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1

C1 sin ¢ S S
! w; det [u] (u22010 — Uy 2030)

Cz sin =
é2 w, det [u] (411020 — u2,0,0)

From Egs. (3.57), we obtain

— Uy3030)2
2

1
C, =———
' det [u] \/(“zzxxo — ujax30)? + (#22010
Wy

1 S
C e u — 2
2= et [u] (U11X20 — Uz1X10)? + (u11030 wzuzwlo)
2

Uz2010 — Uy20z0
@1(U22X10 — Uy2X20)

¢1 =tan~!

U11020 — U109

¢, = tan™!
wy(Uy1x39 — Uz1X59)
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q p S ‘d g =01~

EZ uatIOIlS 3 55 alld 3 58 dcﬁlle the response 01 a two-de ree 01 heedo"l S
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obtained in matrix form in a more systematic way

Example 3.3 Consider the system of Exam

ple 3.1 and obtain the respor

T 2

Frise) w L.

~
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PR P
wiee, introducing Eqgs. (c') into Eq. (3.55), we obtain the f'e'sponsé O?‘_; :

x (0| 1 k 1 k
{xz(t)}-OA{l}cos\/—;—lt+0.8{‘0'5}cosl.5811\/;n—t

It must be pointed out that the arbitrary choice u;; = 1, u;2 = 1 did not
Wit the final outcome. Indeed, any other choice would have resulted in such
Ypluex lor Cy and C; as to keep Eq. (d) unchanged. /

A¢Tmp + THKE
2 9, 1 y 2
i g )

y interesting phenomenon is encountered when the natural frequencies of a
legrec-of-freedom system are very close in value. To illustrate the phenom-
_let ns consider two identical pendulums connected by a spring, as shown in
\ Ju. The corresponding free-body diagrams are shown in Fig. 3.7b, in which
gsumption of small angles 6 and 0, is implied. The moment equations about
juints O and 0, respectively, yield the differential equations of motion

mL20; + mgLf, + ka*(6; — 02) = 0
mLze.z + mgLHz - kaz(ﬂl - 62) =0

d)

AT PHENOMENON

(3.59)

I cun be arranged in the matrix form ¥

the initial itati .
%5(0) = :)ao ixf)“a“on x1(0) = x10 = 1.2, x,(0) = x50 = 0, %1(0) = vy mL, 0 (6, N mgL + ka® — ka? 0, 0 (3.60) I
=059 =0. . = f A
Bfom Bgs. (@) 'of B 0 mL*|\0, —ka® mgL + ka? | |02 0 '
. o xample 3.1 — . . ) ; 1
1.5811 \/k/"" Moreover, choosin I:lrb't ,'l we have w, = \/k/m, iuting that the system is coupled elastically. As expected, when the spring =
; garbitranly uy, = 1, u;, = 1 in Exampl ilness k reduces to zero the coupling disappears and the two pendulums reduce |

we obtained the modal matrix

CR

Uy

ulz:l_ 1 1
U2 1 —-05

b): - L.WhiCh has the determinant

“3

M +tKX=o

Kot ki dnd

21028
3 V. G. Serbo f

det [u] = A I

—_0s| = -05—-1=-15

. C, = UzpXpo  —0.5x 1.2
me ¢ Snge detfu] ~  —1s5 04
S C, = —HY21%10 _ —-1.2
@‘f;@-o >T Get[u] ——15°-08
¢1 = ¢2 =0

e values given by Egs.

independent simple pendulums with identical natural frequencies equal to
w !l Vork#0, Eq. (3.60) yields the eigenvalue problem

2 ml? 0 |(©; N mgL + ka® —ka? 0, 0
¢ - :
: 0 mL?||®, —ka? mgL + ka* | |©; 0

3.61)

(b)

(a)
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leading to the characteristic equation

ik mgL + ka* — w*mL? —ka?
—ka? mgL + ka* — w*mL?

Wittt coordinates, or

(¢
{318} = Cl{g:}l cos (wyt — ¢y) + C, {91}2 cos (wat — ) (3.67)

$ huoning ©,, = ©;, = 1 and using Egs. (3.66), Egs. (3.67) can be rewritten in the

= (mgL + ka*> — w*mL?)? — (ka?)* = 0 (3
: Sular form

which is equivalent to
mgL + ka? — w’>mL? = +ka? (3.

Hence, the two natural frequencies are

g g k a®
“’Fﬁ MOl e (34

The natural modes are obtained from the equations

8(£) = Cy oos (03t — by) + Cykos (st — 3)

(3.68)
0,(t) = Cy cos (w1t — ¢1) — C, cos (wat ~ ¢3)

! ing the initial conditions be \01(0) = 00,@;(‘0‘) ={91(9)j£(plf 0, Egs. (3.68)

-

Bome —
et 7 01(9) ’@Qsjﬂi 300)
' N w~w

cos wst

mLt g 0, mgL + ka® —ka? 0 0 ; mv :s"iff)} et PRV Tl

i 2 [T w g ( = 1= A L/ 2 2 (3.69)
0 mL 0,): —ka mgL + ka® | | @, |; 0 ) v W ¥
: M d 0,(t) = 30, cos wt — 46, cos w,t
(3.6 fvl

i - "/ . Wy — W . Cl)2+(1)1
Inserting wf = g/L and w} = g/L + 2(k/m)(a*/L?) into Eqs. (3.65), and solving " = 0, sin I
the ratios @,,/0,, and ©,,/0,,, we obtain

Nute that, in deriving Egs. (3.69), we used the trigonometric relations cos (o + f)
~ (08 o cos B F sin o sin B, in which o« = (0, — wy)t/2, B = (w72 + w)t/2. .
Next let us consider the case in which ka? is very small in valu<? compared W.llh
Myl ixamining Eq. (3.60), we conclude that this statement i.s equivalent to saying
thut the coupling provided by the spring k is very weak. In this case, Egs. (3.69) can
¢ written in the form

e == —] 3.6
0Oy, 0, ( !

so that in the first natural mode the two pendulums move like a single pendulu
with the spring k unstretched, which can also be concluded from the fact that
first natural frequency of the system is that of the simple pendulum, w; = . /g/Ii

On the other hand, in the second natural mode the two pendulums are 180° out
phase. The two modes are shown in Fig. 3.8.

As was pointed out in Sec. 3.5, the general motion of the system can
expressed as a superposition of the two natural modes multiplied by the associat J

h‘g'id bcdy behavier Questiom
Figid body, MOB8L Ak 0

1 )
= 0S 5Wgl COS Wyyel .
01(0 = 00 C 2WB! ave! (370)
0,(t) = 0, sin wgt sin w,yet -

where wp/2 and w,,. are approximated by

2

2
op _wp—oy 1k a® wmzmg\/Llﬁ a
2 2 T2m Jqr? 2 L 2m /gI3

‘ (3.71)

' ey Hence, 0,(t) and 0,(t) can be regarded as being harmonic functions with fre'qulency

i i1, and with amplitudes varying slowly according to 6, cos Swgt ?nd Qo Sin 3t

@“ CM’.Y‘W’ 22 tenpectively. The plots 0,(t) versus t gnd 0,(t) versus t are shpwn in Fig. 3.9, Cv}v:th

| | . the slowly varying amplitudes indicated })y the d'ashed-llne enve'lopes. jeo-

i " - metrically, Fig. 3.9a (or Fig. 3.9b) implies that if two harmonic functions

possessing equal amplitudes and nearly equal frquencxes are a'dded, then the

- “=Vi (Q' ® Rl W= +2kG fsulting function is an amplitude-modulated harmonic function with a frequency

squal to the average frequency. At first, when the two harmonic waves reinforce
wnch other, the amplitude is doubled. and later. as the two waves cancel each other

Figure 3.8 P{M’éd ) 6.° R L
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(b) Pure torsion Figure 3.10
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RESPONSE OF A TWO-DEGREE-(;)IE-FREEDOM
! 'l‘l'zM TO HARMONIC EXCITATI

return to [lle daﬂlped SyS[eIIl 0{ SEC. 3.2 a‘ld Wnte Eq. (3.5) mn the expanded

Figure 3.9 4
N

X =F.(®
‘ i ) , : %5 + kyixy + ki2X2 1 372
the amplitude reduces to zero. The phenomenon is known as the beat phenome: my1 ¥y +miakz +en¥y ¥ €12%2 Fa(t) (NP
v + kyoxy + ka2Xa = 12

and the frequency of modulation wg, which in this particular case is equal
ka?/m./gL>, is called the beat frequency. From Fig. 3.9a, we conclude that the tir
between two maxima is 7/2 = 2n/wp, whereas the period of the amplitud

my ¥y +mazXz + C2X1 + €22X2

mass matrix has been replace
Next, let us consider the fo

d by a more general nondiagonal

B i e llowing harmonic excitation:

modulated envelope is T = 4n/wg. , it yymmetric matrix. . o (3.73)
Although in our particular case the beat phenomenon resulted from the we F.(t)=F Tas Fat) = Fze

coupling of two pendulums, the phenomenon is not exclusively associated will eSDONSE aS

two-degree-of-freedom systems. Indeed, the beat phenomenon is purely the res wid write the steady-state resp (3.74)

iw = X2 eimt
xi(f) = Xaet x2() i
ties depending on the driving
Bae (313 3.74) into (3.72),

of adding two harmonic functions of equal amplitudes and nearly equa
frequencies. For example, the phenomenon occurs in twin-engine propelles
airplanes, in which the propeller noise grows and diminishes in intensity as 3"
sound waves generated by the two propellers reinforce and cancel each other in
turn. o .

We observe from Fig. 3.9 that there is a 90° phase angle between 0,(t) and 6,(%).
At t = 0 the first pendulum (right pendulum in Fig. 3.7a) begins to swing with the
amplitude 6, while the second pendulum is at rest. Soon thereafter the seconc
pendulum is entrained, gaining amplitude while the amplitude of the first decrease
At t, = n/wg the amplitude of the first pendulum becomes zero, whereas the
amplitude of the second pendulum reaches 6,. At t, = 2n/wp the amplitude of the

wh( Ic /“ and Xl are mn genefal Complex quatl
'“ t|lILIle; ey a"‘d thc 53 stem pal a‘rneteI S. InseI tlng Eqs' (3‘ 3) al‘d (

we obtain the two algebraic equations | R
( w2m11+ iwciy + kll)X1 + (—wzmlz + iwcyz + Ki12)A2 . (375)

. i k X = 2
(—w2m12+ iwcyy + ki2)X1 + (—w*myy + 10C22 + ky2) X2

Introducing the potation

(3.76)
Z;‘j(w) = ——o.)zmij + iwci;t+ kij

ij=1,2
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