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Motivation

The torsion problem is an important issue.

PV

Torsion Problem

the twisting of an object due to an applied torque

https://upload.wikimedia.org/wikipedia/

commons/4/4f/Twisted_bar.png
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The simulation of torsion problem by using

the numerical method is our purpose.

e https://www.abri.gov.tw/PeriodicalDetail.aspx?
n=861&s=1786&key=70&isShowAll=false

we) | steel construction H torsion buckling

Reinforced Concrete

SCrew

shaft

automobile drive shaft

%%

TORQUE REACTION ‘GYROSCOPIC PRECESSION

ASCENDING DESCENDING NOSE HIGH
FT BLADE
LE RIGHT BLADE ATTITUDE

et

ASYMMETRIC PROPELLER LOADING

SPIRALING SLIPSTREAM (P-FACTOR)

https://www.apexflightacademy.com/

post/hang-kong-xiao-jiao-shi-left-turning-tendency
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Motivation

Null-field BIEM Conventional
(2003 NTOU/MSV) BEM
1. Meshless
2. Well-posed :
3. Free of boundary layer effect AL Boundary
: geometry
4. Exponential rate of convergence elements
5. Free of principal values
Closed-form
fundamental
Only special geometry Need mesh generation solution _
(circle or ellipse) in model preparation  Interpolation
function

We proposed the BIQM that have both advantages of these

two methods since 2021
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Differential quadrature vs. Integral quadrature

s DQ 1Q

The differential quadrature (DQ) method was presented by R. E. Bellman and his
associates in the early 1970's.

The DQ method was initiated from the idea of conventional integral quadrature.

Chang Shu

Differential Quadrature
and Its Application in Engineering

12 3 i NV Qx)

df| _ & .
frx)==H =Xa; f(x;), fori=1,2,..,N
dx|, 12

P x

x=a x=b

‘I:f(x)dx =wifitwafottw,f, = Ewkfk‘
k=1

Differential == Linear sum <= Integral W
™
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Since 2021
Interior potential Membrane free
problem vibration problem
Exterior anti-plane  SH-wave scattering
problem

problem
Simply-connected domain

Laplace equation Helmholtz equation

Singular integral (Adaptive exact solution)

Nearly singular integral (Adaptive exact solution)

M hfree (Gaussian quadrature)
80.0 y 1D -
Y

o T RER

—d/a=2 |
--d/a=8 |
~d/a=100|

Development of BIQM

2023-2024

Steady state heat conduction problem

2024

Torsion problem

Multiply-connected
domain ‘ Degenerate boundary

Laplace equation

Singular integral (Adaptive exact solution)
Nearly singular integral (Adaptive exact solution)
Meshfree (Gaussian quadrature)
Degenerate scale (CLEEF)
Degenerate boundary (Dual BIEM)

Singular integral on slit (Adaptive exact solution for slit)
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Saint-Venant torsion problem

Displacement fields
x Is the field point (x, y)

u=-—Lyz
v =[xz
w = w,(x)
Z B where f is the angle of twist per unit length
Strain fields Stress fields
ow, (x) ow, (x)
Vxz = < ;x - .By> Tyz = GxzVxz = Gz (aa—x — By
B Hook’s Law »
ow, (x) ow,(x)
Vyz = ( ;y +.8x> Tyz = UyzVyz = Gyz( ;y + Bx

Page 10 \A\)\// /
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Saint-Venant torsion problem
Warping function

The equilibrium equation (x) (%)
Iw, (x d Owg (X
0Ty, 0Ty, 0Jo, B rewrite » [ Z( P )] [Gyz< ; +ﬁx>] -7
6x+6y+az_0 - ” o
of the z-direction 2 (x) 2 (%)
_ 0w, (x 0“wg (X
EE obtain - Gy g2 + Gyz—ay2 =0 G.E.
The traction boundary condition ow, (x) Wq (X)
— a ™ LX) + |Gy | — =0
t, = TNy (X) + Tyzny(x) =0 [ < ﬁJ’>]n (x) [ Y ( dy ﬁx)] ny (x)

Iw, (%)

ay y(X) = E(zeynx (X) yZXle (X))

B rewrite » t? (X) = B(Gxzyny(x) — Gyyxny (X)) B.C.

Page 11
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Saint-Venant torsion problem
Stress function

Beltrami—Michell compatibility equation The traction boundary condition
9 [rﬂ] 9 [rﬂl TyzNy + TyzNy, =0
9P(x) 0P (%) 0P (x 0P (x
Txz = zeGyZW Tyz = Gyszz (_ Ox ) zeGyz%)n 4+ yzG (_ aj(c )) n, =

G [ 0p(x)| 0 [G (_ acp(x)> ]: o G ‘

ay| V% ay | ox| ox 0D (x) 0P (x)
ze vz [( P} ’ ay ) : (—le,nx)] =0
‘ ‘ tangential direction is free
2P (x) 02d(x)
sz yza—yz = —2p d(x) = Py (x) + CI)p(X) =0 BC
G.E. Pp (%) dy, (%)

2 2
Oy (X) = —f(—— + =) ¥

Page 12 @
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Saint-Venant torsion problem
Warping function vs. Stress function

Warping Function

Stress Function
02w, (%) 02w, (x) 2P (x) 0°P(x)
G.E. Oz T 052 = xxgyz ¥y = 728
B.C. to(x) = ,B(zeynx(x) - Gyzxny(x)) P(x) = P (x) + ch(X) =0
D, f [Gyz%nx - ze%ny] dB(x) —% f [w, (Ot° ()] dB(x)

%3
—f Gyz?nx i ze
B

2 2
Y ny dBG) ~ (G”x * ) )[t%x)]dB(x)
B

- —V -V
Y, e, g,
—v —v
- &y - xy/ﬁ} 1/5& Zy/E;
€ =
) | Yxz/ E, 2y E, 1 E,
Yyz -
yxz
[Yxy

2024/12/06
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Boundary integral equation

’ B 1
U e U(s,x) = —an In(r)
D . = oU(s,x) c oU(s,x)
X (S» X) - sznx(S) + szny(s)
) )
B {8) = Gy 2o, (5) + G, %")ny(s)
2
b \/(Sx — x)? 4 (Sy B y) u(x) A
Gz Gyz Null-field
in the domain Domain
u(x)=0
u(x) = f T(s,x)u(s)dB(s) — f U(s,x)t(s)dB(s) ,x€ D .
B B D B I
A

in the complementary domain \_}X)_\ Null-ficld

0= fT(s, x)u(s)dB(s) — f U(s,x)t(s)dB(s) ,x € D¢ Domain

B B 1(x)=0
on the boundary D B D
(04
Eu(x) = C.P. V.f T(s,x)u(s)dB(s) — R.P. V.f U(s,x)t(s)dB(s),X€ B
B B

2024/12/06 %
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Who Is responsible for the discontinuity of the

double-layer potential? (boundary, kernel or den3|ty’?)
D F R R S BefRiT AR
\ (Taylor expansion)

(Kisu, 1988) u(s)=u(x)+§—;J (s,—% )+— (s,— %)= p(x):u(x)_[VZU(x,s)dD(s)

1 ls=x 25X

27, X e D'
0, xeD°f

Gauss’ theorem deB = j—dB = jvu -ndB = _[VZUdD ={
B B an B D

Residue
Theorem

S
pP(Xx) = ‘['T (X S}U(S)dB(S) p(X) jump from D¢ to D'
CPV (Cauchy) m

_[ dx I dx+f dx T(S,X)={TI(X’S)’X<S

TE(Xx,8), X > D®
Degenerate kernel
discontinuity v %ﬂ

uﬂag BL A dE o A g o

/‘\ /“1
((,,Dy / [

Page 16 \QY
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Adaptive exact solution

To enforce the smoothness and continuity of potential and its normal flux across the

L boundary, we introduce the adaptive exact solution.
( Sx — ( y y)
w(s) = uXx) + [—— v nx( )+ ————= v n, (x)]t(x)
Xz yZ

u(x) ol ﬁd}lNhen n(x)=(n,(x), n, (X)) & s = (sy, Sy) u(x) —w(x) = 0
Domain 1(x) =0 Domain Null-field

L | (u(s) —w(s),_, =0 - —
Discontinuous Continuous

1(x) Nullfeld (t(S) — Wp (S))|S=X =0 £(X) = wy(X) = 0

. ; Null-field
Domain Domain ull-fie
t(x)=0 ‘
D B D g D t(x)=0

0= j T (s, x)[u(s) — w(s)]dB(s) — j U(s,x)[t(s) —w,(s)|dB(s),x € B
B B

Skillful calculation of singular integral computation of solid angle is free

Y1
< [/

Page 17 \\i
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Integral equation to algebraic equation

J

i IB K(s, X)y(s)dB(s) ZJB K (s, X)y(s)dB()

llllllllll
*
*

Discretization

>

Constant element Linear element

/T\IB, K (s, x)y(s)dB(s)A

([, KoM 0BG )y

( ij K (s, x)dB(s)j Y,

N IB_ K (s, x)NZ(S)dB(S)) Ya

Page 18
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Integral equation to algebraic equation

" Gaussian quadrature for an integral X
) |=J'_11f(x)dx > |:iZ:1:Wif(Xi)

For an integral equation

) | :jBK(s, X)y(s)dB(s) ) | =Zw,.K(s,-,x)y(S,-)J(S,-)

> |=Zyj (w,K(s;,%)3(s)))

? - oo
Gaussian quadrature points

Without the mesh distribution to calculate the boundary integral %ﬂ

2024/12/06 % 5 Page 19 \/




Integral equation to algebraic equation
0= T(s,3)[u(s) -w(s)]dB(s) - [ U (s, X)[ t(s) ~w,(s) |dB(s), x € B

—
‘ Parametric representation for each boundary
dB(s)

0= j T (s, )[u(s) - W(s)]dB(S)dr j U (s, ¥)[ t(s) =W, (s) | =
‘Gaussmn quadrature # IE -> AE

iij(sj,xi)J(sj):u -, |-8,u, —ZWU(S x)JI()[t -w,) |

“Gaussian points 1Boundary node pomts

dr

Page 20
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VZD(x) =-2GB,xe D
O(X) =D, (X)+P,(x)=0,xeB PDE model
_ 0D(x) _0D(x)

T T
Xz ay yz aX

au(x)=C.P.V. jBT(s, x)u(s)dB(s)

~R.P.V. jBu (s, X)t(s)dB(s), X € B

Analytical

Adaptive exact solution | Boundary integral equation
Singular integral can be regularized

Computation of solid angle is not required
0= jBT(s, x)[u(s) —w(s)|dB(s)
:: ~[ U(s,9)[t(s)~W,(5) |dB(s), x < B
@ Parametric representation
Gaussian quadrature
inT(Sin)J(SO[Uj —W3]=inU s, x)36)[t -w,; ]| Linear algebraic equation

Numerical
Collocation point |1:> [T]{U} = [U]{t}

B> BIQM is a semi-analytical method Ml

echanics & f\\/,(b'{/ \‘/ 7"
2024/12/06 - Page 21 WV
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Deal with nearly singular integral by adaptive exact solution

U(s, x) = 2; In(r)

T,/ Gy; Gy,

r=|x—s|

S

Xeo

X in the domain

Xp

Boundary layer effect due
out of domain to the nearly singular

S | Xp = (Xp,Yp)

u(x) = J T(s,x)u(s) — U(s,x)t(s)dB(s),x €D
B

w(x) = T(s,x)w(s) — U(s,x)wy(s)dB(s),x €D

B

w(s) = u(xp) + [( L x( p) +

Adaptive exact solution

(y_Yb)

ny(xb)] t(Xb), Xp €B

u(x) = T(s x)[u(s) —

1 =U(0)[t(s) -

1dB(s) + , XED

2024/12/06
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v oD Laplace problem

ux)=1,xeB
ux)=1,xebD

l u(x) = fBT(s,x)u(s)dB(s)

Degenerate scale

a=1

BEM/BIEM

(a) Regular triangle

(b) Square

No solution or non-unique

(d) Regular 6-gon

a L j U(s,x)t(s)dB(s) ,x € D
< . B
U(s,x) = - In|x — s| Sy
160 o= e
2024/12/06 %
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Treatments for degenerate scale

Method 1

Method 2 &3

Hypersingular boundary integral equation

CLEEF (UT or LM) &CLIEF (UT or LM)

UT - LM

ur

™\
UT or LM
equation

[Ur]{tg} L Tr]{ug} X =CLEEF or CLIEF point
r = Ng X Ng
g =Ngx1 [UE]T[UIS]{tg} = T[Tbc]{ug}
=R B Y = (WEITTUED VST [TE )

2024/12/06
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Case 1: An elliptical cross-section

A

B3 2
Ratio of torsional rigidity (D,-/D; ), for the elliptical cross-section, (D; exqct = %)

BIQM (N, = 200)
R=+2 : ) :
Stress function ®(x) Warping function w, (x)
b/a=1/2 1.0000 1.0000
Dr/Dr,ex
b/a=1/3 1.0000 1.0000
) — _ Analytical solution
Comparison on the results of elliptical cross-section ‘ ™
a=3b=2R=12 D,/(a*G,,) rfg) /G,,0a 73(3) /G,,0a _‘j ———
BIQM (N, = 200) 0.7616 1.0909 0.7273 { \ [ ;
LEM [Santoro] 0.761 1.0909 0.7273 Present result
CVBEM [Dumir and Kumar] 0.7618 1.0825 0.7170 NN
Theory of elasticity [Lekhnitskii] 0.7616 1.0909 0.7273 K. 7\
ﬂ;oiog o, vdk“"‘e\ ’)\\ PSS t@//v (.a/}? >

References :
» R. Santoro, The line element-less method analysis of orthotropic beam for the De Saint Venant torsion problem, International Journal of

Mechanical Sciences, Vol. 52, pp.43-55, 2010.
* P. C. Dumir and R. Kumar, Complex variable boundary element method for torsion of anisotropic bars, Applied Mathematical

Modelling, Vol. 17, pp. 80-88, 1993.
« S. G. Lekhnitskii, Theory of elasticity of an anisotropic body, Moscow, Mir Publishers, 1981. M

2024/12/06 % Page 26 \,




Case 2: A rectangular cross-section

B
i Comparison on the results of rectangle cross-section B, ®
T a=4b=3R=3 16D, /(a*Gy,) |2 |t®| /6, ,0a |2 || /G,,0a
’ ’ r Xz Xz Xz yz Xz A. b
BIQM (N, = 200) 1.895 1.4955 3.3410
LEM [Santoro] 1.906 1.4946 3.5901 -
CVBEM [Dumir and Kumar] 1.897 1.4851 3.2028
Theory of elasticity [Lekhnitskii] 1.897 1.4863 3.3433
N, = 200 (R =3)
(R=1) 1
LEM [Santoro] Present result LEM [Santoro] Present result
N {\;\v Y & g/ {/,:?—
‘ [/ b1 eg\q,« %\%; ?\\ »:\ S o

References :

» R. Santoro, The line element-less method analysis of orthotropic beam for the De Saint Venant torsion problem, International Journal of
Mechanical Sciences, Vol. 52, pp.43-55, 2010.

* P. C. Dumir and R. Kumar, Complex variable boundary element method for torsion of anisotropic bars, Applied Mathematical
Modelling, Vol. 17, pp. 80-88, 1993.

« S. G. Lekhnitskii, Theory of elasticity of an anisotropic body, Moscow, Mir Publishers, 1981.
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Case 3: An annular cross-section

: (Dy /Dy ¢x), for annular cross-section, (D o, = nGG”—gZ (a,? + a;?) ?) '
1 xztGyz
BIQM (N, = 150) Wi e
a;/a, =1/2 1.0000
R _ \/E l/ o /
a;/a, =1/3 1.0000
1 a;/a, =1/2 1.0000
R=—
2 a;/a, = 1/3 1.0000
Analytical solution
=2 Present result
W, = —_— Ng = 150

2024/12/06 Page 28 \\ \/"/;’




Degenerate scale and its treatment (isotropic case)
b G

Ry
G alb=

b/a=

N |-~
w |

30 8
BIQM - i BIQM f
4 |G -6- -OBIQM + CLEEF D G - & -OBIQM + CLEEF
— — — Exact solution
6 p—

9% CLEEF Point x¢

20 — 9 CLEEF Point x¢ ] i By i
4 ——
| Dy i
5 | a
0 4M a= 1 . 94
! I T IS I R L A \ \
1 15 2 25 3 1 1.2 14 16 1.8 2 22 2.4 26 2.8 3
a (semi-majior axis) a (length of rectangle)

Page 29
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Degenerate scale and its treatment (orthotropic case)

3 G
R = Y = 1
G alb=2

3

b/a=

N |~

6
BIQM | BIQM B
G - ©& O BIQM + CLEEF G - ©& -OBIQM + CLEEF
| | — —  Exactsolution
9 CLEEF Point x° 12 —| 9 CLEEF Point x¢
b
Dr — BU B Dr 8 — B
| a
2 ] —
_ .
| < 73/9/6/ ‘JF
’ | | | 0 Ty |
2 22 24 26 2.8 3
1 12 a E:emi-maj or afis) 8 2 a (length of rectangle)
2024/12/06 % 3 Page 30




Degenerate scale and its treatment (orthotropic case)

b
R ju— G yZ f— E
1 G 2 4
b / a. = — Xz a / b e —
2 3
25 50
7 BIQM _ | BIQM |
G - © OBIQM + CLEEF QG - © O BIQM + CLEEF
20 —] — — Exact solution w0 | x CLEEF Point x¢
| #® CLEEF Point x° | | By |
Dy - Dy _
10 — 20 — a
_ | )f/ |

i a=2.01 - / - 299
T

0 0
‘ ‘ T ‘ T ‘ T ‘

1.6 2 24 2 2.4 3 3.6

a (Seﬁli-major axis) a (IZflgth of rectaﬁlee) ) %ﬂ»
2024/12/06 % -3 Page 31
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Conclusions

1. The BIQM is successfully extended to orthotropic cases.

2. By Introducing the adaptive exact solution, the singular integral in
the sense of Cauchy principal value was skillfully calculated.

3. The mesh generation on the boundary was not required in the mode
preparation.

4. The algebraic equation was obtained by collocating only the
boundary points through the use of the Gaussian point.

5. The BIQM is a semi-analytical method.

6. The CLEEF and dual ideas can be employed to effectively suppress

the numerical instability due to a degenerate scale.
Nl L

2024/12/06 %
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Related papers

if anyone has interest on the BIQM, two papers are now available.

The pdf file is upon your request.
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