Green’s Functions. Lecture 7. Modified Green’s Function. Haberman, 9.4.3.

1. Problem. Solve f = L(y) := (py’)’ + qy on [a,b],

Bi(y) == a1y(a) + azy/(a) = 0,

By(y) = biy(b) + bay/(b) = 0,

when we assume Assumption 1 fails, there is ¢y, # 0 with L(¢p) = 0, B1(¢p) = 0, and Ba(¢) = 0.

2.Ex 1. Let [a,0] = [0, L], Ly :=y" = f, Bi(y) = y'(0), B (y) = y/(L). Take ¢p(x) =1 for all z,
and suppose fOL = 0. A particular solution is y,(z) = [, L G, 5) f(s)ds, where

2 2
—””2’28 +s5 z<s
Gm(:c,s) = 2% 2
— 37 +x xT>s

The general solution is y(z) = y,(x) + ¢ for any real c. We call G, a modified Green’s function.

(1)

3. First step to get a solution. How to get a modified Green’s function. We start by saying
that the first version of a modified Green’s function G’ (x,20) will not be the solution to Lp(y) =
d(x — xg), but to Lp(y) = d(x — xg) — c1¢p, where the right hand side is orthogonal to ¢y, i.e.
f;[é(:c —x0) — c10x(2)]dn(x)dz = 0. Thus we choose ¢1 = ¢1(zg) = ‘Z}hb—(zgl
a Th
4. HOW TO SOLVE IT Consider
Ly(z) = 6(z — zo) — c1(z0)dn(z). (2)

We will work through this method in Ex 2. The way we do Ex 1 in section 8 is special, in parts.

4.1. We find the general solution of (2) on (a, zp), and on (zg, b), i.e. the solution of Ly = —cy1¢p(z).
On each interval, we use variation of parameters to find a particular solution, then add on N(L).

4.2. Now we find the general solution uy, of (2) on (a, zo), satisfying B;(uz) = 0. Similarly we find
the general solution ug of (2) on (zg,b), satisfying Ba(ugr) = 0.

4.3. We want a particular solution y, which is ur, on the left, and ug on the right, and is continuous
at xg, and up(xo) — v} (z0) = 1/p(x0), as in Lecture 4. The general solution to (2) and (3) is
Y= Yp+Con.

4.4. Next, replacing Gl )(x xo) by G2 )(x xo) = G%)(x,xo) + codp(z), we can get Gg)(m,xo)
ja d)h(x m (:E,.’Eo)d.’lf
Jd i
symmetric, and this is all we need for the solution of Lpy = f tobey(z) = [ G, (2) (x,s)f(s)ds. Soin
(2)

fact instead of constructing Gy,” we can choose ¢y = c2(xg) so that Gm(x, xg) = el (x,20)+copp(x)
is symmetric. Thus we have a whole lot of chouces of G, (x, xo).

. The Theory sections show Gy, (x,20) is

orthogonal to ¢;,. We choose co = —

5. Ex. 2. Find a modified Green’s function to solve Ly := 3" +y = f, Byy := y(0) = 0, Boy :=
y(m) = 0, for any f such that [ sin(s)f(s)ds = 0. Note on(z ) = sin(m) is a nonzero solution to
Lu =0, Byu = 0, Byu = 0. We find G(z,s) so that y(z) = [ G s)ds.
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5.1 [ sin?(z)de = 7/2, 50 ¢ = sin(0) " and we solve y Lpy(z) = F(x) := — 2 sin(zo) sin(z).

w/2 -
5.2. On [0, x0], and on [zg, 7], we solve Ly = F' = —% sin(xg) sin(x), by variation of parameters.

Put u; = cos and up = sin. Solve
(S =) ()= (5 )

() =260 (oot )

We find the simplest antiderivatives:
vi(z) \ _ 1 . 2z — sin(2x)
( va(x) > 2 sin(zo) ( cos(2x)

Then y, = viu1 +vaus = 5= sin(zo) (sin(z) — 2z cos(x)) (by simplifying) is a particular solution.Since
L(sin) = 0, we delete the first term for a simpler particular solution, y, = 2 sin(zg)z cos(z), and

the general solution is y = y, + A cos(z) + Bsin(x).
5.3. We want y = y, + A cos(x) + By sin(z) on [0, zg] to satisfy By = 0. Get A;, = 0 and so
y =y + Busin(a) @

5.4. We want y = y, + Ag cos(x) + Brsin(x) on [z, 7] to satisfy Bay = 0. Get Agp = —sin(z¢) and
S0
y = yp — sin(zg) cos(z) + Bgsin(z). (5)

5.5. We want y continuous at xg, so y,(zo) + By sin(zg) = yp(zo) — sin(zg) cos(xp) + Brsin(zy),
giving By, = Br — cos(zg), and we substitute in (4) to give, on [0, z¢],

y = yp — cos(zg) sin(z) + Bgsin(z). (6)

5.6.Note. We have a requirement y'(zo+) — v/ (zo—) = 1/p(x0), and this is met. So imposing either
continuity or y'(zo+) — ¥/ (xo—) = 1/p(xg) gives the same relationship By, = Br — cos(zg). By
differentiating (5) and(6) and substituting x = xq,

Y (xo+) = y;,(:co) + sin(xzg) sin(zg) + Br cos(xg)

y'(z0—) = yp(x0) — cos(xo) cos(x) + Br cos(zo),

so ¢/ (zd) —y'(xg) = 1. 5.7. The general solution is

1 { sin(zg) cos(z) = > xo

y(x) = - sin(xg)z cos(x) — sin(x) cos(zo) z < o } + Bg(zo) sin(x) (7)

5.8. We add Bpg(z¢) sin(x) to make y symmetric, as required by the theory. We can do this by eye.

y(x) = —i—% sin(xg)x cos(x) + % sin(x)xzg cos(xg) — { sin(zo) cos(x) @ >

sin(x) cos(xg) = < g }+B sin(zo)sin(z) (8)
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5.9. Instead of adding Bgr(xg)sin(x) to make y symmetric by eye, we can take y + co¢p, with co
(2)(

uniquely chosen to make it perpendicular to ¢y, which makes it symmetric, and gives Gy’ (z, o).

6. (Theory) G Symmetric We claim G,,(x, o) = G2 (x,x0) is symmetric. Proof. Recall Green’s
formula. Let L(y) := (py’)’ + qy on [a,b]. Then for any u and v,

b
/ uL(v) —vL(u) = p(uv’ — vu’)\b pW(u U)‘b

Put u = Gy (x,z1) and v = G, (x, 22).

/0 Gm(2,21)[0(x — 22) — c1(22)Pn(2)] — G, 2)[6(x — 1) — c1(21)Pn(T)]

= plGm (2, 1) G, (2, 22) — G (z, 22) Gy, (2, 21) :

la-

Since the G,,(z,x;) are orthogonal to ¢y, the LHS gives only G,,,(z2,21) — Gy (21, x2). The RHS is
zero, and G, is symmetric.

7. (Theory) Get solution, assuming symmetry Now use Green’s formula with Lu = f and
v = Gp(z, x2).

L
/0 (@) 5z — 1) — e1(22) 60 ()] — G, 02) [ (2) iz = 0

Hence, by writing out ¢ (z2),

Pn(w2)
Jy 9%
The second term is a multiple of ¢, (x2), the solution of Lpy(xze) = 0, and we subtract it to get a
solution of Lpy = f, and swap = and z5. Then

L
:/ Gm(z,s)f(s)ds.
0

8. Ex 1 cont. Let G = G\ be the solution of y" = 6(x —x9) — c10p(x). Now from 2, ¢; = ‘7},(—2%) =
1/L. Then G” = —1/L on [0,x¢) and on (xg, L]. Hence G’ = —x/L for x < x, since G/, (0) = 0.
And G’ = (L — z)/L for x > x, since G,,,(L) =0. Now G” = 6(x — x9) — 1/L, so G’ has a jump of

1 at xg. We already have this.

L
u(mg):/o Gm(z,x9) f(x)dx + /0 u(z)pp(x)dx

Integrate to give Gy (7,20) = —2%/(2L)+c3(70), (x < w0). And &S] (z,20) = —2%/(2L)+x+c4(z0),
(x > zp). We have continuity at zg, so ¢z = zg + ¢4.

We use Section 7. fOL G(l) (z,20)dx = —L3/(6L)+ca(xo) L+a3+(L*—23) /2 = L* /3423 /2+c4(z0) L.
From 3, ¢ = fo (z,20)dx/L = —L/3 — c4(xg) — 23/(2L). Then

G2 (z,20) = GV (2, 20) + o) dn(z) = { - %L

This gives the unique Green’s function orthogonal to ¢, (x). Note we can add on any multiple of
on(x)pn(xo) and still have a symmetric Green’s function giving the same operator on functions f
which are orthogonal to ¢,.
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