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1. Motivation: computing by two cycles & Muto Kiyoshi
2. Objective: Saint-Venant’s flexure-torsion & warping torsion

3. Various prismatic cross sections (e.g., ellipse, rectangle, thin-walled,
singly-connected, multi-connected)

4. Different loading types
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Motivation:Compting in uiIdig FrameDsign

Hardy Cross (1929) Statically indeterminate beam and frame

n

Vertical load (gravity): Two-Cycle Moment
Distribution method

Horizontal load (earthquake, wind): & EE/F Muto
Kiyoshi method

only flexure is considered
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& Statically determinate & Sstatically indeterminate
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HTH Distributed loads —>—+— Distributed torsional loads

1 Concentrated loads —  Concentrated torsional loads

Flexure |m==)  Saint-Venant’s flexure-torsion theory
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@phic func)

Complex-valued harmonic functions

@to rSiontD

Warping torsion theory

Holomorphic theory ) Twisting angle ¢ allowed to vary

. , , Statically indeterminate
‘ Elegant but twisting rate ¢ restrained to be constant

Statically determinate
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Objective

/The Saint-Venant’s flexure-torsion theory 1 ( . . . )
. . The warping torsion theory can display
can display stresses and warping

. . . . variations along the axial direction.
displacements on prismatic cross sections. . : :
: L. But it cannot display stresses and warping
But it cannot demonstrate variations along

. . . displacements on sections.
\ .the axial direction. J P

N /

4 )

Now we seek a approach which can display stresses
and warping displacements on sections and display
variations along the axial direction simultaneously.
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Saint-Venant’s semi-inverse method

Saint-Venant’s flexure-torsion theory

E d df.
GE -V2§= [1v+ K1X1 + dfl] "'[ szz + —1] +2G ¢35 for R c R?
ds dx dx x? for oR
BC s =d_51[_ _+f2(x1)] —_2[ 2 1+f1(x2)]
GE VW =0 for R ¢ R?
BC C;VSV =i [(1 + v)x2 — vxin, +Kry[vxs — (1 + v)x|n +¢5 (xang — x115) for R
E: Young's modulus s: arc length coordinate
G: Shear modulus n: normal coordinate
v: Possion’s ratio Kq: curvature of x4 direction ; K1=%
S: stress function o
W: warping function K,: curvature of x, direction ; K§=F;

F;: concentrated transverse force in x; direction £, & f,: arbitrary function
F,: concentrated transverse force in x, direction ¢ twist angle of x5 direction
T: concentrated torque ¢3: rate of twist per unit length
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Notation

X1,X,X3 :location

F, ,F,,Tp : Free end concentrated load
& torsion

T, : Saint-Venant torsion
T, :warping torsion

K: section factor

EIr MSV

w : displacement in z-direction

¢ : angle of twist

I: second axial moment of area

I, = | w?dF : sectorial moment of inertia
f : warping factor

E: Young's modulus

G : Shear modulus of elasticity
—
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Saint-Venant'’s flexure-torsion theory

d
GE V2§ =[" ;c;xl + jf] 2 bt + i] +26G¢) for R C R
1
ds _ d d , for OR
BC s =%[ +f2(x1)] —ﬁ[ x1+f1(x2)]
GE VW =0 for R c R?
AW 5 _ 5 , for oR
BC — =k [(1+ v)x5 — vxilng +rp[vxs — (1 + v)xilng+¢3 (xng — x1ny)
fixed
end
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Warping torsion theory’

T =Ts+T,

BC qb?(ng = 0)=0
Ts = GK(,bé T, = —(El,w d)é’ , 22’3 g;gjjz f 0))=—00
3 (X3] = @)=

El,, $5" — GKpY =tp T(x3f = ) =Tp

w Y3

¢3 = Cl + C2x3f +Cge_x3f++c4e+x3f ¢3 — G—Il()f (—1 + ng + e_xSf)

Gk
warping factor f = T
ww

1Torsion in Structures. C. F. Kollbrunner and K. Basler, 1969
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Warping torsion theory

Saint-Venant torsion vs. warping torsion

infinitely cantilever beam

Saint-YYenant torsion
O Warping torsion

b3 = o7 (F1+xaf +e73)
GKf

E o6}

Ts = GK ¢35 = Tp(1 — e~ *3/) g

Ty, = _(EIWW é,)’ =Tp (e—ng)
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Warping torsion theory

Saint-Venant torsion vs. warping torsion

. infinitely cantilever beam Wa rpl Ng moment
14 T T T T — ¥
,..---""____-___ Saint-Venant torsion

0.9 © - 2 Warping torsion ]

0.8r 7

0.7} ] Warping
E o6t .
Z
of 05T 4
G
F04r I

0.3

ool The warping torsion theory can display variations along the

axial direction.
. But it cannot display stresses and warping displacements on cross
’ sections.
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Methodology

/

N

1.According to the cross section, the stress function S is
assumed.

)

/ VE df: VE \
2 ! e I el —J1
2. -V<S = [ Xt dx1]+[1+ Xy + ]+2qu3
Getting the relationship between stress functlon S &
curvature k7, k, & rate of twist per unit length ¢; .
NS J
3. Integrating the stress function S which equals T .Using
the Ts = GK ¢35 get the cross section factor K .
N— 7

4. Using Euler-Bernoulli beam formula .
Tw = —(Elyw Qbé’ ’

* MSV

/
5. Using formula —EI,,, 0" + GKO =T
[ 6k w_ p2p_ T
toget f = T f°0 = T
NS

6 Getting the O(x3) & ¢3(x3) according to the boundary
condltlon

7.Using Elhy === M; ,i=12
3

Getting normal stress o35

8 Getting stress function S & warping function W
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Different cross sections

(e.qg., ellipse, rectangle, thin-walled, singly-connected, multi-connected)
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| | ——— —
Circle Square Rectangle Ellipse H-Section |-Section Channel

> <

Cardioid Eccentric circles Polygon
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Different load types
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(0]
v F, ,a? 3a3 (-D)" . (2nmx 2NmTX
S;=——2(x —x} + - ——sin (—1) cosh(—=2))
1+v 611, 4 2(nm) cosh(—) a a
n=1 a

3b3 (D™ . [2nmx, 2N7TX,
+ E 23 Cosh(@) sin ( . ) cosh( ; ))
n

=1 b
a?
S; = Gos (I — x12> + Gz v(xy x5)
fixed
end -
v(xllxz) = Z A, cos(A,x1)cos h(A,x5)
n=1
2n—-Dm 8a?(—1)"
n = a Ay = 1.b
(2n — 1)37T3cosh(%)

y T
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Verification-rectangular F{&F,&T

%107 my proposed approach F1
angle(@j
———— fitcurve
»] L ..-f""/ |
T
@
~ f=0.2337
057 - 0=4.2785
P fita=4.2784
d l-error=0.0001
0 il 1 1 |
0 10 20 50 60
«10”" my proposed approach TORDION ONLY
2r angle(qﬁ.-} 1
———— fitcurve
15+ / E
s
T 4t
e f=0.2337
’ a=4.2785
057 ,./ fita=4.2784 1
7 l-error=0.0001
0 il 1 1 |
0 10 20 50 60
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my proposed approach F2

T -

angle(o) |
—-——— fitcurve

=0.2337
a=4.2785
fita=4.2784
[-error=0.0001

10" my proposed approach F1+F2+TORSION

40 50 60

—

angle(¢)
—-——— fitcurve | |

=0.2337
0=4.2785
fita=4.2784
[-error=0.0001

40 50 60

rad

Different Load Type angle(¢)) comparison
T T T

—F
——Ff
TORSION ONLY
Fi+F2+TORSION
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Verification-rectangular F{&F,&T

3 %1079 @ comparison F1

2r _
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e
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my proposed approach #
O Saint-Venant #
U | | | | |
0 10 20 30 40 50 60
x3
5 %107 6 comparison TORDION ONLY
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4
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B
= 2F 4

1+ my proposed approach £ | |
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1 %1078 6 comparison F2
0.8
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g
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0 10 20 30 40 50 60
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Thin-walled cross section
Thin-walled multi-cells
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Thin-walled cross section

T ) ‘ 7
v (N A
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Thin-walled cross section

[TS = GK(»bI’% Tw = —(Elyw ¢é’)’]

[According to the cross section, the stress function S is assumed. }

Assuming stress
function directly.

Using v(x4, x,) to get the

stress function. Using shear flow

parest SV ACMTT
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Shear center (x7, x5°)
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as x%

0 0 a—x2+027+f1(x2)

0ij (X1, %2, x3) = aS x5
0 0 _a_xl_%?"‘fz(xz)

Ssym  sym 033

4 ) 4 )

Elasticity ‘ Elastoplasticity
N Y N Y
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Continuum mechanics material model of flow elastoplasticity

Saint-Venant flow plasticity vs. deformation plasticity

Prandtl-Reuss flow elastoplastic model with von Mises yield surface
Flow elastoplastic model with cubic distortional yield surface”

« Active deviatoric stress closed-form solution: Bf-& 1F f#

Sq (1) (a“—1) cacaT _ Sq(t1) a s
o gy — (B0 e TR 878 Rt @) YO payyagg
a( ) _ [ po Y \T s (t1) a ] ( ( ))
(1e1)" Bty @

]

 Back deviatoric stress closed-form solution: Ef & IFf#

Roz

oo

ko a ko
S5(0) = cap(L [N (12) = N (OS5 (1) + g { 52(0) = eap(CE DN () = X (D))}
* Equivalent plastic strain closed-form solution: Ef& IEfi#

RE(A*(t))

RS, R(0) 5% T sq (t1)
RE(A(1))

A (t) = rereOe) " e B ()

A(ty) +

+ a”]

1Hong, H. K., Liu, L. W., Shiao, Y. P, & Yan, S. F. (2022). Yield Surface Evolution and Elastoplastic Model with Cubic Distortional Yield Surface. ASCE Journal of Engineering Mechanics, 148(6), 04022027.
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Initial yield surface 1st subsequent yield surface 2nd subsequent yield surface
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A. Phillips & J.-L. Tang, The effect of loading path on the yield surface at elevated temperatures. International Journal of Solids and Structures, 8(4) 463-474, 1972.
K.-M. Hou, The evolution of cubic distortional yield hypersurfaces in materials of flow elastoplasticity under prestress and at elevated temperatures. MS Thesis, Civil Engrg. Dept., National Taiwan University, 2023.
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Initial yield surface

1st subsequent yield surface
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Shear stress. ksi
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Shear stress. ksi
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A. Phillips & J.-L. Tang, The effect of loading path on the yield surface at elevated temperatures. International Journal of Solids and Structures, 8(4) 463-474, 1972.
K.-M. Hou, The evolution of cubic distortional yield hypersurfaces in materials of flow elastoplasticity under prestress and at elevated temperatures. MS Thesis, Civil Engrg. Dept., National Taiwan University, 2023.
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Structural model of flow elastoplasticity

Saint-Venant’s “relaxed” conditions prescribing the stress resultants :

[ 013dA = Ny (z3) = F1, Statically indeterminate
fR oo3dA = N2(3;3) = Fy, P
Jr 033dA = N3(x3) =0,

— Jp1033dA = M>(z3) = (L — 23) 7,
fR(.Sl?lO'Qg — 51320'13)dA — T(le‘g) — £E‘iDF2 — LL‘%DFl,

IR :1320'33dA = M1(£3) = —(L — .’15‘3)F2, }

ARNN \\:\\\
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e

CM material model of flow elastoplasticity

Boundary/interior support condition

Force/moment load type

\_ /

l ‘ Saint-Venant’s “relaxed” condition

4 )
Structural model of flow elastoplasticity

i.e. Generalized plastic hinge

J
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Conclusions

1. Computing stresses and warping displacements on cross sections and also their
variations along the axial direction, i.e., in three dimensions.

2. Valid for various prismatic cross sections (circle, ellipse, rectangle, polygon, I-section, H-
section, channel, thin-walled multi-cells, cardioid, eccentric circles, grooved keyway,

multi-connected). Formulae for cross section factor K, warping factor f, shear center
location.

3. Valid for different loading types (concentrated and distributed force & moment
loads) and different boundary/interior conditions on ¢y, ¢5, c3, C4.

4. Elasticity to continuum mechanics material & structural models of flow elastoplastity.

Acknowledgment: H.-H. Huang, Three-dimensional Saint-Venant flexure-torsional and warping. MS Thesis, Civil Engrg. Dept., National Taiwan University, 2023.
National Science and Technology Council of Taiwan under Grant MOST 111-2221-E-002-055-MY?2.
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Methodology-different load types
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Methodology-different loading types

VE

GE VS =[2 dfz][

dS d !/ !/
BC ds—;‘l[E x2+f2< 1> ~ B2 ey S ()]

KX + KX 2+—] +2G 3

fixed KrzﬁzM{ =F2
end YT E Eli; 1Iix
When x4 —%
oS x3 Fb?
5. =0 —Exi T+ folx) =0, folxy) = oL
x3 UE szl
—V?%S, = +
1 ’1 + v 111 ]
Sl == O

AR 2 T x Y IlIS‘) T
- i )
’0.;.@@ National Taiwan University A(C M[rjr 3?33465\72'6“33424
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Methodology-F,

vE szl
—V28; = +
1 [1 + v 111 ]

S]_:O

P=A;x3+A,x? + Asx, + A,

v FZ

A1=§6I_11'A2=0
H=S—P=5— Fe 3t dx, 44
14+v6l, + 3T
—V2H, =0
Hi=— 2 iy g 14
LT Ty vel, 1T AT e

QB eEgxy

sS4 National Taiwan University

ISV

3= Tty 40 A0
V2H, =0 (R)
Hy =0 a
! forx, = +§
v F, , a° b
= 1tvel, T forx; =13
H(xqy,x3) = ), _ X(x1)Y (x2)
Znnxl 2nmx,
Elsm cosh( )
a
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Methodology-F,

. v F2 (_1)7’l 3a3
N1+ v6l, cosh (nﬂb) 2(nm)3
a

(00]
v F, ,a? 3a3 (=)™ . [2nnx 2nmx
S;=——2(x,—x} + — sm( 1) cosh(—=2))
14+v 6111 4 2(n7T)3 COSh(_) a a
n=1 a

(0]
v F; ,b? 3 3b3 (-1)" . [2nmx, 2nmx,
So=——(—x, — x5 + sin cosh
27 1406y, “4 T2 2 2(nn)3cosh(ﬂ) b ( b )
n=1
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Comparison-F 1 &F,
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Comparison-F{ &F,

Saint-Venant stress function ONLY F1 SaintaVenant warping displacement contours ONLY F1
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omparison-F 1 &F,
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Statically determinate

| | | | | Distributed loads

1 Concentrated loads

2D 5
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Statically indeterminate
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———= Dijstributed torsional loads
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\. Y,
dxq] [ dxy ]
ni]l [cos(n,x)] |dn| | ds
n; = |N2| = [cos(n, x,)| =|dx1|=|—dx4
0 0 dn ds
Lol L o |
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Ly, = sz dF : sectorial moment of inertia

w : displacement in z-direction
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Notation
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Methodology

/ Elliptical section

X2

Rectangular section

X2

S =777
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Notation

. w : displacement in z-direction
X1,Xy , X3 : location

¢ : angle of twist

F, ,F,,Tp : Free end concentrated load
& torsion I: second axial moment of area

I : Saint-Venant torsion Iow = | w? dF : sectorial moment of inertia

T,, :warping torsion f : warping factor

K: section factor

E: Young's modulus

G : Shear modulus of elasticity
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Warping function: ellipse

aS 2h? ,
%23 = 0x4 " a2 + b2 Ghsxy
. [0W3
013 = G (3_x1 — X2
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Future work

ﬁ Different boundary conditions \

2. Different location of loads

3. Yield conditions

4. Thin-walled cross section & Shear center




