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Yield surfaces in 2D space
Pure aluminum (Phillips & Tang 1972)

• A. Phillips, J.-L. Tang, The effect of loading path on the yield surface at elevated temperatures, International Journal of Solids and Structures, Vol. 8, pp. 463-474, 1972.
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FIG. 2. Initial yield surface for specimen S-5. 

The specimen was allowed to cool to 70°F and then prestressed in tension to a level 
denoted by A in Fig. 3. To obtain the first subsequent yield surface the loading path l-29 
shown in Fig. 3 was followed where the prestress level A is point 2. It is seen that at the 
70°F temperature the specimen was first partly unloaded in tension until yielding occurred 
at the point 3 and then it was reloaded in tension until yielding occurred again at the 
point 4. Then the load was reduced to a position 2. slightly below midway between the 
points 3 and 4. As with the initial yield surface, the first subsequent yield surface was 
determined by generating the isothermal yield curves at 70, 1.51 and 305”F, successively. 

This gave the four yield curves shown in Fig. 3. The specimen was then brought back 
to 70°F and prestressed in tension to a still higher level. The previous procedure was 
repeated in order to obtain the second subsequent yield surface shown in Fig. 4. Then the 
previous procedure was repeated twice again to obtain the third and fourth subsequent 
yield surfaces shown in Fig. 4. For the third and fourth subsequent yield surfaces the 
loading paths are slightly different than before, and appropriate to the form of the yield 
surface. 

The rate of loading was 3 min for each loading increment during prestressing or un- 
loading and 1 min for each loading increment while probing within a yield surface. The 
rate of temperature change during heating was 3”F/min. The total time for prestressing 
from one level to the next was approximately 4 hr while one day minimum was required 
to obtain each yield curve at a given temperature. 

Initial yield surface Subsequent yield surfaces under axial prestress
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Yield surfaces in 2D space
Pure aluminum (Phillips & Tang 1972)

Subsequent yield surfaces

• A. Phillips, J.-L. Tang, The effect of loading path on the yield surface at elevated temperatures, International Journal of Solids and Structures, Vol. 8, pp. 463-474, 1972.
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Yield surfaces in 2D space

• E. Shiratori, K. Ikegami, K. Kaneko, The stress vector and the subsequent yield surface in loading along the strain path with a corner, Bulletin of JSME, Vol. 17, No. 113, 1405-1412, 1974.

Brass (Shiratori et al.1974)

Influence of preloading paths
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Yield surfaces in 2D space

• A. S. Khan, R. Kazmi, A. Pandey, T. Stoughton, Evolution of subsequent yield surfaces and elastic constants with finite plastic deformation. Part-I: A very low work hardening aluminum alloy (Al6061-T6511), 
International Journal of Plasticity, Vol. 25, pp. 1611-1625, 2009.


• A. S. Khan, A. Pandey, T. Stoughton, Evolution of subsequent yield surfaces and elastic constants with finite plastic deformation. Part-III: Yield surface in tension–tension stress space (Al 6061–T 6511 and 
annealed 1100 Al) , International Journal of Plasticity, Vol. 26, pp. 1432-1441, 2010.

Al6061-T6511 Al alloy under finite strain preloading
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Yield surfaces in 2D space

• H.-C. Wu, W. C. Yeh, On the experimental determination of yield surfaces and some results of annealed 304 stainless steel, International Journal of Plasticity, Vol. 7, pp. 803-826, 1991.

818 H.C. Wu and W. C. YEn 

At the very beginning, this specimen was accidentally over-strained to approximately 
0.15 °70 in pure tension. Thereafter, the specimen was unloaded into the elastic state and 
then re-loaded to an axial strain of  0.2°7o. Corresponding to this point (L.P. 1 in Fig. 5), 
the axial plastic-strain produced was 540/~e and the first subsequent yield surface was 
determined. 

After the completion of  the first subsequent yield surface, the specimen was strained 
in pure tension to point "L.P.2" (see Fig. 5, the total axial strain is listed in Fig. 2(a)) 
where the corresponding plastic strain is 2232/~e. The second subsequent yield surface, 
which corresponded to this particular prestrain level, was then established by the same 
method used for the first subsequent yield surface. 

The maximum prestrain in pure tension for this test was 0.6%. At this point, the third 
subsequent yield surface was obtained, with the corresponding plastic strain of 4184/~e. 
The specimen was then reversely strained, and four additional subsequent yield surfaces, 
the fourth, the fifth, the sixth, and the seventh subsequent yield surfaces, were deter- 
mined. These surfaces corresponded to the axial plastic strain levels of 3672/~e, 1544 ~te, 
-1193 ~e and -4157/~e, respectively. Most of these yield surfaces are plotted in Figs. 5 
and 6 (all yield surfaces are plotted in the T versus a/xf3 space in this paper). The sixth 
subsequent yield surface is omitted from Fig. 6, since it almost overlaps the seventh sub- 
sequent yield surface in both shape and position. It is noted that the second and the third 
subsequent yield surfaces are close in both size and position although they have not been 
shown together in the same figure. The Mises initial yield surface is also shown in Fig. 5 
for comparison. 

These figures show that the position and shape of the yield surface are severely dis- 
turbed by the tensile or compressive prestrain. The yield surface inflates in the direc- 
tion of the prestrain and deflates in the opposite side. The Bauschinger effect is evident 
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Fig. 6. Subsequent yield surfaces during unloading (YA). 

Preloading path 1

Preloading path 2

Preloading path 3

SS304 Stainless steel (Wu & Yeh 1991)
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Yield surfaces in 3D space

• A. Phillips, P. K. Das, Yield surfaces and loading surfaces of aluminum and brass: An experimental investigation  at room and elevated temperatures, International Journal of Plasticity, Vol. 1, pp. 89-109, 1985.

Al1100 Al alloy (Phillips & Das 1985)

Plane σθθ = 0 Plane σzz = σθθ /2 + 70 Plane σzθ = 0

Initial yield surfaces
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A model with evolving cubic 
distortional yield hypersurface 
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Elastic-plastic decompositions 



Active-back decompositions 




Elastic constitutions 




Plastic flow rule 



Kinematic hardening rules 




Stress admissible condition 




Non-negative dissipation 




Alternative conditions 
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Mathematical formulation

• Hong-Ki Hong,  Li-Wei Liu, Ya-Po Shiao, and Shao-Fu Yan, Axial-torsional strain-controlled experiments and an elastoplastic model with cubic distortional yield surface, Journal of Engineering Mechanics, 148(6), 04022027, 
2022.
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Internal symmetry 
Two elements of the projective proper 

orthochronous Poincaré group  in the 
plastic phase and one element of the translation 

group  in the elastic phase

PSEo(6,1)

T

Plastic phase
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where ,


 and 
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Internal symmetry

• Hong-Ki Hong,  Li-Wei Liu, Ya-Po Shiao, and Shao-Fu Yan, Axial-torsional strain-controlled experiments and an elastoplastic model with cubic distortional yield surface, Journal of Engineering Mechanics, 148(6), 04022027, 
2022.

Augmented stress  spaceXα

Deviatoric stress  spacesα
a
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Simulations of strain-controlled paths (ϵzz, ϵzθ) → (0 % ,0%) → (0.5 % ,0) → (0.5 % ,0.5%)

• Hong-Ki Hong,  Li-Wei Liu, Ya-Po Shiao, and Shao-Fu Yan, Axial-torsional strain-controlled experiments and an elastoplastic model with cubic distortional yield surface, Journal of Engineering Mechanics, 148(6), 04022027, 
2022.
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Simulations of strain-controlled paths (ϵzz, ϵzθ) → (0 % ,0%) → (0.4 % ,0.4%)



National Taiwan University

The 4th International Conference on Computational Engineering and Science for Safety and Environmental Problems 
(COMPSAFE2025)

Yield surface evolution under 
strain-controlled paths 
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Equipment in MSV lab

MTS system
axial load: max ±500 kN
torque: max ±5500 N-m

axial-torsional extensometer self-made hydraulic system
 internal pressure: max 68.65 MPa
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Specimens and control system
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(ϵzz, ϵzθ) → (0 % ,0%) → (0.5 % ,0) → (0.5 % ,0.5%)
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Performance of the yield function in axial-torsional strain-controlled 
experiments

• Hong-Ki Hong,  Li-Wei Liu, Ya-Po Shiao, and Shao-Fu Yan, Axial-torsional strain-controlled experiments and an elastoplastic model with cubic distortional yield surface, Journal of Engineering Mechanics, 148(6), 04022027, 
2022.
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Performance of the yield function in axial-torsional strain-controlled 
experiments

• Hong-Ki Hong,  Li-Wei Liu, Ya-Po Shiao, and Shao-Fu Yan, Axial-torsional strain-controlled experiments and an elastoplastic model with cubic distortional yield surface, Journal of Engineering Mechanics, 148(6), 04022027, 
2022.
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Performance of the yield function in axial-torsional strain-controlled 
experiments

• Hong-Ki Hong,  Li-Wei Liu, Ya-Po Shiao, and Shao-Fu Yan, Axial-torsional strain-controlled experiments and an elastoplastic model with cubic distortional yield surface, Journal of Engineering Mechanics, 148(6), 04022027, 
2022.
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Yield surface evolution under 
stress-controlled paths 
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Study of crack of flow 
elastoplasticity 
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J-integral

J = ∫
π

−π
Wn1rdθ − ∫

π

−π
ti

∂ui

∂x1
rdθ,

J(t, r) = ∫
π

−π ∫
t

0
σij(τ, r, θ) ·ϵij(τ, r, θ)n1rdτdθ − ∫

π

−π
ti(t, r, θ)

∂ui

∂x1
(t, r, θ)rdθ

=
M

∑
j=1

N

∑
k=1

∫
tj+1

tj
∫

θk+Δθτ

θk

σij(τ, r, θ) ·ϵij(τ, r, θ)n1rdθdτ

−∫
π

−π
ti(t, r, θ)

∂ui

∂x1
(t, r, θ)rdθ

Generalized stress space
Augmented stress space

H.-K. Hong and C.-S. Liu.(2000) 
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J-integral of flow elastoplasticity

J(t,1)

 at t= 100 sλ  at t=200 sλ  at t=300 sλ  at t=400 sλ  at t=500 sλ

Equivalent plastic strain  at differ time instantλ

r = 1

ton
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Conclusions
1. By selecting prominent test evidences based upon experiences on aluminium 

alloy Al6061 gained in our lab [ASCE Journal of Engineering Mechanics 
148(6):04022027, 2022] over the course of the years, we created a three-
dimensional tensor model of flow elastoplasticity, grasping the axial-torsional 
experimental features reported in the literature; in particular, in Phillips et al. at 
room and at elevated temperatures on commercially pure aluminium 1100-0.


2. The model needs a total of 8 material constants in addition to Young’s modulus 
and shear modulus and presents an evolving cubic distortion yield hypersurface, 
which is articulated with two Mises hyperspheres, characteristic of internal 
symmetry of two elements of the projective proper orthochronous Poincare 
group in the plastic phase. Associated with each Mises hypersphere in stress 
space is a normality plastic flow rule of mixed-exp-AF, referring to a combined 
isotropic-kinematic rule of hardening-softening, which combines the isotropic 
exponential rule of degree 2 and the kinematic rule of Armstrong-Frederick.
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Conclusions
3. By using the model and employing Lie group theory, closed-form exact 

solutions for rectilinear paths are derived and used to identify a unique set of 
parameters for fitting successfully evolving shapes of yield surfaces with 
clear physical meaning.


4. We have applied the solutions to differential segments of the contour path 
around the crack tip and integrate. Each differential segment is deemed as a 
straight one, differential though. Upon interchanging the order of the 
double integration the integration is expected to result in closed-form exact 
solutions for elastic zone and even for elastoplastic zone.
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