eqs.(2-24)

and (2-25) yields

0 =−
∫

B1

U(s, x)[
∞

∑

n=0

(acc
1,ncos(nφ) + bcc

1,nsin(nφ))] dB(s)

−
∫

B2

U(s, x)[
∞

∑

n=0

(acc
2,ncos(nφ) + bcc

2,nsin(nφ))] dB(s)

+
∫

B1

Θ(s, x)[
∞

∑

n=0

(pcc
1,ncos(nφ) + qcc

1,nsin(nφ))] dB(s)

+
∫

B2

Θ(s, x)[
∞

∑

n=0

(pcc
2,ncos(nφ) + qcc

2,nsin(nφ))] dB(s), x ∈ B2,

(4-8)
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0 =−
∫

B1

Uθ(s, x)[
∞

∑

n=0

(acc
1,ncos(nφ) + bcc

1,nsin(nφ))] dB(s)

−
∫

B2

Uθ(s, x)[
∞

∑

n=0

(acc
2,ncos(nφ) + bcc

2,nsin(nφ))] dB(s)

+
∫

B1

Θθ(s, x)[
∞

∑

n=0

(pcc
1,ncos(nφ) + qcc

1,nsin(nφ))] dB(s)

+
∫

B2

Θθ(s, x)[
∞

∑

n=0

(pcc
2,ncos(nφ) + qcc

2,nsin(nφ))] dB(s), x ∈ B2,

(4-9)

By using the degenerate kernels in the Appendix 1 into the Eqs.(4-6)-(4-9) and by employing

the orthogonality condition of the Fourier series, the Fourier coefficientsacc
i,n andpcc

i,n (i =

1, 2) satisfy

[TM cc
n ]4×4































acc
1,n

acc
2,n

pcc
1,n

pcc
2,n































4×1

=































0

0

0

0































4×1

(4-10)

where

[TMcc
n ] =266666666664

−
Z

B1
U(sB1, xB1)cos(nφ) dB(s) −

Z
B2

U(sB2, xB1)cos(nφ) dB(s)
Z

B1
Θ(sB1, xB1)cos(nφ) dB(s)

Z
B2

Θ(sB2, xB1)cos(nφ) dB(s)

−
Z

B1
U(sB1, xB2)cos(nφ) dB(s) −

Z
B2

U(sB2, xB2)cos(nφ) dB(s)
Z

B1
Θ(sB1, xB2)cos(nφ) dB(s)

Z
B2

Θ(sB2, xB2)cos(nφ) dB(s)

−
Z

B1
Uθ(sB1, xB1)cos(nφ) dB(s) −

Z
B2

Uθ(sB2, xB1)cos(nφ) dB(s)
Z

B1
Θθ(sB1, xB1)cos(nφ) dB(s)

Z
B2

Θθ(sB2, xB1)cos(nφ) dB(s)

−
Z

B1
Uθ(sB1, xB2)cos(nφ) dB(s) −

Z
B2

Uθ(sB2, xB2)cos(nφ) dB(s)
Z

B1
Θθ(sB1, xB2)cos(nφ) dB(s)

Z
B2

Θθ(sB2, xB2)cos(nφ) dB(s)

377777777775
(4-11)

Also, the coefficients ofbcc
i,n andqcc

i,n (i = 1, 2) have the same relationship in the matrix form.

For the existence of nontrivial solution for the generalized coefficients ofacc
i,n, pcc

i,n, bcc
i,n and

qcc
i,n (i = 1, 2), the determinant of the matrix versus the eigenvalue must be zero, i.e.,

det[TM cc
n ] = 0. (4-12)

By using the properties of the determinants in the Appendix 5, we can simplify the Eq.(4-11)

to

det[TM cc
n ] = det([Suθ

n ][T cc
n ]) (4-13)
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where

[Suθ
n ]4×4 =

















(Yn(λa) + iJn(λa)) 0 (Kn(λa) + iIn(λa)) 0

iJn(λb) Jn(λb) iIn(λb) In(λb)

(Y ′
n(λa) + iJ ′n(λa)) 0 (K ′

n(λa) + iI ′n(λa)) 0

iJ ′n(λb) J ′n(λb) iI ′n(λb) I ′n(λb)

















4×4

(4-14)

and

[T cc
n ]4×4 =

















Jn(λa) Jn(λb) J ′n(λa) J ′n(λb)

Yn(λa) Yn(λb) Y ′
n(λa) Y ′

n(λb)

In(λa) Kn(λb) I ′n(λa) I ′n(λb)

Kn(λa) In(λb) K ′
n(λa) K ′

n(λb)

















4×4

(4-15)

It is noted that the matrix[T cc
n ] denotes the matrix of true eigenequation for the C-C case and

the matrix[Suθ
n ] denotes the matrix of spurious eigenequation in theu, θ formulation. Zero

determinant in the Eq.(4-11) implies that the eigenequation is

det([Suθ
n ][T cc

n ]) = 0, n = 0,±1,±2, · · · ,±(N − 1), N. (4-16)

After comparing with the analytical solution for the annular plate [58], the former matrix

[Suθ
n ] in the Eq.(4-16) results in the spurious eigenequation while the latter matrix[T cc

n ] re-

sults in the true eigenequation. The spurious eigenequation in Eq.(4-14) will be elaborated

on later.

Case 2. Annular plate simply-supported on both the outer and inner boundaries

To consider an annular plate simply-supported on both the outer circleB1 (u1 = 0 andm1 =

0) and the inner circleB2 (u2 = 0 andm2 = 0), whereu1, m1, u2 andm2 are the displacement

and moment on theB1 andB2, respectively. The radii of the outer and inner circles area and

b, respectively. We can obtain the eigenequation in the continuous formulation. The slope

and shear force,θ1(s), θ2(s), v1(s) andv2(s) along the circular boundary, can be expanded
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into Fourier series by

θ1(s) =
∞

∑

n=0

(pss
1,ncos(nφ) + qss

1,nsin(nφ)), s ∈ B1, (4-17)

θ2(s) =
∞

∑

n=0

(pss
2,ncos(nφ) + qss

2,nsin(nφ)), s ∈ B2, (4-18)

v1(s) =
∞

∑

n=0

(ass
1,ncos(nφ) + bss

1,nsin(nφ)), s ∈ B1, (4-19)

v2(s) =
∞

∑

n=0

(ass
2,ncos(nφ) + bss

2,nsin(nφ)), s ∈ B2, (4-20)

where the superscript “ss ” denotes the simply-supported-simply-supported case,φ is the

angle on the circular boundary,ass
i,n, bss

i,n, pss
i,n andqss

i,n (i = 1, 2) are the undetermined Fourier

coefficients onBi (i = 1, 2). When the field point locates onB1, substitution of the Eqs.(4-

17) - (4-20) into the Eqs.(2-24) and (2-25) yields

0 =−
∫

B1

U(s, x)[
∞

∑

n=0

(ass
1,ncos(nφ) + bss

1,nsin(nφ))] dB(s)

−
∫

B2

U(s, x)[
∞

∑

n=0

(ass
2,ncos(nφ) + bss

2,nsin(nφ))] dB(s)

−
∫

B1

M(s, x)[
∞

∑

n=0

(pss
1,ncos(nφ) + qss

1,nsin(nφ))] dB(s)

−
∫

B2

M(s, x)[
∞

∑

n=0

(pss
2,ncos(nφ) + qss

2,nsin(nφ))] dB(s), x ∈ B1,

(4-21)

0 =−
∫

B1

Uθ(s, x)[
∞

∑

n=0

(ass
1,ncos(nφ) + bss

1,nsin(nφ))] dB(s)

−
∫

B2

Uθ(s, x)[
∞

∑

n=0

(ass
2,ncos(nφ) + bss

2,nsin(nφ))] dB(s)

−
∫

B1

Mθ(s, x)[
∞

∑

n=0

(pss
1,ncos(nφ) + qss

1,nsin(nφ))] dB(s)

−
∫

B2

Mθ(s, x)[
∞

∑

n=0

(pss
2,ncos(nφ) + qss

2,nsin(nφ))] dB(s), x ∈ B1,

(4-22)

When the field point locates onB2, substitution of the Eqs.(4-17) - (4-20) into the Eqs.(2-24)
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and (2-25) yields

0 =−
∫

B1

U(s, x)[
∞

∑

n=0

(ass
1,ncos(nφ) + bss

1,nsin(nφ))] dB(s)

−
∫

B2

U(s, x)[
∞

∑

n=0

(ass
2,ncos(nφ) + bss

2,nsin(nφ))] dB(s)

−
∫

B1

M(s, x)[
∞

∑

n=0

(pss
1,ncos(nφ) + qss

1,nsin(nφ))] dB(s)

−
∫

B2

M(s, x)[
∞

∑

n=0

(pss
2,ncos(nφ) + qss

2,nsin(nφ))] dB(s), x ∈ B2,

(4-23)

0 =−
∫

B1

Uθ(s, x)[
∞

∑

n=0

(ass
1,ncos(nφ) + bss

1,nsin(nφ))] dB(s)

−
∫

B2

Uθ(s, x)[
∞

∑

n=0

(ass
2,ncos(nφ) + bss

2,nsin(nφ))] dB(s)

−
∫

B1

Mθ(s, x)[
∞

∑

n=0

(pss
1,ncos(nφ) + qss

1,nsin(nφ))] dB(s)

−
∫

B2

Mθ(s, x)[
∞

∑

n=0

(pss
2,ncos(nφ) + qss

2,nsin(nφ))] dB(s), x ∈ B2,

(4-24)

By using the degenerate kernels in the Appendix 1 into the Eqs.(4-21)-(4-24) and by em-

ploying the orthogonality condition of the Fourier series, the Fourier coefficientsass
i,n andpss

i,n

(i = 1, 2) satisfy

[TM ss
n ]4×4































ass
1,n

ass
2,n

pss
1,n

pss
2,n































4×1

=































0

0

0

0































4×1

(4-25)

where
[TMss

n ] =266666666664

Z
B1

U(sB1, xB1)cos(nφ) dB(s)
Z

B2
U(sB2, xB1)cos(nφ) dB(s)

Z
B1

M(sB1, xB1)cos(nφ) dB(s)
Z

B2
M(sB2, xB1)cos(nφ) dB(s)Z

B1
U(sB1, xB2)cos(nφ) dB(s)

Z
B2

U(sB2, xB2)cos(nφ) dB(s)
Z

B1
M(sB1, xB2)cos(nφ) dB(s)

Z
B2

M(sB2, xB2)cos(nφ) dB(s)Z
B1

Uθ(sB1, xB1)cos(nφ) dB(s)
Z

B2
Uθ(sB2, xB1)cos(nφ) dB(s)

Z
B1

Mθ(sB1, xB1)cos(nφ) dB(s)
Z

B2
Mθ(sB2, xB1)cos(nφ) dB(s)Z

B1
Uθ(sB1, xB2)cos(nφ) dB(s)

Z
B2

Uθ(sB2, xB2)cos(nφ) dB(s)
Z

B1
Mθ(sB1, xB2)cos(nφ) dB(s)

Z
B2

Mθ(sB2, xB2)cos(nφ) dB(s)

377777777775
(4-26)

Also, The coefficients ofbss
i,n andqss

i,n (i = 1, 2) have the same relationship in the matrix form.

For the existence of nontrivial solution for the generalized coefficients ofass
i,n, pss

i,n, bss
i,n and
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qss
i,n (i = 1, 2), the determinant of the matrix versus the eigenvalue must be zero, i.e.,

det[TM ss
n ] = 0. (4-27)

By using the properties of the determinants in the Appendix 5, we can simplify the Eq.(4-26)

to

det[TM ss
n ] = det([Suθ

n ][T ss
n ]) (4-28)

where

[T ss
n ]4×4 =

















Jn(λa) Jn(λb) αJ
n(λa) αJ

n(λb)

Yn(λa) Yn(λb) αY
n (λa) αY

n (λb)

In(λa) Kn(λb) αI
n(λa) αI

n(λb)

Kn(λa) In(λb) αK
n (λa) αK

n (λb)

















4×4

(4-29)

It is noted that the matrix[T ss
n ] denotes the matrix of true eigenequation for the S-S case.

Zero determinant in the Eq.(4-26) implies that the eigenequation is

det([Suθ
n ][T ss

n ]) = 0, n = 0,±1,±2, · · · ,±(N − 1), N. (4-30)

After comparing with the analytical solution for the annular plate [58], the former matrix

[Suθ
n ] in the Eq.(4-30) is the same as Eq.(4-14) which results in the spurious eigenequation

while the latter matrix[T ss
n ] results in the true eigenequation.

Case 3. Annular plate free on both the outer and inner boundaries

To consider an annular plate free on both the outer circleB1 (m1 = 0 and v1 = 0) and

the inner circleB2 (m2 = 0 andv2 = 0), wherem1, v1, m2 andv2 are the moment and

shear force on theB1 andB2, respectively. The radii of the outer and inner circles area

and b, respectively. We can obtain the eigenequation in the continuous formulation. The

displacement and slope,u1(s), u2(s), θ1(s) andθ2(s) along the circular boundary, can be
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expanded into Fourier series by

u1(s) =
∞

∑

n=0

(pff
1,ncos(nφ) + qff

1,nsin(nφ)), s ∈ B1, (4-31)

u2(s) =
∞

∑

n=0

(pff
2,ncos(nφ) + qff

2,nsin(nφ)), s ∈ B2, (4-32)

θ1(s) =
∞

∑

n=0

(aff
1,ncos(nφ) + bff

1,nsin(nφ)), s ∈ B1, (4-33)

θ2(s) =
∞

∑

n=0

(aff
2,ncos(nφ) + bff

2,nsin(nφ)), s ∈ B2, (4-34)

where the superscript “ff ” denotes the free-free case,φ is the angle on the circular boundary,

aff
i,n, bff

i,n, pff
i,n andqff

i,n (i = 1, 2) are the undetermined Fourier coefficients onBi (i = 1, 2).

When the field point locates onB1, substitution of the Eqs.(4-31) - (4-34) into the Eqs.(2-24)

and (2-25) yields

0 =−
∫

B1

M(s, x)[
∞

∑

n=0

(aff
1,ncos(nφ) + bff

1,nsin(nφ))] dB(s)

−
∫

B2

M(s, x)[
∞

∑

n=0

(aff
2,ncos(nφ) + bff

2,nsin(nφ))] dB(s)

+
∫

B1

V (s, x)[
∞

∑

n=0

(pff
1,ncos(nφ) + qff

1,nsin(nφ))] dB(s)

+
∫

B2

V (s, x)[
∞

∑

n=0

(pff
2,ncos(nφ) + qff

2,nsin(nφ))] dB(s), x ∈ B1,

(4-35)

0 =−
∫

B1

Mθ(s, x)[
∞

∑

n=0

(aff
1,ncos(nφ) + bff

1,nsin(nφ))] dB(s)

−
∫

B2

Mθ(s, x)[
∞

∑

n=0

(aff
2,ncos(nφ) + bff

2,nsin(nφ))] dB(s)

+
∫

B1

Vθ(s, x)[
∞

∑

n=0

(pff
1,ncos(nφ) + qff

1,nsin(nφ))] dB(s)

+
∫

B2

Vθ(s, x)[
∞

∑

n=0

(pff
2,ncos(nφ) + qff

2,nsin(nφ))] dB(s), x ∈ B1,

(4-36)

When the field point locates onB2, substitution of the Eqs.(4-31) - (4-34) into the Eqs.(2-24)
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and (2-25) yields

0 =−
∫

B1

M(s, x)[
∞

∑

n=0

(aff
1,ncos(nφ) + bff

1,nsin(nφ))] dB(s)

−
∫

B2

M(s, x)[
∞

∑

n=0

(aff
2,ncos(nφ) + bff

2,nsin(nφ))] dB(s)

+
∫

B1

V (s, x)[
∞

∑

n=0

(pff
1,ncos(nφ) + qff

1,nsin(nφ))] dB(s)

+
∫

B2

V (s, x)[
∞

∑

n=0

(pff
2,ncos(nφ) + qff

2,nsin(nφ))] dB(s), x ∈ B2,

(4-37)

0 =−
∫

B1

Mθ(s, x)[
∞

∑

n=0

(aff
1,ncos(nφ) + bff

1,nsin(nφ))] dB(s)

−
∫

B2

Mθ(s, x)[
∞

∑

n=0

(aff
2,ncos(nφ) + bff

2,nsin(nφ))] dB(s)

+
∫

B1

Vθ(s, x)[
∞

∑

n=0

(pff
1,ncos(nφ) + qff

1,nsin(nφ))] dB(s)

+
∫

B2

Vθ(s, x)[
∞

∑

n=0

(pff
2,ncos(nφ) + qff

2,nsin(nφ))] dB(s), x ∈ B2,

(4-38)

By using the degenerate kernels in the Appendix 1 into the Eqs.(4-35)-(4-38) and by em-

ploying the orthogonality condition of the Fourier series, the Fourier coefficientsaff
i,n andpff

i,n

(i = 1, 2) satisfy

[TM ff
n ]4×4































aff
1,n

aff
2,n

pff
1,n

pff
2,n































4×1

=































0

0

0

0































4×1

(4-39)

where
[TMff

n ] =266666666664

−
Z

B1
M(sB1, xB1)cos(nφ) dB(s) −

Z
B2

M(sB2, xB1)cos(nφ) dB(s)
Z

B1
V (sB1, xB1)cos(nφ) dB(s)

Z
B2

V (sB2, xB1)cos(nφ) dB(s)

−
Z

B1
M(sB1, xB2)cos(nφ) dB(s) −

Z
B2

M(sB2, xB2)cos(nφ) dB(s)
Z

B1
V (sB1, xB2)cos(nφ) dB(s)

Z
B2

V (sB2, xB2)cos(nφ) dB(s)

−
Z

B1
Mθ(sB1, xB1)cos(nφ) dB(s) −

Z
B2

Mθ(sB2, xB1)cos(nφ) dB(s)
Z

B1
Vθ(sB1, xB1)cos(nφ) dB(s)

Z
B2

Vθ(sB2, xB1)cos(nφ) dB(s)

−
Z

B1
Mθ(sB1, xB2)cos(nφ) dB(s) −

Z
B2

Mθ(sB2, xB2)cos(nφ) dB(s)
Z

B1
Vθ(sB1, xB2)cos(nφ) dB(s)

Z
B2

Vθ(sB2, xB2)cos(nφ) dB(s)

377777777775
(4-40)

Also, the coefficients ofbff
i,n andqff

i,n (i = 1, 2), have the same relationship in the matrix form.

For the existence of nontrivial solution for the generalized coefficients ofaff
i,n, pff

i,n, bff
i,n and
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qff
i,n (i = 1, 2), the determinant of the matrix versus the eigenvalue must be zero, i.e.,

det[TM ff
n ] = 0. (4-41)

By using the properties of the determinants in the Appendix 5, we can simplify the Eq.(4-40)

to

det[TM ff
n ] = det([Suθ

n ][T ff
n ]) (4-42)

where

[T ff
n ] =

















αJ
n(λa) αJ

n(λb) βJ
n (λa) + (1−ν)

a γJ
n (λa) βJ

n (λb) + (1−ν)
b γJ

n (λb)

αY
n (λa) αY

n (λb) βY
n (λa) + (1−ν)

a γY
n (λa) βY

n (λb) + (1−ν)
b γY

n (λb)

αI
n(λa) αI

n(λb) βI
n(λa) + (1−ν)

a γI
n(λa) βI

n(λb) + (1−ν)
b γI

n(λb)

αK
n (λa) αK

n (λb) βK
n (λa) + (1−ν)

a γK
n (λa) βK

n (λb) + (1−ν)
b γK

n (λb)

















(4-43)

It is noted that the matrix[T ff
n ] denotes the matrix of true eigenequation for the F-F case.

Zero determinant in the Eq.(4-40) implies that the eigenequation is

det([Suθ
n ][T ff

n ]) = 0, n = 0,±1,±2, · · · ,±(N − 1), N. (4-44)

After comparing with the analytical solution for the annular plate [58], the former matrix

[Suθ
n ] in the Eq.(4-44) is the same as Eq.(4-14) which results in the spurious eigenequation

while the latter matrix[T ff
n ] results in the true eigenequation.

4-1-2 Discrete system

Case 1. Annular plate clamped on both the outer and inner boundaries

To consider an annular plate clamped on the outer circleB1 (u1 = 0 andθ1 = 0) and the

inner circleB2 (u2 = 0 andθ2 = 0), whereu1, θ1, u2 andθ2 are the displacements and

slopes on theB1 andB2, respectively. The radii of the outer and inner circles area and

b, respectively. When the outer and inner boundaries are both discretized into2N constant

elements, respectively, the Eq.(2-28) by using the complex-valued BEM can be rewritten as






0

0







=





U11 U12

U21 U22











v1

v2







+





Θ11 Θ12

Θ21 Θ22











m1

m2







(4-45)
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wherem1, v1, m2 andv2 are the column vectors of the normal moment and effective shear

force onB1 andB2 with a dimension2N×1, the matrices[Uij] and[Θij] mean the influence

matrices ofU andΘ kernels which is obtained by collocating the field and source points on

Bi andBj with a dimension2N ×2N , respectively. Similarly, the Eq.(2-29) can be rewritten

as






0

0







=





U11θ U12θ

U21θ U22θ











v1

v2







+





Θ11θ Θ12θ

Θ21θ Θ22θ











m1

m2







(4-46)

where the matrices[Uijθ] and[Θijθ] mean the influence matrices of theUθ andΘθ kernels

which is obtained by the field and source points locating onBi andBj with a dimension

2N × 2N , respectively. By assembling the Eqs.(4-45) and (4-46) together, we have

[SM cc]































v1

v2

m1

m1































= {0}, (4-47)

where the superscript “cc ” denotes the clamped-clamped case and

[SM cc] =

















U11 U12 Θ11 Θ12

U21 U22 Θ21 Θ22

U11θ U11θ Θ11θ Θ12θ

U21θ U22θ Θ21θ Θ22θ

















8N×8N

. (4-48)

For the existence of nontrivial solution, the determinant of the matrix versus eigenvalue must

be zero, i.e.,

det[SM cc] = 0. (4-49)

Since the rotation symmetry is preserved for a circular annular boundary, the influence ma-

trices for the discrete system are found to be the circulants. We can obtain the influence

matrices ([U11], [U12], [Θ11], [Θ12], [U21], [U22], [Θ21], [Θ22], [U11θ], [U12θ], [Θ11θ],

[Θ12θ], [U21θ], [U22θ], [Θ21θ] and[Θ22θ]) which are all symmetric circulants. The eigenval-
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ues of the influence matrices for the discrete system are

µ[U11]
` =− πa

4λ2 [Y`(λa)J`(λa) +
2
π

K`(λa)I`(λa)]

+ i[J`(λa)J`(λa) +
2
π

(−1)`I`(λa)I`(λa)], ` = 0,±1, · · · ,±(N − 1), N.
(4-50)

µ[U12]
` =− πb

4λ2 [Y`(λa)J`(λb) +
2
π

K`(λa)I`(λb)]

+ i[J`(λa)J`(λb) +
2
π

(−1)`I`(λa)I`(λb)], ` = 0,±1, · · · ,±(N − 1), N.
(4-51)

µ[Θ11]
` =

πa
4λ

[Y`(λa)J ′`(λa) +
2
π

K`(λa)I ′`(λa)]

+ i[J`(λa)J ′`(λa) +
2
π

(−1)`I`(λa)I ′`(λa)], ` = 0,±1, · · · ,±(N − 1), N.
(4-52)

µ[Θ12]
` =

πb
4λ

[Y`(λa)J ′`(λb) +
2
π

K`(λa)I ′`(λb)]

+ i[J`(λa)J ′`(λb) +
2
π

(−1)`I`(λa)I ′`(λb)], ` = 0,±1, · · · ,±(N − 1), N.
(4-53)

µ[U21]
` =− πa

4λ2 [Y`(λa)J`(λb) +
2
π

K`(λa)I`(λb)]

+ i[J`(λa)J`(λb) +
2
π

(−1)`I`(λa)I`(λb)], ` = 0,±1, · · · ,±(N − 1), N.
(4-54)

µ[U22]
` =− πb

4λ2 [Y`(λb)J`(λb) +
2
π

K`(λb)I`(λb)]

+ i[J`(λb)J`(λb) +
2
π

(−1)`I`(λb)I`(λb)], ` = 0,±1, · · · ,±(N − 1), N.
(4-55)

µ[Θ21]
` =

πa
4λ

[Y ′
` (λa)J`(λb) +

2
π

K ′
`(λa)I`(λb)]

+ i[J ′`(λa)J`(λb) +
2
π

(−1)`I ′`(λa)I`(λb)], ` = 0,±1, · · · ,±(N − 1), N.
(4-56)

µ[Θ22]
` =

πb
4λ

[Y ′
` (λb)J`(λb) +

2
π

K ′
`(λb)I`(λb)]

+ i[J ′`(λb)J`(λb) +
2
π

(−1)`I ′`(λb)I`(λb)], ` = 0,±1, · · · ,±(N − 1), N.
(4-57)

κ[U11]
` =− πa

4λ
[Y ′

` (λa)J`(λa) +
2
π

K ′
`(λa)I`(λa)]

+ i[J ′`(λa)J`(λa) +
2
π

(−1)`I ′`(λa)I`(λa)], ` = 0,±1, · · · ,±(N − 1), N.
(4-58)

κ[U12]
` =− πb

4λ
[Y ′

` (λa)J`(λb) +
2
π

K ′
`(λa)I`(λb)]

+ i[J ′`(λa)J`(λb) +
2
π

(−1)`I ′`(λa)I`(λb)], ` = 0,±1, · · · ,±(N − 1), N.
(4-59)
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κ[Θ11]
` =

πa
4

[Y ′
` (λa)J ′`(λa) +

2
π

K ′
`(λa)I ′`(λa)]

+ i[J ′`(λa)J ′`(λa) +
2
π

(−1)`I ′`(λa)I ′`(λa)], ` = 0,±1, · · · ,±(N − 1), N.
(4-60)

κ[Θ12]
` =

πb
4

[Y ′
` (λa)J ′`(λb) +

2
π

K ′
`(λa)I ′`(λb)]

+ i[J ′`(λa)J ′`(λb) +
2
π

(−1)`I ′`(λa)I ′`(λb)], ` = 0,±1, · · · ,±(N − 1), N.
(4-61)

κ[U21]
` =− πa

4λ
[Y`(λa)J ′`(λb) +

2
π

K`(λa)I ′`(λb)]

+ i[J`(λa)J ′`(λb) +
2
π

(−1)`I`(λa)I ′`(λb)], ` = 0,±1, · · · ,±(N − 1), N.
(4-62)

κ[U22]
` =− πb

4λ
[Y`(λb)J ′`(λb) +

2
π

K`(λb)I ′`(λb)]

+ i[J`(λb)J ′`(λb) +
2
π

(−1)`I`(λb)I ′`(λb)], ` = 0,±1, · · · ,±(N − 1), N.
(4-63)

κ[Θ21]
` =

πa
4

[Y ′
` (λa)J ′`(λb) +

2
π

K ′
`(λa)I ′`(λb)]

+ i[J ′`(λa)J ′`(λb) +
2
π

(−1)`I ′`(λa)I ′`(λb)], ` = 0,±1, · · · ,±(N − 1), N.
(4-64)

κ[Θ22]
` =

πb
4

[Y ′
` (λb)J ′`(λb) +

2
π

K ′
`(λb)I ′`(λb)]

+ i[J ′`(λb)J ′`(λb) +
2
π

(−1)`I ′`(λb)I ′`(λb)], ` = 0,±1, · · · ,±(N − 1), N.
(4-65)

whereµ[U11]
` , µ[U12]

` , µ[Θ11]
` , µ[Θ12]

` , µ[U21]
` , µ[U22]

` , µ[Θ21]
` , µ[Θ22]

` , κ[U11]
` , κ[U12]

` , κ[Θ11]
` , κ[Θ12]

` ,

κ[U21]
` , κ[U22]

` , κ[Θ21]
` andκ[Θ22]

` are the eigenvalues of the matrices[U11], [U12], [Θ11], [Θ12],

[U21], [U22], [Θ21], [Θ22], [U11θ], [U12θ], [Θ11θ], [Θ12θ], [U21θ], [U22θ], [Θ21θ] and[Θ22θ]

, respectively. Since the matrices are all symmetric circulants, the matrix[SM cc] in the Eq.(4-

48) can be decomposed into

[SM cc] =

















Φ 0 0 0

0 Φ 0 0

0 0 Φ 0

0 0 0 Φ

































ΣU11 ΣU12 ΣΘ11 ΣΘ12

ΣU21 ΣU22 ΣΘ21 ΣΘ22

ΣU11θ ΣU12θ ΣΘ11θ ΣΘ12θ

ΣU21θ ΣU22θ ΣΘ21θ ΣΘ22θ

































Φ 0 0 0

0 Φ 0 0

0 0 Φ 0

0 0 0 Φ

















T

(4-66)
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SinceΦ is orthogonal, the determinant of[SM cc]8N×8N is

det[SM cc] = det

















ΣU11 ΣU12 ΣΘ11 ΣΘ12

ΣU21 ΣU22 ΣΘ21 ΣΘ22

ΣU11θ ΣU12θ ΣΘ11θ ΣΘ12θ

ΣU21θ ΣU22θ ΣΘ21θ ΣΘ22θ

















8N×8N

(4-67)

By extending the relationship in the Appendix 4 and employing the properties of the deter-

minants in the Appendix 5, we can simplify the Eq.(4-67) to

det[SM cc] =
N
∏

`=−(N−1)

det

















µ[U11]
` µ[U12]

` µ[Θ11]
` µ[Θ12]

`

µ[U21]
` µ[U22]

` µ[Θ21]
` µ[Θ22]

`

κ[U11]
` κ[U12]

` κ[Θ11]
` κ[Θ12]

`

κ[U21]
` κ[U22]

` κ[Θ21]
` κ[Θ22]

`

















4×4

(4-68)

By employing the Eqs.(4-50)-(4-63) for the Eq.(4-68), decomposition of the matrice yields

det[SM cc] =
N
∏

`=−(N−1)

det([Suθ
` ][T cc

` ]) (4-69)

where

[Suθ
` ]4×4 =

















(Y`(λa) + iJ`(λa)) 0 (K`(λa) + iI`(λa)) 0

iJ`(λb) J`(λb) iI`(λb) I`(λb)

(Y ′
` (λa) + iJ ′`(λa)) 0 (K ′

`(λa) + iI ′`(λa)) 0

iJ ′`(λb) J ′`(λb) iI ′`(λb) I ′`(λb)

















4×4

(4-70)

and

[T cc
` ]4×4 =

















J`(λa) J`(λb) J ′`(λa) J ′`(λb)

Y`(λa) Y`(λb) Y ′
` (λa) Y ′

` (λb)

I`(λa) K`(λb) I ′`(λa) I ′`(λb)

K`(λa) I`(λb) K ′
`(λa) K ′

`(λb)

















4×4

(4-71)

It is noted that the matrix[T cc
` ] denotes the matrix of true eigenequation for the C-C case and

the matrix[Suθ
` ] denotes the matrix of spurious eigenequation in theu, θ formulation. Zero

determinant in the Eq.(4-69) implies that the eigenequation is

det([Suθ
` ][T cc

` ]) = 0, ` = 0,±1,±2, · · · ,±(N − 1), N. (4-72)
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After comparing with the analytical solution for the annular plate [58], the former matrix

[Suθ
` ] in the Eq.(4-72) results in the spurious eigenequation while the latter matrix[T cc

` ] re-

sults in the true eigenequation. The results of the Eq.(4-71) in the discrete system match well

with the former one in the continuous system.

Case 2. Annular plate simply-supported on both the outer and inner boundaries

To consider an annular plate simply-supported on both the outer circleB1 (u1 = 0 andm1 =

0) and the inner circleB2 (u2 = 0 andm2 = 0), wherem1 andm2 are the normal moments

on B1 andB2, respectively. When the outer and inner boundaries are both discretized into

2N constant elements, respectively. By using the complex-valued BEM, we have

[SM ss] =

















U11 U12 M11 M12

U21 U22 M21 M22

U11θ U11θ M11θ M12θ

U21θ U22θ M21θ M22θ

















8N×8N

. (4-73)

where the superscript “ss ” denotes the simply-supported-simply-supported case. Since the

rotation symmetry is preserved for a circular annular boundary, the influence matrices for

the discrete system are found to be the circulants. We can obtain the influence matrices

([M11], [M12], [M21] and [M22]) which are all symmetric circulants. The eigenvalues of

the influence matrices for the discrete system are

µ[M11]
` =− πa

4λ2 [Y`(λa)αJ
` (λa) +

2
π

K`(λa)αI
` (λa)]

+ i[J`(λa)αJ
` (λa) +

2
π

(−1)`I`(λa)αI
` (λa)], ` = 0,±1, · · · ,±(N − 1), N.

(4-74)

µ[M12]
` =− πb

4λ2 [Y`(λa)αJ
` (λb) +

2
π

K`(λa)αI
` (λb)]

+ i[J`(λa)αJ
` (λb) +

2
π

(−1)`I`(λa)αI
` (λb)], ` = 0,±1, · · · ,±(N − 1), N.

(4-75)

µ[M21]
` =− πa

4λ2 [αY
` (λa)J`(λb) +

2
π

αK
` (λa)I`(λb)]

+ i[αJ
` (λa)J`(λb) +

2
π

(−1)`αI
` (λa)I`(λb)], ` = 0,±1, · · · ,±(N − 1), N.

(4-76)

µ[M22]
` =− πb

4λ2 [αY
` (λa)J`(λa) +

2
π

αK
` (λa)I`(λa)]

+ i[αJ
` (λa)J`(λa) +

2
π

(−1)`αI
` (λa)I`(λa)], ` = 0,±1, · · · ,±(N − 1), N.

(4-77)
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κ[M11]
` =− πa

4λ
[Y ′

` (λa)αJ
` (λa) +

2
π

K ′
`(λa)αI

` (λa)]

+ i[J ′`(λa)αJ
` (λa) +

2
π

(−1)`I ′`(λa)αI
` (λa)], ` = 0,±1, · · · ,±(N − 1), N.

(4-78)

κ[M12]
` =− πb

4λ
[Y ′

` (λa)αJ
` (λb) +

2
π

K ′
`(λa)αI

` (λb)]

+ i[J ′`(λa)αJ
` (λb) +

2
π

(−1)`I ′`(λa)αI
` (λb)], ` = 0,±1, · · · ,±(N − 1), N.

(4-79)

κ[M21]
` =− πa

4λ
[αY

` (λa)J ′`(λb) +
2
π

αK
` (λa)I ′`(λb)]

+ i[αJ
` (λa)J ′`(λb) +

2
π

(−1)`αI
` (λa)I ′`(λb)], ` = 0,±1, · · · ,±(N − 1), N.

(4-80)

κ[M22]
` =− πb

4λ
[αY

` (λb)J ′`(λb) +
2
π

αK
` (λb)I ′`(λb)]

+ i[αJ
` (λb)J ′`(λb) +

2
π

(−1)`αI
` (λb)I ′`(λb)], ` = 0,±1, · · · ,±(N − 1), N.

(4-81)

whereµ[M11]
` , µ[M12]

` , µ[M21]
` , µ[M22]

` , κ[M11]
` , κ[M12]

` , κ[M21]
` andκ[M22]

` , are the eigenvalues of

the matrices[M11], [M12], [M21], [M22], [M11θ], [M12θ], [M21θ] and [M22θ] , respec-

tively. Since the matrices are all symmetric circulants, the matrix[SM ss] in the Eq.(4-73)

can be decomposed into

[SM ss] =

















Φ 0 0 0

0 Φ 0 0

0 0 Φ 0

0 0 0 Φ

































ΣU11 ΣU12 ΣM11 ΣM12

ΣU21 ΣU22 ΣM21 ΣM22

ΣU11θ ΣU12θ ΣM11θ ΣM12θ

ΣU21θ ΣU22θ ΣM21θ ΣM22θ

































Φ 0 0 0

0 Φ 0 0

0 0 Φ 0

0 0 0 Φ

















T

(4-82)

SinceΦ is orthogonal, the determinant of[SM ss]8N×8N is

det[SM ss]8n×8N = det

















ΣU11 ΣU12 ΣΘ11 ΣΘ12

ΣU21 ΣU22 ΣΘ21 ΣΘ22

ΣU11θ ΣU12θ ΣΘ11θ ΣΘ12θ

ΣU21θ ΣU22θ ΣΘ21θ ΣΘ22θ

















8N×8N

(4-83)

By extending the relationship in the Appendix 4 and employing the properties of the deter-
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minants in the Appendix 5, we can simplify the Eq.(4-83) to

det[SM ss] =
N
∏

`=−(N−1)

det

















µ[U11]
` µ[U12]

` µ[M11]
` µ[M12]

`

µ[U21]
` µ[U22]

` µ[M21]
` µ[M22]

`

κ[U11]
` κ[U12]

` κ[M11]
` κ[M12]

`

κ[U21]
` κ[U22]

` κ[M21]
` κ[M22]

`

















4×4

(4-84)

By employing the Eqs.(4-74)-(4-81) for the Eq.(4-84), decomposition of the matrice yields

det[SM ss] =
N
∏

`=−(N−1)

det([Suθ
` ][T ss

` ]) (4-85)

where

[T ss
` ]4×4 =

















J`(λa) J`(λb) αJ
` (λa) αJ

` (λb)

Y`(λa) Y`(λb) αY
` (λa) αY

` (λb)

I`(λa) K`(λb) αI
` (λa) αI

` (λb)

K`(λa) I`(λb) αK
` (λa) αK

` (λb)

















4×4

(4-86)

It is noted that the matrix[T ss
` ] denotes the matrix of true eigenequation for the simply-

supported-simply-supported case. Zero determinant in the Eq.(4-85) implies that the eigenequa-

tion is

det([Suθ
` ][T ss

` ]) = 0, ` = 0,±1,±2, · · · ,±(N − 1), N. (4-87)

After comparing with the analytical solution for the annular plate [58], the former matrix

[Suθ
` ] in the Eq.(4-87) results in the spurious eigenequation while the latter matrix[T ss

` ] re-

sults in the true eigenequation. The results of the Eq.(4-86) in the discrete system match well

with the former one in the continuous system.

Case 3. Annular plate free on both the outer and inner boundaries

To consider a circular annular plate free on both the outer circleB1 (m1 = 0 andv1 = 0)

and the inner circleB2 (m2 = 0 andv2 = 0), wherev1 andv2 are the effective shear forces

onB1 andB2, respectively. When the outer and inner boundary are both discretized into2N
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constant elements, respectively By using the complex-valued BEM, we have

[SM ff ] =

















M11 M12 V 11 V 12

M21 M22 V 21 V 22

M11θ M11θ V 11θ V 12θ

M21θ M22θ V 21θ V 22θ

















8N×8N

. (4-88)

where the superscript “ff ” denotes the free-free case. Since the rotation symmetry is

preserved for a circular annular boundary, the influence matrices for the discrete system are

found to be the circulants. We can obtain the influence matrices ([V 11], [V 12], [V 21] and

[V 22]) which are all symmetric circulants. The eigenvalues of the influence matrices for the

discrete system are

µ[V 11]
` =

πa
4λ2 [Y`(λa)(βJ

` (λa) +
(1− ν)

a
γJ

` (λa)) +
2
π

K`(λa)(βI
` (λa) +

(1− ν)
a

γI
` (λa))]

+ i[J`(λa)(βJ
` (λa) +

(1− ν)
a

γJ
` (λa)) +

2
π

(−1)`I`(λa)(βI
` (λa) +

(1− ν)
a

γI
` (λa))],

` = 0,±1, · · · ,±(N − 1), N.

(4-89)

µ[V 12]
` =

πb
4λ2 [Y`(λa)(βJ

` (λb) +
(1− ν)

b
γJ

` (λb)) +
2
π

K`(λa)(βI
` (λb) +

(1− ν)
b

γI
` (λb))]

+ i[J`(λa)(βJ
` (λb) +

(1− ν)
b

γJ
` (λb)) +

2
π

(−1)`I`(λa)(βI
` (λb) +

(1− ν)
b

γI
` (λb))],

` = 0,±1, · · · ,±(N − 1), N.

(4-90)

µ[V 21]
` =

πa
4λ2 [(βY

` (λa) +
(1− ν)

a
γY

` (λa))J`(λb) +
2
π

(βK
` (λa) +

(1− ν)
a

γK
` (λa))I`(λb)]

+ i[(βJ
` (λa) +

(1− ν)
a

γJ
` (λa))J`(λb) +

2
π

(−1)`(βI
` (λa) +

(1− ν)
a

γI
` (λa))I`(λb)],

` = 0,±1, · · · ,±(N − 1), N.

(4-91)

µ[V 22]
` =

πb
4λ2 [(βY

` (λb) +
(1− ν)

b
γY

` (λb))J ′`(λb) +
2
π

(βK
` (λb) +

(1− ν)
b

γK
` (λb))I`(λb)]

+ i[(βJ
` (λb) +

(1− ν)
b

γJ
` (λb))J ′`(λb) +

2
π

(−1)`(βI
` (λb) +

(1− ν)
b

γI
` (λb))I`(λb)],

` = 0,±1, · · · ,±(N − 1), N.

(4-92)

κ[V 11]
` =

πa
4λ

[Y ′
` (λa)(βJ

` (λa) +
(1− ν)

a
γJ

` (λa)) +
2
π

K ′
`(λa)(βI

` (λa) +
(1− ν)

a
γI

` (λa))]

+ i[J ′`(λa)(βJ
` (λa) +

(1− ν)
a

γJ
` (λa)) +

2
π

(−1)`I ′`(λa)(βI
` (λa) +

(1− ν)
a

γI
` (λa))],

` = 0,±1, · · · ,±(N − 1), N.

(4-93)

κ[V 12]
` =

πb
4λ

[Y ′
` (λa)(βJ

` (λb) +
(1− ν)

b
γJ

` (λb)) +
2
π

K ′
`(λa)(βI

` (λb) +
(1− ν)

b
γI

` (λb))]

+ i[J ′`(λa)(βJ
` (λb) +

(1− ν)
b

γJ
` (λb)) +

2
π

(−1)`I ′`(λa)(βI
` (λb) +

(1− ν)
b

γI
` (λb))],

` = 0,±1, · · · ,±(N − 1), N.

(4-94)
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κ[V 21]
` = −πb

4λ
[(βY

` (λa) +
(1− ν)

a
γY

` (λa))J ′`(λb) +
2
π

(βK
` (λa) +

(1− ν)
a

γK
` (λa))I ′`(λb)]

+ i[(βJ
` (λa) +

(1− ν)
a

γJ
` (λa))J ′`(λb) +

2
π

(−1)`(βI
` (λa) +

(1− ν)
a

γI
` (λa))I ′`(λb)],

` = 0,±1, · · · ,±(N − 1), N.

(4-95)

κ[V 22]
` =

πb
4λ

[(βY
` (λb) +

(1− ν)
b

γY
` (λb))J ′`(λb) +

2
π

(βK
` (λb) +

(1− ν)
b

γK
` (λb))I ′`(λb)]

+ i[(βJ
` (λb) +

(1− ν)
b

γJ
` (λb))J ′`(λb) +

2
π

(−1)`(βI
` (λb) +

(1− ν)
b

γI
` (λb))I ′`(λb)],

` = 0,±1,±2, · · · ,±(N − 1), N.

(4-96)

whereµ[V 11]
` , µ[V 12]

` , µ[V 21]
` , µ[V 22]

` , κ[V 11]
` , κ[V 12]

` , κ[V 21]
` andκ[V 22]

` , are the eigenvalues of

the matrices[V 11], [M12], [V 21], [V 22], [V 11θ], [V 12θ], [V 21θ] and [V 22θ] , respectively.

Since the matrices are all symmetric circulants, the matrix[SM ff ] in the Eq.(4-88) can be

decomposed into

[SM ff ] =

















Φ 0 0 0

0 Φ 0 0

0 0 Φ 0

0 0 0 Φ

































ΣM11 ΣM12 ΣV 11 ΣV 12

ΣM21 ΣM22 ΣV 21 ΣV 22

ΣM11θ ΣM12θ ΣV 11θ ΣV 12θ

ΣM21θ ΣM22θ ΣV 21θ ΣV 22θ

































Φ 0 0 0

0 Φ 0 0

0 0 Φ 0

0 0 0 Φ

















T

(4-97)

SinceΦ is orthogonal, the determinant of[SM ff ]8N×8N is

det[SM ff ] = det

















ΣM11 ΣM12 ΣV 11 ΣV 12

ΣM21 ΣM22 ΣV 21 ΣV 22

ΣM11θ ΣM12θ ΣV 11θ ΣV 12θ

ΣM21θ ΣM22θ ΣV 21θ ΣV 22θ

















(4-98)

By extending the relationship in the Appendix 4 and the employing properties of the deter-

minants in the Appendix 5, we can simplify the Eq.(4-98) to

det[SM ff ] =
N
∏

`=−(N−1)

det

















µ[M11]
` µ[M12]

` µ[V 11]
` µ[V 12]

`

µ[M21]
` µ[M22]

` µ[V 21]
` µ[V 22]

`

κ[M11]
` κ[M12]

` κ[V 11]
` κ[V 12]

`

κ[M21]
` κ[M22]

` κ[V 21]
` κ[V 22]

`

















4×4

(4-99)
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By employing the Eqs.(4-50)-(4-63),for the Eq.(4-99), decomposition of the matrix yields

det[SM ff ] =
N
∏

`=−(N−1)

det([Suθ
` ][T ff

` ]) (4-100)

where

[T ff
` ] =

















αJ
` (λa) αJ

` (λb) βJ
` (λa) + (1−ν)

a γJ
` (λa) βJ

` (λb) + (1−ν)
b γJ

` (λb)

αY
` (λa) αY

` (λb) βY
` (λa) + (1−ν)

a γY
` (λa) βY

` (λb) + (1−ν)
b γY

` (λb)

αI
` (λa) αI

` (λb) βI
` (λa) + (1−ν)

a γI
` (λa) βI

` (λb) + (1−ν)
b γI

` (λb)

αK
` (λa) αK

` (λb) βK
` (λa) + (1−ν)

a γK
` (λa) βK

` (λb) + (1−ν)
b γK

` (λb)

















(4-101)

It is noted that the matrix[T ff
` ] denotes the matrix of true eigenequation for the F-F case.

Zero determinant in the Eq.(4-100) implies that the eigenequation is

det([Suθ
` ][T ff

` ]) = 0, ` = 0,±1,±2, · · · ,±(N − 1), N. (4-102)

After comparing with the analytical solution for the annular plate [58], the former matrix

[Suθ
` ] in the Eq.(4-102) results in the spurious eigenequation while the latter matrix[T ff

` ] re-

sults in the true eigenequation. The results of the Eq.(4-101) in the discrete system match

well with the former one in the continuous system.

The proof in this chapter can also work well for the different boundary conditions on the outer

boundary and inner boundary (C-S, C-F, S-C, S-F, F-C and F-S). All the results for each type

of boundary conditions of the annular plate are shown in the Table 4-1.

4-1-3 Study of the spurious eigenequation

After comparing the Eq.(4-72) with the Eqs.(4-87) and (4-102) in the discrete system or the

results of the Eqs.(4-16), the Eqs.(4-30) and (4-44) in the continuous system for the annular

plate, the same spurious eigenequation ([Suθ
n ] = 0) is embedded in theu, θ formulation no

matter what the boundary condition is. By using the cofactor of the matrix[Suθ
n ] to simplify

76



the zero determinant of the Eq.(4-70) for the spurious eigenequation, we have

det[Suθ
n ]4×4 = det

















(Yn(λa) + iJn(λa)) 0 (Kn(λa) + iIn(λa)) 0

iJn(λb) Jn(λb) iIn(λb) In(λb)

(Y ′
n(λa) + iJ ′n(λa)) 0 (K ′

n(λa) + iI ′n(λa)) 0

iJ ′n(λb) J ′n(λb) iI ′n(λb) I ′n(λb)

















4×4

= det([Sauθ
n ][Sbuθ

n ])

(4-103)

where

[Sauθ
n ] =





(Yn(λa) + iJn(λa)) (Kn(λa) + iIn(λa))

(Y ′
n(λa) + iJ ′n(λa)) (K ′

n(λa) + iI ′n(λa))





2×2

(4-104)

and

[Sbuθ
n ] =





Jn(λb) In(λb)

J ′n(λb) I ′n(λb)





2×2

(4-105)

It is found that the determinant of the former matrix[Sauθ
n ] in the Eq.(4-104) is never zoro.

The spurious eigenequation is the zero determinant of the matrix[Sbuθ
n ] in the Eq.(4-105).

It is interesting that the zero determinant of the[Sbuθ
n ] in theu, θ formulation results in the

true eigenequation of simply-connected clamped plate with a radiusb. The spurious eigen-

values parasitizing in theu andθ BEM depend on the radiusb which is the inner circle of

the annular domain. In fact, the multiply-connected problem can be superimposed by two

problems, one is an interior problem withB2 boundary and the other is an exterior problem

with B1 boundary as shown in Figure 4-1. The source which causes the appearance of the

spurious eigenvalues stems from the exterior problem with the inner boundary even though

the complex-valued kernels are employed as well as the membrane and acoustics behaves

[21, 31].

Since any two equations in the plate formulation (the Eqs.(2-28)-(2-31)) in the Chapter 2 can

be chosen,6(C4
2) options of the formulation can be considered. If we choose different for-

mulae for the annular plate, we can obtain the same true eigenequation but different spurious
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eigenequations. All the resluts of the spurious eigenequation and the relationship between

the simply and multiply-connected plate problems are shown in the Table 4-2(a), 4-2(b) and

4-2(c). At the same time, all the cases of the different B.Cs. result in the same spurious

eigenequation, once we use the same formulation. The occurrence of spurious eigenequation

only depends on the formulation instead of the specified boundary condition. True eigenequa-

tion depends on the specified boundary condition instead of the formulation. All the resluts

are summarized in the Table 4-1.

4-2 Numerical results and discussions

An annular plate with the outer radius of one meter(a = 1 m) and the inner radius of 0.5

meter(b = 0.5 m) of B1 andB2, respectively, and the Poisson ratioν = 1/3 are considered.

The outer and inner boundaries are both discretized into ten constant elements, respectively.

Since any two equations in the plate formulation (the Eqs.(2-28)-(2-31)) can be chosen,6(C4
2)

options of the formulation can be considered. Since the outer and inner boundaries can be

subject to one of the three BCs (clamped, simply-supported and free boundary conditions),

nine cases (C-C, C-S, C-F, S-C, S-S, S-F, F-C, F-S and F-F) can be considered.

Figures 4-2∼ 4-10 show the determinant of[SM ] versus frequency parameterλ for the nine

cases of annular plate using the six complex-valued formulations. Both the true and spurious

eigenvalues occur simultaneously even though the complex-valued BEM is employed. After

comparing with (a), (b), (c), (d), (e) and (f) results for each figure, the same true eigenvalues

are obtained no matter what the adopted formulation is, it reconfirms that the true eigenvalues

depends on the specified boundary condition instead of the formulation, all the true eigenval-

ues satisfy the true eigenequation in Table 4-1. We obtained different spurious eigenvalues

versus different formulations in Figures 4-2∼ 4-10. After selecting the formualtion (e.g.

u, θ formulation), the spurious eigenvalues (6.392, 9.222 and11.810) occur at the positions

which satisfy the spurious eigenequation[Suθ
n ] = 0 in Eq.(4-70) as shown in figures 4-2.(a),

4-3.(a), 4-4.(a), 4-5.(a), 4-6.(a), 4-7.(a), 4-8.(a), 4-9.(a) and 4-10.(a). The spurious eigenval-
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ues in the six (C4
2 ) different formulations are shown in the (a), (b), (c), (d), (e) and (f) cases,

and their corresponding spurious eigenequation are summarized in Table 4-2.(c). In order to

distinguish the spurious eigenvalues, Figures 4-11.(a)-(c) and (d)-(f) show the determinant of

[SM ] versusλ using the same formualtion (a, b and c -u, θ formulation; d, e and f -u,m

formulation) to solve the plates subject to different boundary conditions. It is found that any

one of the C-C, S-S and F-F cases results in the same spurious eigenvalues, once the same

formulation (a, b and c -u, θ formulation; d, e and f -u,m formulation) is employed. The

numerical results reconfirm that the occurrence of spurious eigenvalues only depends on the

formulation instead of the specified boundary condition.

The spurious eigenequation of multiply-connected eigenproblem by using theu, θ formu-

lation is found to be the true eigenequation of the simply-connected clamped plate with a

radiusb which is the inner radius of the annular plate. For demonstration, Figure 4-12.(a)

shows the determinant of[SM ] versusλ using the complex-valued formualtion to solve

the simply-connected clamped plate sinceu, θ formulation is utilized to solve the annular

problem. The true eigenvalues (6.392, 9.222 and11.810) for the clamped circular plate in

Figure 4-12.(a) with a radiusb = 0.5m also appears in the spurious eigenvalues in Figures

4-2.(a), 4-3.(a), 4-4.(a), 4-5.(a), 4-6.(a), 4-7.(a), 4-8.(a), 4-9.(a) and 4-10.(a) by using theu, θ

complex-valued formulation for the annular plate. In another words, the spurious eigenvalues

embedded in each (C4
2 ) formulation are corresponding to the associated true eigenvalues of

the simply-connected plate as shown in Figures 4-12.(a), 4-12.(b), 4-12.(c), 4-12.(d), 4-12.(e)

and 4-12.(f).

In general, all the annular cases result in the same spurious eigenvalues, once the formulation

is adopted. The occurrence of spurious eigenvalues only depends on the formulation instead

of the specified boundary condition. All the numerical data of the true eigenvalues are sum-

marized in the Table 4-3(a)∼(i), and the eigenvalues agree well with the data in Leissa and

Lauraet al. [58, 75, 76]. To detect the sensitivity how the inner radiusb affects the true

eigenvalue, the results are shown in Table 4-4.(a)∼ (i). Good agreement with Lauraet al.

[75, 76] is made.
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It is worth mentioning that we provide the unified form of the true eigenequations for the

three cases of annular plates in Table 4-1 instead of the separate form (n = 0, 1, 2) as shown

in the Appendix 6 [58]. The same true eigenvalues are compared with the Leissa’s numerical

results. However, the obtained eigenvalues according to the Leissa’s eigenequation are not

consistent to those in his book. The possible explanation is that the eigenequations in the

Leissa’s book for some cases were wrongly typed as shown in the Appendix 6.

4-3 Concluding remarks

A complex-valued BEM formulation has been derived for the free vibration of annular plate.

The true and spurious eigenequations were derived analytically by using the Fourier series,

degenerate kernels and circulants in both the continuous and discrete systems. The eigen-

values were determined numerically. Since either two equations in the plate formulation (4

equations) can be chosen,C4
2 (6) options can be considered. The occurrence of spurious

eigenequation only depends on the formulation instead of the specified boundary condition,

while the true eigenequation is independent of the formulation and is relevant to the specified

boundary condition. It is interesting that the spurious eigenequation of multiply-connected

plate eigenproblem by using theu, θ formulation is found to be the true eigenequation of

simply-connected clamped plate with a radiusb which is the inner radius of the annular

plate. All the results are shown in the Table 4-2(a)∼ (c). Three cases were demonstrated

analytically to see the validity of the present method. Several examples of plates subject to

C-C, C-S, C-F, S-C, S-S, S-F, F-C, F-S and F-F were illustrated to check the validity of the

present formulations. Although the annular case lacks generality, it leads significant insight

into the occurring mechanism of true and spurious eigenequation. Although the proof is only

limited to the annular case, it is a great help to the researchers who may require analytical

explanation for the reason why the spurious eigenevalues appears. The same algorithm in

the discrete system can be applied to solve arbitrary-shaped plate numerically without any

difficulty. Nevertheless, mathematical derivation in the continuous and discrete systems can

not be done analytically.
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Chapter 5 Treatment of the spurious eigenvalues for

multiply-connected eigenproblems

Summary

In this chapter, three alternatives (SVD updating technique, the Burton & Miller method and

the CHIEF method) are adopted to suppress the occurrence of the spurious eigenvalues for the

multiply-connected plate eigenproblem. A clamped-clamped annular plate is demonstrated

analytically in the discrete systems.

5-1 SVD updating technique

In the discrete system, the approach to detect the nonunique solution is the criterion of sat-

isfying all the Eqs.(2-28)-(2-31) at the same time by using the complex-valued BEM. After

rearranging the terms of the Eqs.(3-8) and (3-9) in the Chapter 3, we have

[SM cc
1 ]


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
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
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


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



= {0}, (5-1)

where

[SM cc
1 ] =
















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




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. (5-2)

Similarly, the Eqs.(3-10) and (3-11) yield

[SM cc
2 ]































v1

v2

m1

m2































= {0}, (5-3)
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where

[SM cc
2 ] =
















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. (5-4)

For the clamped-clamped case by using the SVD technique of updating term, we have

[C]
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= {0}, (5-5)

where

[C] =





SM cc
1

SM cc
2





16N×8N

. (5-6)

Since the eigenequation is nontrivial, the rank of the matrix[C] must be smaller than8N , the

8N singular values for the matrix[C] must have at least one zero value. The explicit form for

the matrix[C] can be decomposed into

[C] =









































Φ 0 0 0 0 0 0 0

0 Φ 0 0 0 0 0 0
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0 0 0 0 0 0 0 Φ









































16N×16N

(5-7)
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. (5-8)
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where the dimension of each submatrixΦ andΣ is 2N by 2N . Based on the equivalence

between the SVD technique and the least-squares method in mathematical essence, the least

square form leads to

[C]T [C] =


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
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
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(5-9)

where

[D] =


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(5-10)
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(5-11)

If the determinant of the matrix[C]T [C] is zero, we can obtain the nontrivial solution. Since

Φ is orthogonal, the determinant of the matrix[C]T [C] is equal to the determinant of the ma-

trix [D]. By calculating the determinant of the matrix[D] and using the the relationship in

the Appendix 7, we can find that the determinant of the matrix[D] can be decomposed into

the summation of the square determinant in theC8
4 matrices. The only possibility for the zero

determinant of the matrix[D] occurs when theC8
4 terms are all zeros at the same time for the

samè . After careful check for all the matrices, we find that the true eigenequation[T cc
` ] is

simultaneously embedded in theC8
4 matrices. This indicates that only the true eigenequation

of the clamped-clamped circular annular plate is sorted out in the SVD updating matrix since

the true eigenequation is simultaneously embedded in the six complex-valued formulations.
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The result matches well with the former one of the Chapter 4 in the discrete system, respec-

tively.

5-2 Burton & Miller method

By combining the Eqs.(5-1) and (5-3) with an imaginary number in the complex-valued

BEM, we have

[[SM cc
1 ] + i[SM cc

2 ]]
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= {0}. (5-12)

The determinant of the[SM cc
1 ] + i[SM cc

2 ] is obtained by using the circulant and the decom-

position technique as

det[[SM cc
1 ] + i[SM cc

2 ]] =
N
∏

`=−(N−1)

det([[Suθ
` ] + i[Smv

` ]][T cc
` ]) (5-13)

Since the term[Suθ
` ] + i[Smv

` ] is never zero for anyλ, we can obtain the true eigenvalues

by using the complex-valued BEM with the Burton & Miller concept. Unfortunately, if we

combine theu, θ andm, v formulations oru, v andθ, m formulations, the method fails. The

reason is that theu, v andθ, m formulation have the same spurious eigenequation. Only

the combination ofu, m andθ, v complex-valued formulation can obtain the true eigenval-

ues. All the explicit forms of the[Suθ
` ] + i[Smv

` ] are shown in the Table 5-1 by using the

complex-valued BEM. Since any two equation in the complex-valued formulation results in

the spurious eigenvalues, we can reconstruct the independent equation by employing the Bur-

ton & Miller concept. When we choose the appropriate combination, the Burton & Miller

method works well.
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5-3 CHEEF or CHIEF method

Consider the eigenproblem for the clamped annular plate, the Eqs.(2-24) and (2-25) can be

rewritten as

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








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= {0}4N×1 . (5-14)

By adding the point for the null-field equation to solve the multiply-connected plate eigen-

problem, we have two choices for the location of the CHIEF point (ρ < b) or CHEEF point

(a < ρ). Because the spurious eigenequation of multiply-connected plate eigenproblem by

using theu, θ formulation is the true eigenequation of simply-connected clamped plate with

a radiusb which is the inner radius of the annular plate. If the CHEEF point locates on the

outer the domain (a < ρ), the CHEEF method fails. By moving the field pointx to be outside

the domain (ρ < b) for the CHIEF points, we have
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= {0}8N×1 , (5-15)

where the indexC denotes the CHIEF point in the null-field equation and the subscriptNc (≥

1) indicates the number of additional CHIEF points. The symbols,UC1, UC2, ΘC1, ΘC2,

UC1θ, UC2θ, ΘC1θ andΘC2θ mean the influence row vectors resulted from of theU , Θ , Uθ

andΘθ kernels which is obtained by collocating the CHIEF point. Combining the Eqs.(5-14)

and (5-15) together to obtain the overdetermined system, we have
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= {0}(8N+2NC)×1 , (5-16)

85



where

[C∗] =




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(5-17)

Therefore, an overdetermined system is obtained to ensure a unique solution. According to

the successful experience of CHEEF technique for simply-connected eigenproblem, we can

overcome the spurious eigenvalues problem in the multiply-connected plate eigenproblem by

using the same concept. Also, the optimum number of adding CHIEF points and appropriate

positions of the CHIEF points will be addressed in the numerical results.

5-4 Numerical results and discussions

Annular plate (C-C, S-S and F-F boundary conditions)

An annular plate with the outer radius of one meter(a = 1 m) and the inner radius of 0.5

meter(b = 0.5 m) of B1 andB2, respectively, and the Poisson ratioν = 1/3 are considered.

The outer and inner boundaries are both discretized into ten constant elements, respectively.

Since any two equations in the plate formulation (the Eqs.(2-28)-(2-31)) can be chosen,6(C4
2)

options of the formulation can be considered. Three cases, C-C, S-S and F-F, by using the

three methods are demonstrated.

SVD updating technique

Figures 5-1.(a)-(f) show the determinant of the[C]T [C] versusλ for the C-C annular plate us-

ing the six complex-valued formulations in conjunction with the SVD technique of updating

term. Figures 5-2.(a)-(f) show the determinant of the[C]T [C] versusλ for the S-S annular

plate using the six complex-valued formulations in conjunction with the SVD technique of

updating term. Figures 5-3.(a)-(f) show the determinant of the[C]T [C] versusλ for the F-F
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annular plate using the six complex-valued formulations in conjunction with the SVD tech-

nique of updating term. It is found that all the spurious eigenvalues are filtered out and only

the true eigenvalues appear.

Burton & Miller method

Figures 5-4.(a)-(f)∼ 5-6.(a)-(f) show the determinant of the[SM ] versusλ for the C-C, S-S

and F-F annular plates using the six complex-valued formulations in conjunction with Burton

& Miller concept. The failure cases are shown in the (a), (c), (d) and (f) figures as predicted

in the Table 5-1. Only the combination ofu, m andθ, v formulation can obtain the true

eigenvalues in Figures 5-4.(b), 5-4.(e), 5-5.(b), 5-5.(e), 5-6.(b) and 5-6.(e) as predicted in the

Table 3-1, sincedet([Sbum
n ] + i[Sbθv

n ]) can not be zero. For the case of theu, θ formualtion

in conjunction with them, v formulations by multiplying an imaginary number for solving

the annular plates subject to different boundary conditions (5-4.(a), 5-5.(a) and 5-6.(a)), the

spurious eigenvalues occur sincedet([Sbuθ
n ] + i[Sbmv

n ]) = 0 as predicted in the Table 5-1.

CHIEF method

Figures 5-7.(a)-(c) show the minimum singular valueσ1 of the [C∗] versusλ for the F-F an-

nular plate by using the complex-valued (u, θ) formulations in conjunction with zero (with-

out CHIEF point), one and two CHIEF points. The first CHIEF point(ρ1, φ1) locates at

(0.285, π/4). It is interesting to find that one CHIEF point can not suppress the appearance of

all the spurious eigenvalues (9.222 and 11.810) as shown in Figure 5-7.(b). By adding another

CHIEF point(ρ2, φ2) which locates at(0.275, 29π/36), where the angle(φ1−φ2) between the

two selected points is5π/9, only the true eigenvalues are obtained as shown in Figure 5-7.(c)

by using the two CHIEF points. Similarly, Figures 5-7.(d)-(f) show the minimum singular

valueσ1 of the [C∗] versusλ for the F-F annular plate by using the complex-valued (u,m)

formulation in conjunction with zero (without CHIEF point), one and two CHIEF points. The

CHIEF points(ρ1, φ1) and(ρ2, φ2) locate at(0.30, π/4) and(0.28, 29π/36), where the angle

(φ1 − φ2) between the two selected points is5π/9. Good agreement is made by using the

CHIEF method. Only the true eigenvalues are obtained.
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For the C-C, S-S and F-F annular cases, the SVD technique of updating term, Burton &

Miller method (u, m andθ, v formulations) and CHIEF method can obtain the same true

eigenvalues. All the resluts of the eigenvalues agree well with the data in Leissa and Lauraet

al. [58, 75, 76]. For the multiply-connected problems, the CHIEF method saves CPU time in

constructing the influence matrix in comparison with the SVD updating technique. However,

the Burton & Miller method has the minimum dimension of the influence matrix in the SVD

computation.

5-5 Concluding remarks

Three alternatives (SVD updating technique, the Burton & Miller method and the CHIEF

method) were adopted to suppress the occurrence of the spurious eigenvalues for the C-

C, S-S and F-F annular plates in the complex-valued BEM. The SVD updating technique

was employed to deal with the problem of spurious eigenvalue occurring in the multiply-

connected plate eigenproblem. Then, the numerical experiments of the C-C, S-S and F-F

annular problems were performed to demonstrate the validity of the remedies. The role of

the Burton & Miller method for spurious eigenvalues has also been examined. By choosing

the useful CHIEF points, we can suppress the occurrence of the spurious eigenvalues for the

C-C annular plate by using the complex-valued BEM. For the eigenproblems of the multiply-

connected plate, the SVD technique of updating term, Burton & Miller method (u, m and

θ, v formulations) and CHIEF method can obtain the true eigenvalues and the eigenvalues

agree well with the data in Leissa and Lauraet al. [58, 75, 76]. For the multiply-connected

problems, the CHIEF method save CPU time in constructing the influence matrix. However,

the Burton & Miller method have the minimum dimension in the SVD computation.
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Chapter 6 Conclusions and further research

6-1 Conclusions

In this thesis, we draw out some important conclusions item by item as below:

1. We have verified that the spurious eigenequations depend on the formulation in the real-

part and imaginary-part BEMs for the simply-connected plate eigenproblems (three

cases). Six(C4
2) formulations can be chosen. True eigenequation depends on the cases

while spurious eigenequation is embedded in each formulation. Both the continuous

and the discrete systems support this finding.

2. The spurious and true eigenequations for the simply-connected plate were analytically

derived by using the degenerate kernel, Fourier series expansion and circulants. All the

spurious eigenequations embedded in the real and imaginary-part BEMs are summa-

rized in the Tables 2-2 and 2-4.

3. By extending the finding of the supurious eigenvalues for the simply-connected plate,

we have verified that the spurious eigenequations depend on the formulation by using

the complex-valued BEM for the multiply-connected plate eigenproblems (nine cases)

in the continuous and discrete systems. In the same way, six(C4
2) formulations can be

chosen.

4. The spurious eigenvalues occurring in the multiply-connected plate eigenproblem is the

true eigenvalue of the associated simply-connected problem with the radiusb which is

the inner boundary of the multiply-connected domain.

5. We provide the general form of the true eigenequation for the nine cases of the eigenequa-

tions of annular plate instead of the separate form in the Leissa’s book [58]. All the

resluts are summarized in the Table 4-1. The spurious and true eigenequations for

the annular plate were analytically derived by using the complex-valued BEM in the

continuous and discrete systems.
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6. Three remedies, the SVD technique of updating term, the Burton & Miller method

and the CHEEF (CHIEF) method, were successfully employed to suppress the ap-

pearance of the spurious eigenvalues for simply-connected (multiply-connected) plate

eigenproblems.

7. By using the real, imaginary-part or complex-valued BEMs in conjuction with the con-

cept of the Burton & Miller method, only the combination of theu, m andθ, v formula-

tions can obtain the true eigenvalues for the simply-connected and multiply-connected

plate eigenproblems, others fail.

8. How to select the CHEEF points was addressed. In addition, the criteria of success-

ful CHEEF points must avoid locating at the point which satisfies[Yn(λa)Kn(λρ1) −

Kn(λa)Yn(λρ1)] = 0, [Yn(λa)Kn(λρ2)−Kn(λa)Yn(λρ2)] = 0 or sin n(φ1 − φ2) = 0

for the simply-connected plate eigenproblems.

9. For the multiply-connected plate eigenproblem, the spurious eigenequation of multiply-

connected plate eigenproblem is the true eigenequation of the associated simply-connected

plate with a radiusb which is the radius of the inner boundary of the annular plate. If

the CHIEF point locates on the outer the domain (a < ρ), the CHIEF method fails.

Also, the positions of the CHIEF points should be chosen carefully.

10. From the computation point of view for the simply-connected plate, CHEEF method

used the minimum number of dimension although it may take risk for the failure

CHEEF points.

11. For the multiply-connected problems, the CHIEF method save CPU time in construct-

ing the influence matrix. However, the Burton & Miller method has the minimum

dimension in the SVD computation.

12. In this thesis, we only considered the eigenproblem of plate vibration. If we considered

the eigenproblem of the acoustics or membrane vibration (Helmholtz equation) by us-

ing the proposed methods, we can obtain the previous results [12, 35, 43, 57, 59, 60,
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80].

6-2 Further research

In this thesis, the simply-connected and multiply-connected plate eigenproblems have been

studied by using the boundary element method (real-part, imaginary-part and comlex-valued

BEMs). However, there are several works which need further investigation as follows:

1. A general program for solving the arbitrarily-shaped plate eigenproblem needs to be

developed. In this thesis, the analytical solutions of the true and spurious eigenequa-

tions are only limited to the circular or annular case, it is helpful to the researchers

who may require analytical explanation to understand why the spurious eigenequation

occurs. The same algorithm in the discrete system can be applied to solve arbitrary-

shaped plate numerically without any difficulty.

2. The singularity of the principal valueP.V. and the free term in the boundary integral

equations needs study in depth. Furthermore, the dual properties of the sixteen kernels

can be investigated.

3. Although the three approaches, the SVD technique of updating term, the Burton &

Miller method and CHEEF (CHIEF) method were successfully applied to suppress the

occurrence of spurious eigenvalues, the other possible tools, GSVD and preconditioner

may be another alternatives to consider especially for the ill-posed cases.

4. Here, we only considered the eigenproblem for the free vibration of simply-connected

and multiply-connected plates by using the boundary element method, it may be ex-

tended to similar problems such as Stokes’ flow or bulcking of beam and plate due to

the same biharmonic operator.

5. The boundary element method was successfully employed for the dynamic eigenprob-

lem of the plate. If we approach the frequencyλ to be zero, it may work for the static

problem.
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6. Although multiply-connected problems were treated in this thesis, is better to say that

only doubly-connected case was solved. A plate with multiple holes, a truly multiply-

connected problem, may be tested by using the proposed methods.

7. The extension of the present BEM approach to messless formulation by lumping the

strength of sources is also a possible direction for further study.

8. The property of Calderon projector for the integral formulation of biharmonic operator

needs further investigation.

9. In the Chapter 3, the real-part BEM conjunction with the CHEEF method can obtain

the true eigenvalues for the simply-connected plate eigenproblems. Can the spurious

eigenvalue be elliminated by using the imaginary-part BEM in conjunction with the

CHEEF method ?

10. For the simply-connected plate eigenproblem by using the imaginary-part BEM, the

resulted ill-posed behavior of the influence matrix needs study in depth.
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Appendix 1 Degenerate kernels of the complex-valued BEM

List of the degenerate kernels

UI(ρ, φ, ρ, φ) =
1

8λ2

∞X
m=−∞

{[Ym(λρ)Jm(λρ) +
2
π

Km(λρ)Im(λρ)]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[Jm(λρ)Jm(λρ) +
2
π

(−1)mIm(λρ)Im(λρ)]}cos(m(φ− φ)), ρ > ρ,

UE(ρ, φ, ρ, φ) =
1

8λ2

∞X
m=−∞

{[Ym(λρ)Jm(λρ) +
2
π

Km(λρ)Im(λρ)]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[Jm(λρ)Jm(λρ) +
2
π

(−1)mIm(λρ)Im(λρ)]}cos(m(φ− φ)), ρ > ρ,

UI
θ (ρ, φ, ρ, φ) =

1
8λ

∞X
m=−∞

[[Ym(λρ)J ′m(λρ) +
2
π

Km(λρ)I′m(λρ)]}cos(m(φ− φ))

+
i

8λ

∞X
m=−∞

{[Jm(λρ)J ′m(λρ) +
2
π

(−1)mIm(λρ)I′m(λρ)]]cos(m(φ− φ)), ρ > ρ,

UE
θ (ρ, φ, ρ, φ) =

1
8λ

∞X
m=−∞

[[Y ′m(λρ)Jm(λρ) +
2
π

K′
m(λρ)Im(λρ)]}cos(m(φ− φ))

+
i

8λ

∞X
m=−∞

{[J ′m(λρ)Jm(λρ) +
2
π

(−1)mI′m(λρ)Im(λρ)]]cos(m(φ− φ)), ρ > ρ,

UI
M (ρ, φ, ρ, φ) =

1
8λ2

∞X
m=−∞

{[Ym(λρ)αJ
m(λρ) +

2
π

Km(λρ)αI
m(λρ)]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[Jm(λρ)αJ
m(λρ) +

2
π

(−1)mIm(λρ)αI
m(λρ)]}cos(m(φ− φ)), ρ > ρ,

UE
M (ρ, φ, ρ, φ) =

1
8λ2

∞X
m=−∞

{[αY
m(λρ)Jm(λρ) +

2
π

αK
m(λρ)Im(λρ)]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[αJ
m(λρ)Jm(λρ) +

2
π

(−1)mαI
m(λρ)Im(λρ)]}cos(m(φ− φ)), ρ > ρ,

UI
V (ρ, φ, ρ, φ) =

1
8λ2

∞X
m=−∞

{[Ym(λρ)βJ
m(λρ) +

2
π

Km(λρ)βI
m(λρ)]

+
1− ν

ρ
[Ym(λρ)γJ

m(λρ) +
2
π

Km(λρ)γI
m(λρ)]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[Jm(λρ)βJ
m(λρ) +

2
π

(−1)mIm(λρ)βI
m(λρ)]

+
1− ν

ρ
[Jm(λρ)γJ

m(λρ) +
2
π

(−1)mIm(λρ)γI
m(λρ)]}cos(m(φ− φ)), ρ > ρ,

UE
V (ρ, φ, ρ, φ) =

1
8λ2

∞X
m=−∞

{[βY
m(λρ)Jm(λρ) +

2
π

βK
m(λρ)Im(λρ)]

+
1− ν

ρ
[γY

m(λρ)Jm(λρ) +
2
π

γK
m(λρ)Im(λρ)]]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[βJ
m(λρ)Jm(λρ) +

2
π

(−1)mβI
m(λρ)Im(λρ)]

+
1− ν

ρ
[γJ

m(λρ)Jm(λρ) +
2
π

(−1)mγI
m(λρ)Im(λρ)]}cos(m(φ− φ)), ρ > ρ,
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ΘI(ρ, φ, ρ, φ) =
1
8λ

∞X
m=−∞

{[Y ′m(λρ)Jm(λρ) +
2
π

K′
m(λρ)Im(λρ)]}cos(m(φ− φ))

+
i

8λ

∞X
m=−∞

{[J ′m(λρ)Jm(λρ) +
2
π

(−1)mI′m(λρ)Im(λρ)]}cos(m(φ− φ)), ρ > ρ,

ΘE(ρ, φ, ρ, φ) =
1
8λ

∞X
m=−∞

{[Ym(λρ)J ′m(λρ) +
2
π

Km(λρ)I′m(λρ)]}cos(m(φ− φ))

+
i

8λ

∞X
m=−∞

{[Jm(λρ)J ′m(λρ) +
2
π

(−1)mIm(λρ)I′m(λρ)]}cos(m(φ− φ)), ρ > ρ,

ΘI
θ(ρ, φ, ρ, φ) =

1
8

∞X
m=−∞

{[Y ′m(λρ)J ′m(λρ) +
2
π

K′
m(λρ)I′m(λρ)]}cos(m(φ− φ))

+
i
8

∞X
m=−∞

{[J ′m(λρ)J ′m(λρ) +
2
π

(−1)mI′m(λρ)I′m(λρ)]}cos(m(φ− φ)), ρ > ρ,

ΘE
θ (ρ, φ, ρ, φ) =

1
8

∞X
m=−∞

{[Y ′m(λρ)J ′m(λρ) +
2
π

K′
m(λρ)I′m(λρ)]}cos(m(φ− φ))

+
i
8

∞X
m=−∞

{[J ′m(λρ)J ′m(λρ) +
2
π

(−1)mI′m(λρ)I′m(λρ)]}cos(m(φ− φ)), ρ > ρ,

ΘI
M (ρ, φ, ρ, φ) =

1
8λ

∞X
m=−∞

{[Y ′m(λρ)αJ
m(λρ) +

2
π

K′
m(λρ)αI

m(λρ)]}cos(m(φ− φ))

+
i

8λ

∞X
m=−∞

{[J ′m(λρ)αJ
m(λρ) +

2
π

(−1)mI′m(λρ)αI
m(λρ)]}cos(m(φ− φ)), ρ > ρ,

ΘE
M (ρ, φ, ρ, φ) =

1
8λ

∞X
m=−∞

{[αY
m(λρ)J ′m(λρ) +

2
π

αK
m(λρ)I′m(λρ)]}cos(m(φ− φ))

+
i

8λ

∞X
m=−∞

{[αJ
m(λρ)J ′m(λρ) +

2
π

(−1)mαI
m(λρ)I′m(λρ)]}cos(m(φ− φ)), ρ > ρ,

ΘI
V (ρ, φ, ρ, φ) =

1
8λ

∞X
m=−∞

{[Y ′m(λρ)βJ
m(λρ) +

2
π

K′
m(λρ)βI

m(λρ)]

+
1− ν

ρ
[Y ′m(λρ)γJ

m(λρ) +
2
π

K′
m(λρ)γI

m(λρ)]}cos(m(φ− φ))

+
i

8λ

∞X
m=−∞

{[J ′m(λρ)βJ
m(λρ) +

2
π

(−1)mI′m(λρ)βI
m(λρ)]

+
1− ν

ρ
[J ′m(λρ)γJ

m(λρ) +
2
π

(−1)mI′m(λρ)γI
m(λρ)]}cos(m(φ− φ)), ρ > ρ,

ΘE
V (ρ, φ, ρ, φ) =

1
8λ

∞X
m=−∞

{[βY
m(λρ)J ′m(λρ) +

2
π

βK
m(λρ)I′m(λρ)]

+
1− ν

ρ
[γY

m(λρ)J ′m(λρ) +
2
π

γK
m(λρ)I′m(λρ)]}cos(m(φ− φ))

+
i

8λ

∞X
m=−∞

{[βJ
m(λρ)J ′m(λρ) +

2
π

(−1)mβI
m(λρ)I′m(λρ)]

+
1− ν

ρ
[γJ

m(λρ)J ′m(λρ) +
2
π

(−1)mγI
m(λρ)I′m(λρ)]}cos(m(φ− φ)), ρ > ρ,
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MI(ρ, φ, ρ, φ) =
1

8λ2

∞X
m=−∞

{[αY
n (λρ)Jm(λρ) +

2
π

αK
m(λρ)Im(λρ)}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[αJ
m(λρ)Jm(λρ) +

2
π

(−1)mαI
m(λρ)Im(λρ)]}cos(m(φ− φ)), ρ > ρ,

ME(ρ, φ, ρ, φ) =
1

8λ2

∞X
m=−∞

{[Ym(λρ)αJ
m(λρ) +

2
π

Km(λρ)αI
m(λρ)]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{Jm(λρ)αJ
m(λρ) +

2
π

(−1)mIm(λρ)αI
m(λρ)]}cos(m(φ− φ)), ρ > ρ,

MI
θ (ρ, φ, ρ, φ) =

1
8λ

∞X
m=−∞

{[αY
n (λρ)J ′m(λρ) +

2
π

αK
m(λρ)I′m(λρ)]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[αJ
m(λρ)J ′m(λρ) +

2
π

(−1)mαI
m(λρ)I′m(λρ)]}cos(m(φ− φ)), ρ > ρ,

ME
θ (ρ, φ, ρ, φ) =

1
8λ

∞X
m=−∞

{[Y ′m(λρ)αJ
m(λρ) +

2
π

K′
m(λρ)αI

m(λρ)]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[J ′m(λρ)αJ
m(λρ) +

2
π

(−1)mI′m(λρ)αI
m(λρ)]}cos(m(φ− φ)), ρ > ρ,

MI
M (ρ, φ, ρ, φ) =

1
8λ2

∞X
m=−∞

{[αY
n (λρ)αJ

m(λρ) +
2
π

αK
m(λρ)αI

m(λρ)]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[αJ
m(λρ)αJ

m(λρ) +
2
π

(−1)mαI
m(λρ)αI

m(λρ)]}cos(m(φ− φ)), ρ > ρ,

ME
M (ρ, φ, ρ, φ) =

1
8λ2

∞X
m=−∞

{[αY
m(λρ)αJ

m(λρ) +
2
π

αK
m(λρ)αI

m(λρ)]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[αJ
m(λρ)αJ

m(λρ) +
2
π

(−1)mαI
m(λρ)αI

m(λρ)]}cos(m(φ− φ)), ρ > ρ,

MI
V (ρ, φ, ρ, φ) =

1
8λ2

∞X
m=−∞

{[αY
n (λρ)βJ

m(λρ) +
2
π

αK
m(λρ)βI

m(λρ)]

+
1− ν

ρ
[αY

n (λρ)γJ
m(λρ) +

2
π

αK
m(λρ)γI

m(λρ)]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[αJ
m(λρ)βJ

m(λρ) +
2
π

(−1)mαI
m(λρ)βI

m(λρ)]

+
1− ν

ρ
[αJ

m(λρ)γJ
m(λρ) +

2
π

(−1)mαI
m(λρ)γI

m(λρ)]}cos(m(φ− φ)), ρ > ρ,

ME
V (ρ, φ, ρ, φ) =

1
8λ2

∞X
m=−∞

{[βY
m(λρ)αJ

m(λρ) +
2
π

βK
m(λρ)αI

m(λρ)]

+
1− ν

ρ
[γY

m(λρ)αJ
m(λρ) +

2
π

γK
m(λρ)αI

m(λρ)]}cos(m(φ− φ))

+
i

8λ2

∞X
m=−∞

{[βJ
m(λρ)αJ

m(λρ) +
2
π

(−1)mβI
m(λρ)αI

m(λρ)]

+
1− ν

ρ
[γJ

m(λρ)αJ
m(λρ) +

2
π

(−1)mγI
m(λρ)αI

m(λρ)]}cos(m(φ− φ)), ρ > ρ,
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V I(ρ, φ, ρ, φ) =
1

8λ2

∞X
m=−∞

{[βY
m(λρ)Jm(λρ) +

2
π

βK
m(λρ)Im(λρ)] + i[βJ

m(λρ)Jm(λρ) +
2
π

(−1)mβI
m(λρ)Im(λρ)]}cos(m(φ− φ))

+
1− ν

ρ
{γY

m(λρ)Jm(λρ) +
2
π

γK
m(λρ)Im(λρ)] + i[γJ

m(λρ)Jm(λρ) +
2
π

(−1)mγI
m(λρ)Im(λρ)]}cos(m(φ− φ)), ρ > ρ,

V E(ρ, φ, ρ, φ) =
1

8λ2

∞X
m=−∞

{[Ym(λρ)βJ
m(λρ) +

2
π

Km(λρ)βI
m(λρ)] + i[Jm(λρ)βJ

m(λρ) +
2
π

(−1)mIm(λρ)]βI
m(λρ)}cos(m(φ− φ))

+
1− ν

ρ
{Ym(λρ)γJ

m(λρ) +
2
π

Km(λρ)γI
m(λρ)] + i[Jm(λρ)γJ

m(λρ) +
2
π

(−1)mIm(λρ)γI
m(λρ)]}cos(m(φ− φ)), ρ > ρ,

V I
θ (ρ, φ, ρ, φ) =

1
8λ

∞X
m=−∞

{[βY
m(λρ)J ′m(λρ) +

2
π

βK
m(λρ)I′m(λρ)] + i[βJ

m(λρ)J ′m(λρ) +
2
π

(−1)mβI
m(λρ)I′m(λρ)]}cos(m(φ− φ))

+
1− ν

ρ
{γY

m(λρ)J ′m(λρ) +
2
π

γK
m(λρ)I′m(λρ)] + i[γJ

m(λρ)J ′m(λρ) +
2
π

(−1)mγI
m(λρ)I′m(λρ)]}cos(m(φ− φ)), ρ > ρ,

V E
θ (ρ, φ, ρ, φ) =

1
8λ

∞X
m=−∞

{[Y ′m(λρ)βJ
m(λρ) +

2
π

K′
m(λρ)βI

m(λρ)] + i[J ′m(λρ)βJ
m(λρ) +

2
π

(−1)mI′m(λρ)βI
m(λρ)]}cos(m(φ− φ))

+
1− ν

ρ
{Y ′m(λρ)γJ

m(λρ) +
2
π

K′
m(λρ)γI

m(λρ)] + i[J ′m(λρ)γJ
m(λρ) +

2
π

(−1)mI′m(λρ)γI
m(λρ)]}cos(m(φ− φ)), ρ > ρ,

V I
M (ρ, φ, ρ, φ) =

1
8λ2

∞X
m=−∞

{[βY
m(λρ)αJ

m(λρ) +
2
π

βK
m(λρ)αI

m(λρ)] + i[βJ
m(λρ)αJ

m(λρ) +
2
π

(−1)mβI
m(λρ)αI

m(λρ)]}cos(m(φ− φ))

+
1− ν

ρ
{γY

m(λρ)αJ
m(λρ) +

2
π

γK
m(λρ)αI

m(λρ)] + i[γJ
m(λρ)αJ

m(λρ) +
2
π

(−1)mγI
m(λρ)αI

m(λρ)]}cos(m(φ− φ)), ρ > ρ,

V E
M (ρ, φ, ρ, φ) =

1
8λ2

∞X
m=−∞

{[αY
n (λρ)βJ

m(λρ) +
2
π

αK
m(λρ)βI

m(λρ)] + i[βJ
m(λρ)αJ

m(λρ) +
2
π

(−1)mαI
m(λρ)βI

m(λρ)]}cos(m(φ− φ))

+
1− ν

ρ
{αY

n (λρ)γJ
m(λρ) +

2
π

αK
m(λρ)γI

m(λρ)] + i[αJ
m(λρ)γJ

m(λρ) +
2
π

(−1)mαI
m(λρ)γI

m(λρ)]}cos(m(φ− φ)), ρ > ρ,

V I
V (ρ, φ, ρ, φ) =

1
8λ2

∞X
m=−∞

{[βY
m(λρ)βJ

m(λρ) +
2
π

βK
m(λρ)βI

m(λρ)] + i[βJ
m(λρ)βJ

m(λρ) +
2
π

(−1)mβI
m(λρ)βI

m(λρ)]}cos(m(φ− φ))

+
1− ν

ρ
{γY

m(λρ)βJ
m(λρ) +

2
π

γK
m(λρ)βI

m(λρ)] + i[γJ
m(λρ)βJ

m(λρ) +
2
π

(−1)mγI
m(λρ)βI

m(λρ)]}cos(m(φ− φ))

+
1− ν

ρ
{[βY

m(λρ)γY
m(λρ) +

2
π

βK
m(λρ)γI

m(λρ)] + i[βJ
m(λρ)γJ

m(λρ) +
2
π

(−1)mβI
m(λρ)γI

m(λρ)]}cos(m(φ− φ))

+
(1− ν)2

ρρ
{γY

m(λρ)γJ
m(λρ) +

2
π

γK
m(λρ)γI

m(λρ)] + i[γJ
m(λρ)γJ

m(λρ) +
2
π

(−1)mγI
m(λρ)γI

m(λρ)]}cos(m(φ− φ)), ρ > ρ,

V E
V (ρ, φ, ρ, φ) =

1
8λ2

∞X
m=−∞

{[βY
m(λρ)βJ

m(λρ) +
2
π

βK
m(λρ)βI

m(λρ)] + i[βJ
m(λρ)βJ

m(λρ) +
2
π

(−1)mβI
m(λρ)βI

m(λρ)]}cos(m(φ− φ))

+
1− ν

ρ
{βY

m(λρ)γJ
m(λρ) +

2
π

βK
m(λρ)γI

m(λρ)] + i[βJ
m(λρ)γJ

m(λρ) +
2
π

(−1)mβI
m(λρ)γI

m(λρ)]}cos(m(φ− φ))

+
1− ν

ρ
{[γY

m(λρ)βJ
m(λρ) +

2
π

γK
m(λρ)βI

m(λρ)] + i[γJ
m(λρ)βJ

m(λρ) +
2
π

(−1)mγI
m(λρ)βI

m(λρ)]}cos(m(φ− φ))

+
(1− ν)2

ρρ
{γY

m(λρ)γJ
m(λρ) +

2
π

γK
m(λρ)γI

m(λρ)] + i[γJ
m(λρ)γJ

m(λρ) +
2
π

(−1)mγI
m(λρ)γI

m(λρ)]}cos(m(φ− φ)), ρ > ρ,
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List of the coefficients

αY
n (λρ) = λ2Y ′′m(λρ) + ν[

1
ρ

λY ′m(λρ)− (
m
ρ

)2Ym(λρ)],

αJ
m(λρ) = λ2J ′′m(λρ) + ν[

1
ρ

λJ ′m(λρ)− (
m
ρ

)2Jm(λρ)],

αK
m(λρ) = λ2K′′

m(λρ) + ν[
1
ρ

λK′
m(λρ)− (

m
ρ

)2Km(λρ)],

αI
m(λρ) = λ2I′′m(λρ) + ν[

1
ρ

λI′m(λρ)− (
m
ρ

)2Im(λρ)],

βY
m(λρ) = λ3Y ′′′m (λρ) +

λ2

ρ
Y ′′m(λρ)− (

λ
ρ

+
m2λ
ρ2 )Y ′m(λρ) +

2m2

λ3
Y (λρ)],

βJ
m(λρ) = λ3J ′′′m (λρ) +

λ2

ρ
J ′′m(λρ)− (

λ
ρ

+
m2λ
ρ2 )J ′m(λρ) +

2m2

λ3
J(λρ)],

βK
m(λρ) = λ3K′′′

m (λρ) +
λ2

ρ
K′′

m(λρ)− (
λ
ρ

+
m2λ
ρ2 )K′

m(λρ) +
2m2

λ3
K(λρ)],

βI
m(λρ) = λ3I′′′m (λρ) +

λ2

ρ
I′′m(λρ)− (

λ
ρ

+
m2λ
ρ2 )I′m(λρ) +

2m2

λ3
I(λρ)],

γY
m(λρ) = m2[

1
ρ2 Ym(λρ)−

1
ρ

λY ′m(λρ)],

γJ
m(λρ) = m2[

1
ρ2 Jm(λρ)−

1
ρ

λJ ′m(λρ)],

γK
m(λρ) = m2[

1
ρ2 Km(λρ)−

1
ρ

λK′
m(λρ)],

γI
m(λρ) = m2[

1
ρ2 Im(λρ)−

1
ρ

λI′m(λρ)],

αY
m(λρ) = λ2Y ′′m(λρ) + ν[

1
ρ

λY ′m(λρ)− (
m
ρ

)2Ym(λρ)]

αJ
m(λρ) = λ2J ′′m(λρ) + ν[

1
ρ

λJ ′m(λρ)− (
m
ρ

)2Jm(λρ)]

αK
m(λρ) = λ2K′′

m(λρ) + ν[
1
ρ

λK′
m(λρ)− (

m
ρ

)2Km(λρ)]

αI
m(λρ) = λ2I′′m(λρ) + ν[

1
ρ

λI′m(λρ)− (
m
ρ

)2Im(λρ)]

βY
m(λρ) = λ3Y ′′′m (λρ) +

λ2

ρ
Y ′′m(λρ)− (

λ
ρ

+
m2λ
ρ2

)Y ′m(λρ) +
2m2

λ3
Y (λρ)]

βJ
m(λρ) = λ3J ′′′m (λρ) +

λ2

ρ
J ′′m(λρ)− (

λ
ρ

+
m2λ
ρ2

)J ′m(λρ) +
2m2

λ3
J(λρ)]

βK
m(λρ) = λ3K′′′

m (λρ) +
λ2

ρ
K′′

m(λρ)− (
λ
ρ

+
m2λ
ρ2

)K′
m(λρ) +

2m2

λ3
K(λρ)]

βI
m(λρ) = λ3I′′′m (λρ) +

λ2

ρ
I′′m(λρ)− (

λ
ρ

+
m2λ
ρ2

)I′m(λρ) +
2m2

λ3
I(λρ)]

γY
m(λρ) = m2[

1
ρ2

Ym(λρ)−
1
ρ

λY ′m(λρ)]

γJ
m(λρ) = m2[

1
ρ2

Jm(λρ)−
1
ρ

λJ ′m(λρ)]

γK
m(λρ) = m2[

1
ρ2

Km(λρ)−
1
ρ

λK′
m(λρ)]

γI
m(λρ) = m2[

1
ρ2

Im(λρ)−
1
ρ

λI′m(λρ)]
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Appendix 2 Recurrence relations of the Bessel function

Bessel function of the first kind (J)

J ′0(z) = −J1(z),

Jn−1(z) + Jn+1(z) =
2n
z

Jn(z),

Jn−1(z)− Jn+1(z) = 2J ′n(z),

J ′n(z) = Jn−1(z)− n
z
Jn(z),

J ′n(z) = −Jn+1(z) +
n
z
Jn(z),

J ′′n(z) =
−z2 + n2 − n

z2 Jn(z) +
1
z
Jn+1(z),

J ′′′n (z) =
−z2 + n2 − n

z2 J ′n(z) +
−2n2 + 2n

z3 Jn(z) +
1
z
J ′n+1(z)− 1

z2Jn+1(z),

Bessel function of the second kind (Y )

Y ′
0(z) = −Y1(z),

Yn−1(z) + Yn+1(z) =
2n
z

Yn(z),

Yn−1(z)− Yn+1(z) = 2Y ′
n(z),

Y ′
n(z) = Yn−1(z)− n

z
Yn(z),

Y ′
n(z) = −Yn+1(z) +

n
z
Yn(z),

Y ′′
n (z) =

−z2 + n2 − n
z2 Yn(z) +

1
z
Yn+1(z),

Y ′′′
n (z) =

−z2 + n2 − n
z2 Y ′

n(z) +
−2n2 + 2n

z3 Yn(z) +
1
z
Y ′

n+1(z)− 1
z2Yn+1(z),
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Modified Bessel function of the first kind (I)

I ′0(z) = I1(z),

In−1(z)− In+1(z) =
2n
z

In(z),

In−1(z) + In+1(z) = 2I ′n(z),

I ′n(z) = In−1(z)− n
z
In(z),

I ′n(z) = In+1(z) +
n
z
In(z),

I ′′n(z) =
z2 + n2 − n

z2 In(z)− 1
z
In+1(z),

I ′′′n (z) =
z2 + n2 − n

z2 I ′n(z) +
−2n2 + 2n

z3 In(z)− 1
z
I ′n+1(z) +

1
z2 In+1(z),

Modified Bessel function of the second kind (K)

K ′
0(z) = −K1(z),

−Kn−1(z) + Kn+1(z) =
2n
z

Kn(z),

−Kn−1(z)−Kn+1(z) = 2K ′
n(z),

K ′
n(z) = −Kn−1(z)− n

z
Kn(z),

K ′
n(z) = −Kn+1(z) +

n
z
Kn(z),

K ′′
n(z) =

z2 + n2 − n
z2 Kn(z) +

1
z
Kn+1(z),

K ′′′
n (z) =

z2 + n2 − n
z2 K ′

n(z) +
−2n2 + 2n

z3 Kn(z) +
1
z
K ′

n+1(z)− 1
z2Kn+1(z),
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Appendix 3 Exact eigenequations for the simply-connected plate

Eigenequation of a simply-connected plate[58]

Clamped circular plate

Jn(λ)In+1(λ) + In(λ)Jn+1(λ) = 0, n = 0, 1, 2, . . . .

Simply supported circular plate

Jn+1(λ)
Jn(λ)

+
In+1(λ)
In(λ)

=
2λ

1− ν
, n = 0, 1, 2, . . . .

Free circular plate

λ2Jn(λ) + (1− ν)[λJ ′n(λ)− n2Jn(λ)]
λ2In(λ)− (1− ν)[λI ′n(λ)− n2In(λ)]

=
λ3I ′n(λ) + (1− ν)n2[λJ ′n(λ)− Jn(λ)]
λ3I ′n(λ)− (1− ν)n2[λI ′n(λ)− In(λ)]

, n = 0, 1, 2, . . . .

It is noted that the eigenequation in the Leissa’s book [58] for free case was wrongly typed

where theI index in the numerator of the right hand side of the equation should beJ [42] as

show below:

λ2Jn(λ) + (1− ν)[λJ ′n(λ)− n2Jn(λ)]
λ2In(λ)− (1− ν)[λI ′n(λ)− n2In(λ)]

=
λ3J ′n(λ) + (1− ν)n2[λJ ′n(λ)− Jn(λ)]
λ3I ′n(λ)− (1− ν)n2[λI ′n(λ)− In(λ)]

, n = 0, 1, 2, . . . .
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Appendix 4 Mathematical induction for the determinant of

the matrix [M ]

The matrix[M ]2n×2n is assembled by the four diagonal matrics[A]n×n, [B]n×n, [C]n×n and

[D]n×n, such that

[M ]2n×2n =











































a1 b1

a2 b2

... ...

an bn

c1 d1

c2 d2

... ...

cn dn











































2n×2n

Proof thatdet[M ] =
∏n

i=1(aidi − bici) for anyn ∈ natural number.

Proof:

(1) By mathematical induction, it is easy to proof the case ofn = 1 that

det[M ] = det





a1 b1

c1 d1



 = a1d1 − b1c1 =
1

∏

i=1

(aidi − bici)

Clearly, the result hold ifn = 1.

(2) Assume that the equation satisfies forn = N , it follows from the induction hypothesis

that

det[M ] = det











































a1 b1

a2 b2

... . ..

aN bN

c1 d1

c2 d2

.. . . ..

cN dN











































=
N
∏

i=1

(aidi − bici)
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(3) If n = N + 1, we have

[M ] =























































a1 b1

a2 b2

. .. ...

aN bN

aN+1 bN+1

c1 d1

c2 d2

... ...

cN dN

cN+1 dN+1























































By using the cofactor of the row which contains only two nonzero elements,aN+1 andbN+1,

we have

det[M ] = (−1)(N+1)+(N+1)aN+1 det

















































a1 b1

a2 b2

.. . . ..

aN bN

c1 d1

c2 d2

. .. . ..

cN dN

dN+1
















































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+ (−1)(N+1)+(2N+1)bN+1 det

















































a1 b1

a2 b2

... ...

aN bN

c1 d1

c2 d2

... ...

cN dN

cN+1

















































By using the cofactor of the row which contains only two nonzero elements,cN+1 anddN+1

again, we have

det[M ] = (−1)2N+2aN+1(−1)2N+2NdN+1 det











































a1 b1

a2 b2

... ...

aN bN

c1 d1

c2 d2

... ...

cN dN











































+ (−1)3N+2bN+1(−1)(2N)+(N+1)cN+1 det











































a1 b1

a2 b2

... ...

aN bN

c1 d1

c2 d2

. .. ...

cN dN










































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= (aN+1dN+1 − bN+1cN+1)det











































a1 b1

a2 b2

. .. .. .

aN bN

c1 d1

c2 d2

... .. .

cN dN











































= (aN+1dN+1 − bN+1cN+1)
N
∏

i=1

(aidi − bici)

=
N+1
∏

i=1

(aidi − bici)

Note:

Let A be ann by n matrix, theAij denotes the cofactor ofaik for k = 1, 2, · · · , n. Mij denote

the (n − 1) by (n − 1) submatrix obtained fromA by deleting theith row andjth column

element ofaij. The determinant ofMij is called the minor ofaij. We define the cofactorAij

of aij by

Aij = (−1)i+jdet(Mij)
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Appendix 5 Properties of the element row operations

Let A be ann× n matrix. The three row row operations that can be performed onA are

1. Type I operation: Interchange two rows ofA.

2. Type II operation: Multiply a row ofA by a nonzero real number.

3. Type III operation: Replace a row by its sum with a multiple of another row.
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Appendix 6 Exact eigenequations for the multiply-connected plate

Eigenequation of a multiply-connected plate[58]

Annular plates clamped outside and inside

Forn = 0,

J0(λ) Y0(λ) I0(λ) K0(λ)

J1(λ) Y1(λ) −I1(λ) K1(λ)

J0(αλ) Y0(αλ) I0(αλ) K0(αλ)

J1(αλ) Y1(αλ) −I1(αλ) K1(αλ)

= 0

whereα = b/a, a andb are the radius of the outside and inside boundaries, respectively.

Forn = 1,

J1(λ) Y1(λ) I1(λ) K1(λ)

J0(λ) Y0(λ) I0(λ) −K0(λ)

J1(αλ) Y1(αλ) I1(αλ) K1(αλ)

J0(αλ) Y0(αλ) I0(αλ) −K0(αλ)

= 0

Forn = 2,

J0(λ) Y0(λ) −I0(λ) + 4
λI1(λ) K0(λ)− 4

λK1(λ)

J1(λ) Y1(λ) I1(λ) −K1(λ)

J0(αλ) Y0(αλ) −I0(αλ) + 4
αλI1(αλ) K0(αλ)− 4

αλK1(αλ)

J1(αλ) Y1(αλ) I1(αλ) −K1(αλ)

= 0

Annular plates clamped outside and free inside

Forn = 0

J0(λ) Y0(λ) I0(λ) K0(λ)

J1(λ) −Y1(λ) I1(λ) −K1(λ)

J1(αλ) Y1(αλ) I1(αλ) −K1(αλ)

J0(αλ) −Y0(αλ) I0(αλ) + AI1(αλ) K0(αλ) + BK1(αλ)

= 0

whereA = −2(1−ν)
αλ andB = 2(1−ν)

αλ .
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Forn = 1

J0(λ) Y0(λ) I0(λ) K0(λ)

J1(λ) Y1(λ) I1(λ) −K1(λ)

−J1(αλ) −Y1(αλ) CJ0(αλ) + DI1(αλ) −K1(αλ)

J0(αλ) Y0(αλ) BJ0(αλ) + AI1(αλ) K0(αλ) + BK1(αλ)

= 0

whereA = 8(1−ν)
(αλ)3 , B = −1 + 4(1−ν)

(αλ)3 , C = −2(1−ν)
αλ andD = 1 + 4(1−ν)

(αλ)2 .

Forn = 2

J1(λ) Y1(λ) I1(λ) −K1(λ)

J0(λ) Y0(λ) 4
λI1(λ)− I0(λ) − 4

λK1(λ)−K0(λ)

J0(αλ) Y0(αλ) A∗I0(αλ)−B∗I1(αλ) A∗K0(αλ) + B∗K1(αλ)

J1(αλ) Y1(αλ) CI0(αλ)−DI1(αλ) CK0(αλ)−DK1(αλ)

= 0

whereA∗ = 1−AC, A = αλ
4 −

3+ν
2αλ , B∗ = B−AD, B = αλ

4 + 3+ν
2αλ , C = 48(1−ν)αλ

12(1−ν)2−(αλ)4 and

D = 12(1−ν)[(7+ν)+(αλ)2]−(αλ)4

12(1−ν)2−(αλ)4 .

Annular plates simply-supported outside and clamped inside

Forn = 0,

J0(λ) Y0(λ) I0(λ) K0(λ)

J1(λ) Y1(λ) 2λ
1−ν I0(λ)− I1(λ) − 2λ

1−ν K0(λ)−K1(λ)

J0(αλ) Y0(αλ) I0(αλ) K0(αλ)

J1(αλ) Y1(αλ) −I1(αλ) K1(αλ)

= 0

Forn = 1,

J1(λ) Y1(λ) I1(λ) K1(λ)

J0(λ) Y0(λ) I0(λ)− 2λ
1−ν I1(λ) −K0(λ)− 2λ

1−ν K1(λ)

J0(αλ) Y0(αλ) I0(αλ) −K0(αλ)

J1(αλ) Y1(αλ) I1(αλ) K1(αλ)

= 0

Forn = 2,

J1(λ) Y1(λ) AI1(λ)− 2λ
1−ν I0(λ) −AK1(λ)− 2λ

1−ν K0(λ)

J0(λ) Y0(λ) 4
λBI1(λ)− AI0(λ) − 4

λBK1(λ)− AK0(λ)

J1(αλ) Y1(αλ) I1(αλ) −K1(αλ)

J0(αλ) Y0(αλ) −I0(αλ) + 4
αλI1(αλ) −K0(αλ)− 4

αλK1(αλ)

= 0
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whereA = 5−ν
1−ν andB = 3−ν

1−ν .

Annular plates simply-supported outside and free inside

Forn = 0,

J0(λ) Y0(λ) I0(λ) K0(λ)

−J1(λ) −Y1(λ) I1(λ) + AI0(λ) −K1(λ) + AK0(λ)

J1(αλ) Y1(αλ) I1(αλ) −K1(αλ)

−J0(αλ) −Y0(αλ) I0(αλ)−BI1(αλ) K0(αλ) + BK1(αλ)

= 0

whereA = − 2λ
1−ν andB = 2(1−ν)

αλ .

Forn = 1,

J0(λ) Y0(λ) I0(λ)− EI1(λ) −K0(λ)− EK1(λ)

J1(λ) Y1(λ) I1(λ) K1(λ)

−J1(αλ) −Y1(αλ) CI0(αλ) + DI1(αλ) CK0(αλ) + DK1(αλ)

J0(αλ) Y0(αλ) BI0(αλ) + AI1(αλ) −BK0(αλ) + AK1(αλ)

= 0

whereA = −8(1−ν)
(αλ)2 , B = −1 + 4(1−ν)

(αλ)3 , C = −2(1−ν)
αλ , D = 1 + 4(1−ν)

(αλ)2 andE = 2λ
1−ν .

Forn = 2,

J1(λ) Y1(λ) EI1(λ)− FI0(λ) −EK1(λ)− FK0(λ)

J0(λ) Y0(λ) GI1(λ)− EI0(λ) −GK1(λ)− EK0(λ)

J0(αλ) Y0(αλ) A∗I0(αλ)−B∗I1(αλ) A∗K0(αλ) + B∗K1(αλ)

J1(αλ) Y1(αλ) CI0(λ)−DI1(αλ) CK0(λ) + DK1(αλ)

= 0

whereA∗ = 1− AC, A = −3+ν
2α + αλ

4 , B∗ = B − AD, B = 3+ν
2α + αλ

4 , C = 48(1−ν)αλ
12(1−ν)2−(αλ)4 ,

D = 12(1−ν)[(7+ν)+(αλ)2]−(αλ)4

12(1−ν)2−(αλ)4 , E = 5−ν
1−ν , F = 2λ

1−ν andG = 4(3−ν)
λ(1−ν) .

Annular plates free outside and clamped inside

Forn = 0,

J0(λ) Y0(λ) −I0(λ) + 2(1−ν)
λ I1(λ) −K0(λ)− 2(1−ν)

λ K1(λ)

J1(λ) Y1(λ) I1(λ) −K1(λ)

J0(αλ) Y0(αλ) I0(αλ) K0(αλ)

J1(αλ) Y1(αλ) −I1(αλ) K1(αλ)

= 0
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Forn = 1,

J0(λ) Y0(λ) AI0(λ)−BI1(λ) −K0(λ)− 2(1−ν)
λ K1(λ)

J1(λ) Y1(λ) I1(λ) −K1(λ)

J0(αλ) Y0(αλ) I0(αλ) K0(αλ)

J1(αλ) Y1(αλ) I1(αλ) K1(αλ)

= 0

whereA = −1 + 4(1−ν)
λ2 andB = 8(1−ν)

λ3 .

Forn = 2,

J0(λ) Y0(λ) (1− 4ABλ)I0(λ)−DI1(λ) (1− 4ABλ)K0(λ) + DK1(λ)

J1(λ) Y1(λ) 4BλI0(λ)− CI1(λ) 4BλK0(λ) + CK1(λ)

J0(αλ) Y0(αλ) −I0(αλ) + 4
αλI1(αλ) −K0(αλ)− 4

αλK1(αλ)

J1(αλ) Y1(αλ) I1(αλ) −K1(αλ)

= 0

whereA = λ
4 −

3+ν
2λ , B = 12(1−ν)

12(1−ν2)−λ4 , C = 12(1−ν)(7+ν+λ2)−λ4

12(1−ν2)−λ4 andE = λ
4 + 3+ν

2λ − AC.

Annular plates free outside and inside

Forn = 0,

J0(λ) Y0(λ) −I0(λ) + AI1(λ) −K0(λ)− AK1(λ)

J1(λ) Y1(λ) I1(λ) −K1(λ)

J0(αλ) Y0(αλ) −I0(αλ) + BI1(αλ) −K0(αλ)−BK1(αλ)

J1(αλ) Y1(αλ) I1(αλ) −K1(αλ)

= 0

whereA = 2(1−ν)
λ andB = 2(1−ν)

αλ .

Forn = 1,

J0(λ) Y0(λ) (−1 + λ
2A)I0(λ)− AI1(λ) −(−1 + λ

2A)K0(λ)− AK1(λ)

J1(λ) Y1(λ) λ2

4 AI0(λ)− (1 + λ
2A)I1(λ) −λ2

4 AK0(λ)− (1 + λ
2A)K1(λ)

J0(αλ) Y0(αλ) (−1 + αλ
2 B)I0(αλ)−BI1(αλ) −(−1 + αλ

2 B)K0(αλ)−BK1(αλ)

J1(αλ) Y1(αλ) (αλ)2

4 BI0(αλ)− (1 + αλ
2 B)I1(αλ) − (αλ)2

4 BK0(αλ)− (1 + αλ
2 B)K1(αλ)

= 0

whereA = 8(1−ν)
λ3 andB = 8(1−ν)

(αλ)3 .
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Forn = 2,

J0(λ) Y0(λ) AI0(λ)−BI1(λ) AK0(λ) + BK1(λ)

J1(λ) Y1(λ) CI0(λ)−DI1(λ) CK0(λ) + DK1(λ)

J0(αλ) Y0(αλ) A∗I0(αλ)−B∗I1(αλ) A∗K0(αλ) + B∗K1(αλ)

J1(αλ) Y1(αλ) C∗I0(αλ)−D∗I1(αλ) C∗K0(λ) + D∗K1(αλ)

= 0

whereA = 1 − (λ
4 −

3+ν
2λ )C, B = λ

4 + 3+ν
2λ − (λ

4 −
3+ν
2αλ )D, C = 48(1−ν)λ

12(1−ν2)−λ , D =
12(1−ν)(7+ν+λ2)−λ4

12(1−ν2)−λ4 , A∗ = 1−(αλ
4 −

3+ν
2λ ), B∗ = αλ

4 + 3+ν
2αλ−(αλ

4 −
3+ν
2αλ )D∗, C∗ = 48(1−ν)(αλ)

12(1−ν2)−(αλ)4

andD∗ = 12(1−ν)[7+ν+(αλ)2)]−(αλ)4

12(1−ν2)−λ4 .
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Appendix 7 The determinant of the matrix [M] 
The Matrix [ ] 48×M is 

[ ]

































=

4321
4321
4321
4321
4321
4321
4321
4321

ssss
rrrr
qqqq
pppp
dddd
cccc
bbbb
aaaa

M

 

]][][[ MMDet T  

+






































2

4321
4321
4321
4321

dddd
cccc
bbbb
aaaa

Det +
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1 2 3 4
1 2 3 4
1 2 3 4

c c c c
d d d d

D e t
q q q q
r r r r

  
  
   +  
     

2
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4

c c c c
d d d d

D e t
q q q q
s s s s

  
  
  
  
     

 

2
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4

c c c c
d d d d

D e t
r r r r
s s s s

  
  
  + +  
     

2
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4

c c c c
p p p p

D e t
q q q q
r r r r

  
  
   +  
     

2
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4

c c c c
p p p p

D e t
q q q q
s s s s

  
  
   +  
     

2
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4

c c c c
p p p p

D e t
r r r r
s s s s

  
  
   +  
     

2
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4

c c c c
q q q q

D e t
r r r r
s s s s

  
  
  
  
     

 

2
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4

d d d d
p p p p

D e t
q q q q
r r r r

  
  
  + +  
     

2
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4

d d d d
p p p p

D e t
q q q q
s s s s

  
  
   +  
     

2
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4

d d d d
p p p p

D e t
r r r r
s s s s

  
  
   +  
     

2
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4

d d d d
q q q q

D e t
r r r r
s s s s

  
  
   +  
     

2
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4

p p p p
q q q q

D e t
r r r r
s s s s

  
  
  
  
     

 

 
The determinant of the matrix [ ] [ ]MM T  can be decomposed into the summation of the square determinant in the 70 ( )8

4C  matrices. Each 
matrix was assembled by any four rows of the matrix [ ]M (no repeat). 
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Table 2-1 True eigenequations for a circular plate ( 1=a ). 

 True eigenequations for circular plate 

Leissa 011 =+ ++ llll JIJI  
clamped Real-part and 

imaginary-part 
BEMs 

011 =+ ++ llll JIJI  

Leissa 
)1(

211

ν
λ
−

=+ ++

l

l

l

l

I
I

J
J

 
Simply- 

supported Real-part and 
imaginary-part 

BEMs 
02))(1( 11 =−+− ++ llllll JIJIJI λν  

Leissa 
][)1(
][)1(

])[1(
])[1(

23

23

22

22

lll

lll

lll

lll

l

l

l

l

III
JJJ

III
JJJ

−′−−′
−′−+′

=
−′−−
−′−+

λνλ
λνλ

λνλ
λνλ

 

Free 
Real-part and 

imaginary-part 
BEMs 

0)]()1()1([

)()1)(1(2

]2)1(4)[1(

11
4222

11
2

11
22

=++−−+

−−−+

−−−−

++

++

++

llll

llll

llll

ll

ll

ll

JIJI

JIJI

JIJI

λν

νλ

λνλ

 

 
 
 
 
Table 2-2 Spurious eigenequations by using the six formulations in the real-part BEM 

 Spurious eigenequations in the real-part BEM 

θ,u  formulation 011 =− ++ llll YKYK  

mu,  formulation 02))(1( 11 =−−− ++ llllll YaKYKYK λν  

vu,  formulation 0)(2))(1( 11
22

11
2 =++−−− ++++ llllllllll ll YKYKaYKaYKYK λλν  

m,θ  formulation 0)(2))(1( 11
22

11
2 =++−−− ++++ llllllllll ll YKYKaYKaYKYK λλν  

v,θ  formulation 
0))(1(

)(2)(2

11
2

11
22

11
222

=−−+

+−+

++

++++

llll

llllllll

l

ll

YKYK

YKYKaYKYKa

ν

λρλλ
 

vm,  formulation 

0)]()1()1([

)()1)(1(2

]2)1(4)[1(

11
44222

11
22

11
222

=−+−−+

+−−+

−−−

++

++

++

llll

llll

llll

ll

ll

ll

YKYKa

YKYKa

YKaYKa

λν

νλ

λνλ

 

where ,......3,2,1,0 ±±±=l  
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Table 2-3 True and Spurious eigenequations for the membrane by using the real-part and 
imaginary-part BEMs 
 u = 0 (Dirichlet) t = 0 (Neumann) 

Re 0]}[{ =YJ  0]}[{ =′ YJ  UT 
formulation Im 0]}[{ =JJ  0]}[{ =′ JJ  

Re 0]}[{ =′YJ  0]}[{ =′′ YJ  LM 
formulation Im 0]}[{ =′JJ  0]}[{ =′′ JJ  

][  and }{  mean true and spurious eigenequation. 
 
 
Table 2-4 Spurious eigenequations by using the six formulations in the imaginary-part BEM 

 Spurious eigenequations in the imaginary-part BEM 

θ,u  formulation 011 =+ ++ llll JIJI  

mu,  formulation 02))(1( 11 =−+− ++ llllll JIJIJI λρν  

vu,  formulation 0)(2))(1( 11
22

11
2 =−+−+− ++++ llllllllll ll JIJIJIJIJI ρλλρν  

m,θ  formulation 0)(2))(1( 11
22

11
2 =−+−+− ++++ llllllllll ll JIJIJIJIJI ρλλρν  

v,θ  formulation 
0))](1(

)(2)(2

11
2

11
22

11
222

=+−−

−+−

++

++++

llll

llllllll

l

ll

JIJI

JIJIJIJI

ν

ρλρλλρ
 

vm,  formulation 

0)]()1()1([

)()1)(1(2

]2)1(4)[1(

11
44222

11
22

11
222

=++−−+

−−−+

−−−−

++

++

++

llll

llll

llll

ll

ll

ll

JIJI

JIJI

JIJI

ρλν

νρλ

ρλνλρ

 

where ,......3,2,1,0 ±±±=l  
 
 
Table 2-5 True eigenvalues (λ ) for the clamped circular plate ( 1=a ). 
 λ  for values of n  of 

m  0 1 2 3 4 5 
0 3.19 4.61 5.90 7.14 8.34 9.52 
1 6.30 7.80 9.19 10.53 11.83 13.10 
2 9.44 10.95 12.40 13.79 15.15 16.47 
3 12.57 14.10 15.58 17.00 18.39 19.75 
4 15.71 17.25 18.74 20.19 21.60 22.99 

where n  refers to the number of nodal diameters and m  is the number of nodal circles, not 
including the boundary circle. 
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Table 2-6 True eigenvalues (λ ) for the simply-supported circular plate ( 33.0,1 == νa ). 
 λ  for values of n  of 

m  0 1 2 3 4 5 
0 2.23 3.73 5.06 6.32 7.54 8.73 
1 5.45 6.96 8.37 9.72 11.03 12.31 
2 8.61 10.14 11.59 12.98 14.34 15.67 
3 11.76 13.29 14.77 16.20 17.59 18.96 
4 14.90 16.45 17.94 19.39 20.81 22.20 

where n  refers to the number of nodal diameters and m  is the number of nodal circles, not 
including the boundary circle. 
 
 
Table 2-7 True eigenvalues (λ ) for the free circular plate ( 33.0,1 == νa ). 
 λ  for values of n  of 

m  0 1 2 3 4 5 
0   2.29 3.50 4.64 5.75 
1 3.012 4.53 5.93 7.27 8.56 9.82 
2 6.20 7.73 9.18 10.57 11.93 13.25 
3 9.37 10.91 12.38 13.80 15.19 16.55 
4 12.52 14.06 15.55 17.00 18.42 19.81 

where n  refers to the number of nodal diameters and m  is the number of nodal circles, not 
including the boundary circle. 
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Table 3-1(a) The term )(λA  of the )()( λλ iBA +  by using the real-part BEM in conjunction with the Burton & Miller method for the 
simply-connected plate. 

 )(λA  

θ,u  formulation 
42

1
2222224422242

42
1

33222222442224
1

32
})]}1(221[)1()1(2)1({)1()1(4{

32
})1(2)]}1(221[)1()1(2)1({{

ρπλ
ρλνρλνρλρνλνρνλ

ρπλ
ρνλρλνρλνρλρνλν

+

++

+−+−+−+++−++−++−+−
+

+−++−++−+++−−+−−

nnn

nnn

YnnnYnnK

YYnnnK

 

mu,  formulation 42
1

222222
1

332222
1

32
}])1(2)1([)(2{}2])1(2)1({[

ρπλ
ρνρλνρλρρλρνρλν +++ +−+++−−++−+−+−−++− nnnnnn YnnYnKYYnnK  

vu,  formulation 0  

m,θ  formulation 32
1

222222
1

33222222
1

32
}])1(2)1([)(2{]2)2[(

ρπλ
ρνρλνρλρρλνρρλρν +++ +−+−+−++++−−+− nnnnnn YnnYnKYYnnnK  

v,θ  formulation 32
1

222
1

222

16
}])1([2{])1([

ρπλ
ρλνλρρλν ++ −+−++−+−− nnnnn YnYnKYKn  

vm,  formulation 0  
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Table 3-1(b) The term )(λB  of the )()( λλ iBA +  by using the real-part BEM in conjunction with the Burton & Miller method for the 
simply-connected plate. 

 )(λB  

θ,u  formulation 0  

mu,  formulation 32
1

222
1

222

16
}])1([2{])1([

ρπλ
ρλνλρρλν ++ −+−++−+−− nnnnn YnYnKYKn  

vu,  formulation 32
1

222222
1

33222222
1

32
}])1(2)1([)(2{]2)2[(

ρπλ
ρνρλνρλρρλνρρλρν +++ +−+−+−++++−−+− nnnnnn YnnYnKYYnnnK  

m,θ  formulation 0  

v,θ  formulation 42
1

222222
1

332222
1

32
}])1(2)1([)(2{}2])1(2)1({[

ρπλ
ρνρλνρλρρλρνρλν +++ +−+++−−++−+−+−−++− nnnnnn YnnYnKYYnnK  

vm,  formulation 
42

1
2222224422242

42
1

33222222442224
1

32
})]}1(221[)1()1(2)1({)1()1(4{

32
})1(2)]}1(221[)1()1(2)1({{

ρπλ
ρλνρλνρλρνλνρνλ

ρπλ
ρνλρλνρλνρλρνλν

+

++

+−+−+−+++−++−++−+−
+

+−++−++−+++−−+−−

nnn

nnn

YnnnYnnK

YYnnnK
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Table 3-2(a) The term )(λA  of the )()( λλ iBA +  by using the imaginary-part BEM in conjunction with the Burton & Miller method for the 
simply-connected plate. 

 )(λA  

θ,u  formulation 
42

1
2222224422242

42
1

33222222442224
1

32
}})]}1(221[)1()1(2)1({)1()1(4{{)1(

32
})1(2)]2221()1()1(2)1({[{)1(

ρπλ
ρλνρλνρλρνλνρνλ

ρπλ
ρνλνρλρλννρλρνλν

+

++

+−++−+++−−+−++−+−−
+

+−++−+−−+++−++−−

nnn
n

nnn
n

InnnInnJ

IInnnJ

 

mu,  formulation 32
1

222222
1

332222
1

32
}}])1(2)1([)(2{{)1(}}2])1(2)1({[{)1(

ρπλ
ρνρλνρλρρλρνρλν +++ +−+−+−−++−−+++−+++−−− nnn

n
nnn

n InnInJIInnJ  

vu,  formulation 0  

m,θ  formulation 42
1

222222
1

332222
1

32
}}])1(2)1([)(2{{)1(}2])1(2)1({[{)1(

ρπλ
ρνρλνρλρρλρνρλν +++ +−+++−++−+−+−+−+−− nnn

n
nnn

n InnInJIInnJ  

v,θ  formulation 22
1

222
1

222

16
}}])1([2{{)1(}])1({[)1(

ρπλ
ρλνλρρλν ++ ++−+−+−+−− nnn

n
nn

n InInJIJn  

vm,  formulation 0  
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Table 3-2(b) The term )(λB  of the )()( λλ iBA +  by using the imaginary-part BEM in conjunction with the Burton & Miller method for the 
simply-connected plate. 

 )(λB  

θ,u  formulation 0  

mu,  formulation 22
1

222
1

222

16
}}])1([2{{)1(}])1({[)1(

ρπλ
ρλνλρρλν ++ ++−+−+−+−− nnn

n
nn

n InInJIJn  

vu,  formulation 42
1

222222
1

332222
1

32
}}])1(2)1([)(2{{)1(}2])1(2)1({[{)1(

ρπλ
ρνρλνρλρρλρνρλν +++ +−+++−++−+−+−+−+−− nnn

n
nnn

n InnInJIInnJ  

m,θ  formulation 0  

v,θ  formulation 32
1

222222
1

332222
1

32
}}])1(2)1([)(2{{)1(}}2])1(2)1({[{)1(

ρπλ
ρνρλνρλρρλρνρλν +++ +−+−+−−++−−+++−+++−−− nnn

n
nnn

n InnInJIInnJ  

vm,  formulation 
}

32
}})]}1(221[)1()1(2)1({)1()1(4{{)1(

32
})1(2)]2221()1()1(2)1({[{)1(

42
1

2222224422242

42
1

33222222442224
1

ρπλ
ρλνρλνρλρνλνρνλ

ρπλ
ρνλνρλρλννρλρνλν

+

++

+−++−+++−−+−++−+−−
+

+−++−+−−+++−++−−

nnn
n

nnn
n

InnnInnJ

IInnnJ
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Table 3-3(a) The term )(λA  of the )()( λλ iBA +  by using the complex-valued BEM for the simply-connected plate. 
 )(λA  

θ,u  formulation 2
1111

32
)1()1(

πλ
++++ −+−+−

− nnnnnn
n

nn
n YKYKIJIJ  

mu,  formulation
ρπλ

ννλρνλρν
2

111111

32
2])1(2[)1()1()1( ++++++ +−−+++−+−++−−

− nnnnnnnnnnnnn
n

nn
n YKYKYKYKYKIIJIJ  

vu,  formulation 
22

1
22

1
2

1
2

1
22

1
2

1
2

22
1

222
1

222

32
2

32
}])1([2{)1(])1([)1(

ρπλ
ρλνρλνλρ

ρπλ
ρλνλρρλν

++++++

++

+−+++−−
+

++−+−+−+−−
−

nnnnnnnnnnnnnn

nnn
n

nn
n

YKYKnYKnYKYKnYKnYKn

InInJIJn

 

m,θ  formulation
22

1
22

1
2

1
2

1
22

1
2

1
2

22
1

222
1

222

32
2

32
}])1([2{)1(])1([)1(

ρπλ
ρλνρλνλρ

ρπλ
ρλνλρρλν

++++++

++

+−+++−−
−

++−+−+−+−−
−

nnnnnnnnnnnnnn

nnn
n

nn
n

YKYKnYKnYKYKnYKnYKn

InInJIJn

 

v,θ  formulation 
32

11
33

1
22

1
2

1
2

1
22

1
2

1
22

32
1

22
1

3322
1

32
2222

32
}]2)1([2{)1(}2]2)1([{)1(

ρπλ
ρλρλνρλνλρ

ρπλ
ρλνλρρλρλν

++++++++

+++

+−+−−−+
+

++−+−+−−+−−

nnnnnnnnnnnnnnnn

nnn
n

nnn
n

YKYKnYKnYKnYKnYKnYKnYKn

InInnJIInnJ

 

vm,  formulation

}222222

222222

224444

})]}1(221()1(2)1({)1()1(4{)1(

})1(2]2221()1(2)1({[)1{(
32

1

11
33

11
33

1
44

1
222

1
22

1
222

1
22

1
24

1
22

1
4

1
2

1
4

1
2

1
44

1
222

1
22

1
222

1
22

1
24

1
22

1
4

1
2

1
4

1
23232

1
2222224422242

1
33222222442224

142

++++++++++

++++++++++

++++++

+

++

+−−+−−+−

++−−+++−−+

+−−++−−++−

+−++−++−−+−++−+−−+

+−++−+−−++−++−−

nnnnnnnnnnnnnnnn

nnnnnnnnnnnnnnnnnnnn

nnnnnnnnnnnnnnnnnnnn

nnn
n

nnn
n

YKYKYKYKnYKnYKnYKnYKn

YKnYKnYKnYKnYKnYKYKnYKnYKnYKn

YKnYKnYKnYKnYKnYKnYKnYKnYKnYKn

InnnInnJ

IInnnJ

νρλρλρλνρλνρλρλρλν

νννρλνρλνρλρλρλ

ννννλνρλνρλρλρ

ρλνρλνρλρνλνρνλ

ρνλνρλρλννρλρνλν
ρπλ
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Table 3-3(b) The term )(λB  of the )()( λλ iBA +  by using the complex-valued BEM for the simply-connected plate. 
 )(λB  

θ,u  formulation 2
1111

32
)()1(

πλ
++++ +−+− nnnn

n
nnnn YIYIKJKJ  

mu,  formulation
ρπλ

νλρννλρν
2

111

32
]})1(2[)1{()1(])1(2[)1( nnnnn

n
nnnnn YYIYIKKJKJ +−+++−−++−−++− +++  

vu,  formulation 
22

1
222

1
222

22
1

2222
1

222

32
}}])1([2{])1({[)1(

32
])(2[])1([

ρπλ
ρλνλρρλν

ρπλ
ρλνλρρλν

++

++

−+−++++−−
+

−−++−+−

nnnnn
n

nnnnn

YnYnIYIn

KnnKnJKJn

 

m,θ  formulation
22

1
222

1
222

22
1

2222
1

222

32
}}])1([2{])1({[)1(

32
])(2[])1([

ρπλ
ρλνλρρλν

ρπλ
ρλνλρρλν

++

++

−+−++++−−
+

−−++−+−

nnnnn
n

nnnnn

YnYnIYIn

KnnKnJKJn

 

v,θ  formulation 
32

1
22

1
3322

1

32
1

22
1

3322
1

32
}}]2)1([2{}2]2)1([{{)1(

32
])2(2[}2]2)1([{

ρπλ
ρλνλρρλρλν

ρπλ
ρλνλρρλρλν

+++

+++

−+−++−++−−
+

−−+++−+−

nnnnnn
n

nnnnnn

YnYnnIYYnnI

KnnKnnJKKnnJ

 

vm,  formulation 

}}})]}1(221[)1(2)1({)1()1(4{

})1(2)]}1(221[)1(2)1({{{)1(

})]}1(221[)1(2)1({)1()1(4{

})1(2]2221()1(2)1({[{
32

1

1
2222224422242

1
33222222442224

1

1
2222224422242

1
33222222442224

142

+

++

+

++

+−+−+−++−++−++−+−+

+−++−++−++−−+−−+

+−++−++−−+−++−+−−−

+−−+−+−−++−++−−

nnn

nnn
n

nnn
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Table 4-1 True eigenequations for the annular plate. 
Cases True eigenequation ][ nT  

C-C 


















′′
′′
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



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



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







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
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

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


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−
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−
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−
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−
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b
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b
b
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b
b
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b
b
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K
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K
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K
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I
n

I
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I
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Y
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Y
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Y
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J
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J
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J
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




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
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F-C 
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Table 4-2(a) Spurious eigenequations for the annular plate. 
formulation [ ]nS  

θ,u  
formulation 






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
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



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v,θ  
formulation 








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
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Table 4-2(b) Spurious eigenequations for the annular plate. 
 [ ]nSa  

θ,u  formulation 








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Table 4-2(c) Spurious eigenequations for the annular plate. 

formulation [ ]nSb  B.C. of the 
simply-connected plate 
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Table 4-3(a) True eigenvalues (λ ) for the C-C case ( 5.0,1 == ba ). 
 λ  for values of n  of 

m  0 1 2 3 4 5 
0 9.447 9.499 9.660 9.945 10.370 10.940 
1 15.694 15.739 15.873 16.098 16.415 16.827 

 
Table 4-3(b) True eigenvalues (λ ) for the S-S case ( 3/1,5.0,1 === νba ). 
 λ  for values of n  of 

m  0 1 2 3 4 5 
0 6.325 6.463 6.861 7.480 8.269 9.180 
1 12.592 12.669 12.895 13.265 13.767 14.391 

 
Table 4-3(c) True eigenvalues (λ ) for the F-F case ( 3/1,5.0,1 === νba ). 
 λ  for values of n  of 

m  0 1 2 3 4 5 
0 3.037 4.115 2.050 3.355 4.557 5.704 
1 9.603 9.800 5.541 6.854 8.139 9.429 

 
Table 4-3(d) True eigenvalues (λ ) for the C-S case ( 3/1,5.0,1 === νba ). 
 λ  for values of n  of 

m  0 1 2 3 4 5 
0 7.99 8.085 8.369 8.837 9.476 10.256 
1 14.210 14.272 14.459 14.768 15.195 15.733 

 
Table 4-3(e) True eigenvalues (λ ) for the C-F case ( 3/1,5.0,1 === νba ). 
 λ  for values of n  of 

m  0 1 2 3 4 5 
0 4.194 4.666 5.637 6.744 7.923 9.147 
1 9.675 9.850 10.339 11.054 11.915 12.87 

 
Table 4-3(f) True eigenvalues (λ ) for the S-C case ( 3/1,5.0,1 === νba ). 
 λ  for values of n  of 

m  0 1 2 3 4 5 
0 7.739 7.814 8.044 8.436 8.992 9.698 
1 14.075 14.127 14.286 14.552 14.924 15.401 
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Table 4-3(g) The true eigenvalues (λ ) for the S-F case ( 3/1,5.0,1 === νba ). 
 λ  for values of n  of 

m  0 1 2 3 4 5 
0 2.245 3.385 4.709 5.959 7.209 8.464 
1 8.104 8.344 8.977 9.843 10.837 11.914 

 
Table 4-3(h) True eigenvalues (λ ) for the F-C case ( 3/1,5.0,1 === νba ). 
 λ  for values of n  of 

m  0 1 2 3 4 5 
0 3.617 3.648 3.821 4.278 5.020 5.932 
1 9.229 9.318 9.579 10.003 10.573 11.272 

 
Table 4-3(i) True eigenvalues (λ ) for the F-S case ( 3/1,5.0,1 === νba ). 
 λ  for values of n  of 

m  0 1 2 3 4 5 
0 2.016 2.183 2.793 3.708 4.732 5.791 
1 7.813 7.952 8.348 8.955 9.722 10.605 

where n  refers to the number of nodal diameters and m  is the number of nodal circles, not 
including the boundary circle. 
 
Table 4-4(a) True eigenvalues (λ ) for the C-C case ( 1=a ). 
 Radius b  of the inner boundary 

n  0.1 0.2 0.3 0.4 0.5 
0 5.223 5.883 6.734 7.866 9.447 
1 5.377 6.009 6.830 7.937 9.499 
2 6.051 6.467 7.151 8.165 9.660 
3 7.157 7.307 7.748 8.581 9.945 
4 8.347 8.382 8.016 9.198 10.370 
5 9.526 9.532 9.617 9.994 10.940 

 
Table 4-4(b) True eigenvalues (λ ) for the S-S case ( 3/1,1 == νa ). 
 Radius b  of the inner boundary 

n  0.1 0.2 0.3 0.4 0.5 
0 3.799 4.089 4.585 5.300 6.325 
1 4.093 4.380 4.825 5.484 6.463 
2 5.096 5.220 5.502 6.012 6.861 
3 6.326 6.351 6.475 6.806 7.480 
4 7.542 7.546 7.588 7.773 8.269 
5 8.732 8.732 8.744 8.837 9.180 



 137

Table 4-4(c) True eigenvalues (λ ) for the F-F case ( 3/1,1 == νa ). 
 Radius b  of the inner boundary 

n  0.1 0.2 0.3 0.4 0.5 
0 2.969 2.90 2.883 2.923 3.037 
1 4.520 4.435 4.262 4.127 4.115 
2 2.279 2.246 2.195 2.128 2.050 
3 3.495 3.490 3.472 3.429 3.355 
4 4.635 4.634 4.630 4.610 4.557 
5 5.746 5.746 5.745 5.737 5.704 

 
Table 4-4(d) True eigenvalues (λ ) for the C-S case ( 3/1,1 == νa ). 
 Radius b  of the inner boundary 

n  0.1 0.2 0.3 0.4 0.5 
0 4.751 5.159 5.801 6.703 7.991 
1 5.021 5.400 5.984 6.836 8.085 
2 5.949 6.130 6.532 7.236 8.369 
3 7.146 7.189 7.388 7.884 8.837 
4 8.347 8.354 8.429 8.731 9.476 
5 9.526 9.527 9.550 9.713 10.256 

 
Table 4-4(e) True eigenvalues (λ ) for the C-F case ( 3/1,1 == νa ). 
 Radius b  of the inner boundary 

n  0.1 0.2 0.3 0.4 0.5 
0 3.183 3.216 3.366 3.673 4.194 
1 4.602 4.526 4.403 4.402 4.666 
2 5.878 5.811 5.706 5.598 5.637 
3 7.141 7.109 7.008 6.011 6.744 
4 8.346 8.339 8.284 8.123 7.923 
5 9.526 9.524 9.503 9.389 9.147 

 
Table 4-4(f) True eigenvalues (λ ) for the S-C case ( 3/1,1 == νa ). 
 Radius b  of the inner boundary 

n  0.1 0.2 0.3 0.4 0.5 
0 4.222 4.771 5.481 6.423 7.739 
1 4.408 4.931 5.609 6.523 7.814 
2 5.173 5.489 6.025 6.834 8.044 
3 6.332 6.432 6.746 7.371 8.436 
4 7.542 7.562 7.702 8.119 8.992 
5 8.732 8.735 8.785 9.029 9.698 
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Table 4-4(g) True eigenvalues (λ ) for the S-F case ( 3/1,1 == νa ). 
 Radius b  of the inner boundary 

n  0.1 0.2 0.3 0.4 0.5 
0 2.210 2.174 2.158 2.177 2.245 
1 3.729 3.685 3.573 3.450 3.385 
2 5.044 4.994 4.914 4.805 4.709 
3 6.323 6.302 6.233 6.105 5.959 
4 7.542 7.537 7.504 7.395 7.209 
5 8.732 8.731 8.719 8.650 8.464 

 
Table 4-4(h) True eigenvalues (λ ) for the F-C case ( 3/1,1 == νa ). 
 Radius b  of the inner boundary 

n  0.1 0.2 0.3 0.4 0.5 
0 2.064 2.282 2.588 3.011 3.617 
1 1.864 2.194 2.560 3.020 3.648 
2 2.348 2.518 2.404 2.404 3.821 
3 3.497 3.520 3.611 3.836 4.278 
4 4.635 4.637 4.660 4.754 5.020 
5 5.746 5.746 5.751 5.787 5.932 

 
Table 4-4(i) True eigenvalues (λ ) for the F-S case ( 3/1,1 == νa ). 
 Radius b  of the inner boundary 

n  0.1 0.2 0.3 0.4 0.5 
0 1.854 1.819 1.839 1.904 2.016 
1 1.551 1.685 1.820 1.979 2.183 
2 2.305 2.352 2.439 2.579 2.404 
3 3.495 3.499 3.518 3.576 3.708 
4 4.635 4.635 4.639 4.660 4.732 
5 5.746 5.746 5.746 5.753 5.791 

where n  refers to the number of nodal diameters. 
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Figure 2-1 The determinant of ][ cSM  versus frequency parameter λ  

for the clamped circular plate using the six real-part formulations. 
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Figure 2-2 The determinant of ][ sSM  versus frequency parameter λ  

for the simply-supported circular plate using the six real-part formulations. 
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Figure 2-3.(f) 

Figure 2-3 The determinant of ][ fSM  versus frequency parameter λ  
for the free circular plate using the six real-part formulations. 
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Figure 2-4 The determinant of ][SM  versus frequency parameter λ  using the real-part formulation  

( θ,u  or mu,  formulation) to solve plates subject to different boundary conditions. 
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Figure 2-5 The determinant of ][ cSM  versus frequency parameter λ  
for the clamped circular plate using the six imaginary-part formulations. 
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Figure 2-6 The determinant of ][ sSM  versus frequency parameter λ  

for the simply-supported circular plate using the six imaginary-part formulations. 
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Figure 2-7 The determinant of ][ fSM  versus frequency parameter λ  

for the free circular plate using the six imaginary-part formulations. 
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Figure 2-8 The determinant of ][SM  versus frequency parameter λ  using the imaginary-part formulation  

( θ,u  or mu,  formulation) to solve plates subject to different boundary conditions. 
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Figure 3-1.(f) 

Figure 3-1 The determinant of the of the ][][ CC T  versus frequency parameter λ  for the circular plates by 
using the real-part formulations with the SVD technique of updating term. 
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Figure 3-2 The determinant of the of the ][][ CC T  versus frequency parameter λ  for the circular plates by 

using the imaginary-part formulations with the SVD technique of updating term. 
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Figure 3-3 The determinant of the ][ cSM  versus frequency parameter λ  

for the clamped circular plate using the six real-part formulations with the Burton & Miller concept. 



 152

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 8
frequency parameter  l

1E-015

1E-014

1E-013

1E-012

1E-011

1E-010

1E-009

1E-008

1E-007

1E-006

1E-005

0.0001

0.001

0.01

0.1

1
|d

et
[S

M
]|

Simply-supportedcircular plate
Burton & Miller method

(u, q)  � i (m, v� real-part formulations

T
<2.23>

T
<3.73>

T
<5.06>

T
<6.32>

T
<6.96>

T
<7.54>

T: True eigenvalues

T
<5.45>

a=1 m

a

n=0.33

N.G.

 
Figure 3-4.(a) 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 8
frequency parameter  l

1E-025

1E-024

1E-023

1E-022

1E-021

1E-020

1E-019

1E-018

1E-017

1E-016

1E-015

1E-014

1E-013

1E-012

1E-011

1E-010

1E-009

1E-008

1E-007

1E-006

1E-005

0.0001

|d
et

[S
M

]|

Simply-supportedcircular plate
Burton & Miller method

(q, m� + i (u, v) real-part formulations

T
<2.23>

T
<3.73>

T
<5.06>

T
<6.32>

T
<6.96>

T
<7.54>

T: True eigenvalues

T
<5.45>

a=1 m

a

n=0.33

N.G.

 
Figure 3-4.(d) 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 8
frequency parameter  l

1E-025

1E-024

1E-023

1E-022

1E-021

1E-020

1E-019

1E-018

1E-017

1E-016

1E-015

1E-014

1E-013

1E-012

1E-011

1E-010

1E-009

1E-008

1E-007

1E-006

1E-005

|d
et

[S
M

]|

Simply-supportedcircular plate
Burton & Miller method

(u, m) + i (q, v� real-part formulations

T
<2.23>

T
<3.73>

T
<5.06>

T
<6.32>

T
<6.96>

T
<7.54>

T: True eigenvalues

T
<5.45>

a=1 m

a

n=0.33

OK

Figure 3-4.(b) 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 8

frequency parameter  l

1E-025

1E-024

1E-023

1E-022

1E-021

1E-020

1E-019

1E-018

1E-017

1E-016

1E-015

1E-014

1E-013

1E-012

1E-011

1E-010

1E-009

1E-008

1E-007

1E-006

1E-005

|d
et

[S
M

]|

Simply-supportedcircular plate
Burton & Miller method

(q, v� + i (u, m) real-part formulations

T
<2.23>

T
<3.73>

T
<5.06>

T
<6.32>

T
<6.96>

T
<7.54>

T: True eigenvalues

T
<5.45>

a=1 m

a

n=0.33

OK

Figure 3-4.(e) 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 8
frequency parameter  l

1E-025

1E-024

1E-023

1E-022

1E-021

1E-020

1E-019

1E-018

1E-017

1E-016

1E-015

1E-014

1E-013

1E-012

1E-011

1E-010

1E-009

1E-008

1E-007

1E-006

1E-005

0.0001

|d
et

[S
M

]|

Simply-supportedcircular plate
Burton & Miller method

(u, v) + i (q, m� real-part formulations

T
<2.23>

T
<3.73>

T
<5.06>

T
<6.32>

T
<6.96>

T
<7.54>

T: True eigenvalues

T
<5.45>

a=1 m

a

n=0.33

N.G.

Figure 3-4.(c) 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 8

frequency parameter  l

1E-015

1E-014

1E-013

1E-012

1E-011

1E-010

1E-009

1E-008

1E-007

1E-006

1E-005

0.0001

0.001

0.01

0.1

1

|d
et

[S
M

]|

Simply-supportedcircular plate
Burton & Miller method

(m, v� + i (u, q) real-part formulations

T
<2.23>

T
<3.73>

T
<5.06>

T
<6.32>

T
<6.96>

T
<7.54>

T: True eigenvalues

T
<5.45>

a=1 m

a

n=0.33

N.G.
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Figure 3-4 The determinant of the ][ sSM  versus frequency parameter λ  

for the simply-supported circular plate using the six real-part formulations with the Burton & Miller concept. 
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Figure 3-5.(f) 
Figure 3-5 The determinant of the ][ fSM  versus frequency parameter λ  

for the free circular plate using the six real-part formulations with the Burton & Miller concept. 
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Figure 3-6.(f) 
Figure 3-6 The determinant of the ][ cSM  versus frequency parameter λ  

for the clamped circular plate using the six imaginary-part formulations with the Burton & Miller concept. 
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Figure 3-7 The determinant of the ][ sSM  versus frequency parameter λ  for the  

simply-supported circular plate using the six imaginary-part formulations with the Burton & Miller concept. 
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Figure 3-8 The determinant of the ][ fSM  versus frequency parameter λ  

for the free circular plate using the six imaginary-part formulations with the Burton & Miller concept. 
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Figure 3-9 The determinant of the ][ cSM  versus frequency parameter λ  

for the clamped circular plate using the six complex-valued BEM. 
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Figure 3-10 The determinant of the ][ sSM  versus frequency parameter λ  

for the simply-supported circular using the six complex-valued BEM. 
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Figure 3-11 The determinant of the ][ fSM  versus frequency parameter λ  

for the free circular plate using the six complex-valued BEM. 
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Figure 3-12 The minimum singularvalue 1σ  of the ][ *C  versus frequency parameter λ  for the clamped and 
simply-supported circular plates by using the real-part BEM in conjunction with CHEEF method.  
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Figure 3-13.(a) 0n3.197, ==λ  
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Figure 3-13.(d) 0n6.307, ==λ  
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Figure 3-13.(b) 1n4.611, ==λ  
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Figure 3-13.(e) 3n7.144, ==λ  
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Figure 3-13.(c) 2n5.9067, ==λ  

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

 
Figure 3-13.(f) 1n7.800, ==λ  

Figure 3-13 The former six modes of the exact solution for the clamped circular plate.  
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Figure 3-14.(a) 0n3.197, ==λ  
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Figure 3-14.(d) 0n6.307, ==λ  
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Figure 3-14.(b) 1n4.611, ==λ  
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Figure 3-14.(e) 3n7.144, ==λ  
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Figure 3-14.(c) 2n5.9067, ==λ  
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Figure 3-14.(f) 1n7.800, ==λ  

Figure 3-14 The former six modes for the clamped circular plate by using the real-part BEM.  
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Figure 3-15.(a) 0n3.197, ==λ  
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Figure 3-15.(d) 0n6.307, ==λ  
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Figure 3-15.(b) 1n4.611, ==λ  
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Figure 3-15.(e) 3n7.144, ==λ  
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Figure 3-15.(c) 2n5.9067, ==λ  
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Figure 3-15.(f) 1n7.800, ==λ  

Figure 3-15 The former six modes for the clamped circular plate by using the complex-valued BEM.  



 164

 
 
 
 
 
 

Multiply-connected problem 
 
 
 
 
 

|| 
 
 
 
 
 
 

exterior problem 
 
 
 
 
 
 

+ 
 
 
 
 
 

interior problem 
 
 
 
 
 
 

 
Figure 4-1 The relationship among the multiply-connected problem, exterior problem and interior problem. 
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Figure 4-2 The determinant of the of the ][ ccSM  versus frequency parameter λ   

for the C-C annular plate by using the complex-valued formulations. 
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Figure 4-3 The determinant of the of the ][ csSM  versus frequency parameter λ   

for the C-S annular plate by using the complex-valued formulations. 
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Figure 4-4 The determinant of the ][ cfSM  versus frequency parameter λ   

for the C-F annular plate by using the complex-valued formulations. 
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Figure 4-5 The determinant of the ][ scSM  versus frequency parameter λ   

for the S-C annular plate by using the complex-valued formulations. 
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Figure 4-6 The determinant of the ][ ssSM  versus frequency parameter λ   
for the S-S annular plate by using the complex-valued formulations. 
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Figure 4-7 The determinant of the ][ sfSM  versus frequency parameter λ   

for the S-F annular plate by using the complex-valued formulations. 
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Figure 4-8 The determinant of the ][ fcSM  versus frequency parameter λ   

for the F-C annular plate by using the complex-valued formulations. 
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Figure 4-9 The determinant of the ][ fsSM  versus frequency parameter λ   

for the F-S annular plate by using the complex-valued formulations. 
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Figure 4-10 The determinant of the ][ ffSM  versus frequency parameter λ   
for the F-F annular plate by using the complex-valued formulations. 
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Figure 4-11 The determinant of ][SM  versus frequency parameter λ  using the same formulation  
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Figure 4-12 The determinant of ][SM  versus frequency parameter λ  using the complex-valued formulation  
to solve plates subject to different boundary conditions for the simply-connected plate with a radius b . 
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Figure 5-1 The determinant of the of the ][][ CC T  versus frequency paramete for the C-C annular plate  

by using the complex-valued formulations with the SVD technique of updating term. 
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Figure 5-2 The determinant of the of the ][][ CC T  versus frequency parameter λ  for the S-S annular plate  

by using the complex-valued formulations with the SVD technique of updating term. 
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Figure 5-3 The determinant of the of the ][][ CC T  versus frequency parameter λ  for the F-F annular plate  

by using the complex-valued formulations with the SVD technique of updating term. 
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Figure 5-4 The determinant of the ][ cSM  versus frequency parameter λ  

for the C-C annular plate using the six complex-valued formulations with the Burton & Miller concept. 
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Figure 5-5 The determinant of the ][ sSM  versus frequency parameter λ  

for the S-S annular plate using the six complex-valued formulations with the Burton & Miller concept. 
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Figure 5-6 The determinant of the ][ fSM  versus frequency parameter λ  

for the F-F annular plate using the six complex-valued formulations with the Burton & Miller concept. 
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Figure 5-7 The minimum singularvalue 1σ  of the ][ *C  versus frequency parameter λ  for the F-F annular 

plate by using the complex-valued BEM in conjunction with the CHIEF method.  
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